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P    R    E    F   A   C    E. 


HE    following    treatife   of 
Trigonometry   is  written 
,  with  a  view  to.  make  the 
attainment  of  that  ufeful 
fcience  as  eafy  to  young 
beginners  as  the  nature  ol  it  will  per- 
mit ;  the  common  treatifes  on  this  fub- 
jeQ  being,  as  'tis  conceived,  from  their 
too   great  brevity,    and   other   circum- 
ftances,  not  entirely  fit  to  anfwer  that 
purpofe.      This   work  is   divided   into 
three  parts,  or  books,  that  differ  confi- 
derably  from  each  other  in  the  nature 
of  the  things  they  treat  of,  and  accord-  . 
ingly  require  different  degrees  of  pre- 
vious   knowledge   in  the  mathematics 
a  to 
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to  underftand  them  :  it  will  therefore 
be  proper  in  this  place  to  give  the  reader 
fome  account  of  them,  that  he  may  be 
able  to  felec"t  fuch  parts  as,  he  is  mod 
inclined,  or  bed  prepared,  to  become 
acquainted  with. 

The  firft  part  contains  the  dodrine 
of  Trigonometry  properly  fo  called, 
or  an  explanation  of  the  method  of 
computing  a  table  of  fines  and  tangents 
by  common  geometry,  without  the  help 
of  infinite  feriefes,  and  of  folving  the 
feveral  cafes  of  plane  triangles  by  the 
means  of  a  table  fb  computed.  This 
part  is  nothing  more  than  a  eopious 
paraphrafe  on  Dr.  Kei/fs  Elements  of 
Trigonometry,  with  a  number  of  ex- 
amples of  the  calculations  of  fines  and 
tangents  a&ually  performed,  and  the 
operations  prefented  at  full  length  to 
the  reader's  view  ;  which  to  me  ap- 
peared abfolutely  neceflary  to  give 
young  beginners  in  thefe  ftudies  a  clear 
and  familiar  notion  of  the  manner  in 
which  thefe  tables  are  computed.    The 

knowledge 
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knowledge  requifite  to  underftand  this 
part  of  the  work  is  that  of  the  firft 
fix  books  of  Euclid  s  Elements}  and  the 
operations  of  common  arithmetic,  with 
the  principles  on  which  they  are  found* 
ed.  The  fcholium  indeed  in  page  3  3. 
requires  fome  knowledge  of  algebra 
and  infinite  ieriefes ;  but  as  it  is  quite 
independent  of  all  that  immediately 
precedes  and  follows  it,  the  reader  that 
is  unacquainted  with  thofe  fubje&s  may 
pals  it  over  without  the  leaft  inconve- 
nience. 

The  fecond  part  of  thofe  elements 
is  a  collection  of  fome  of  the  mod  re- 
markable properties  of  fines  and  tan- 
gents and  the  other  lines  belonging  to 
a  circle,  many  of  which  are  of  frequent 
u(e  in  the  feveral  branches  of  mathe- 
matical philofbphy.  This  part  may  be 
underftood  by  the  help  of  the  firft  fix 
books  of  Euclid's  Elements,  and  the 
common  principles  and  operations  of 
algebra  5  or,  if  we  except  the  *  5  th  and 
26th  propositions,  and  the  corollaries  to 

a  a  prop. 
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prop.  a.7.  (which,  are  not  neceflary  to- 
wards undeiifcanding  the  remaining 
proportions  of  this,  fecond  part)  by  the 
help,  o{  *  Euclidls  Elements  only.  In  the 
26th.  proportion  I  have  endeavoured1 
to  give  a  clear  account  of  the  doctrine 
of  the  fines  of  multiple  arcs,  and  to 
explain  what  is  meant  by  fuch  a  fine's 
becoming  negative,  or,  as  the  alge- 
briffe  exprefs  it,  pafling  from  affirmation 
through  nothing  into  negation,  which, 
being  an  obfeuxe  and  myfterious  kind 
of  expreffion,  required  a  copious  'expla- 
nation. And  this  is  the  principal  rea- 
fon  of  the  great  length  of  this  propo- 
rtion, and  its  corollaries,  which  take  up 
fburfcore  pages  of  the  book.;  for  they 
Could  not,  without  omitting  fbmething 
material  to  the  purpofe,  be  reduced 
into  a  narrower  compafs.  The  great 
quantity  of  calculation  in  this  propo- 
rtion and  its  corollaries,  and  the  num- 
ber of  algebraic  expreffions  ufed  in 
them,  give  them  at  firft  fight  an  air 
of  "difficulty  :  but  it  will  be  found  up* 
on  examination,  that  they  are  in  re- 
ality 
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a  a  great  deal  the  eafier  for  tfiuk 
ffOUfdWe  appearance:  lbs  thi*  is 
owing  merely  to,  the  fetting  doron  the 
rcafomngs  and  operations  all  at  length, 
which  the-  reader  muft  have  fuppKcdl 
by.  his  own  mdu&ay,  if  they  had:  been 
omitted  for  the  fake  of  making  the  da- 
jnonftratpons  appear  more  iuccin£r  andi 
elegant.  And  for  the  fame  reaibn*  it 
is  true  in  general  o£  all  books  of-  at* 
gebm*  that  (if  the  fubjelh  and  methodr 
of  denioniibatjiion:  are  the  fame)  that 
more  calculation,  appears  in  them*  thor 
eafier  they  will  be  under! 


The  third>  part  of  thefe  element* 
treats.  o£  the  fluxions  of  fines  and:  tan* 
gents*  and  the  other-  lines  belonging  to 
a-  circle^  and'  contains  an  account  of 
the  Delations  of  thole  feveral  lines  tos 
die  circular-  arc  to  which  they  belong; 
which  relations,  'tis,  well  known)  can- 
not be  discovered  but  by  the*  method 
of  fluxions.  This-  part  is  fubdivided 
into  two  others!  in  the  former  of.  which 
is  introduced  a  diflertation  upon  loga- 
rithms. 
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rithms.  The  whole  of  this  firft  fubdivi- 
fion, together  with  the  diflertation  on  lo- 
garithms, is  written  in  the  feme  full  and 
explanatory  manner  as  the  reft  of  the 
book,  and  may  be  underftood  by  the 
help  of  Euclid's  elements,  the  prece- 
ding part  of  this  treatife,  the  proper- 
ty of  the  afymptotes  of  an  hyperbola, 
and  the  common  principles  and  ope- 
rations of  algebra;  or,  if  we  except 
the  differtation  on  logarithms,  without 
any  knowledge  of  the  hyperbola  or  of 
algebra.  This  firft  fubdivifion  contains 
an  account  of  the  proportion  of  the 
fluxions  of  fines  and  tangents,  and  the 
other  lines  belonging  to  a  circle,  to  the 
fluxion  of  the  arch,  and  to  each  other. 
The  latter  fubdivifion  of  this  part  of 
the  work,  entitled  the  Conclufion,  con- 
tains an  account  of  (the  feveral  feriefes 
relating  both  to  circular  arcs  and  lo- 
garithms, which  are  deduced  from  the 
principles  laid  down  in  the  former  fub- 
divifion and  the  diflertation  on  loga- 
rithms, by  the  methods  of  fluxions 
and  the  reverfion  of  feriefes.     This  part 

of 
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of  the  Work  therefore  cannot  be  un- 
derstood, without  fome  knowledge  of 
thofe  methods:  and  accordingly,  as 
the  readers  of  it  mud  be  fuppofed  to 
be  pretty  far  advanced  in  thefe  ftudies, 
it  is  written  with  much  greater  brevity 
than  any  of  the  preceding  parts  of  thofe 
elements. 

■ 

Thofe  who  are  not  inclined  to  read 
the  differtation  on  logarithms  may  pafs 
it  over  without  any  inconvenience,  and 
proceed  to  page  406,  coroll.  11.  This 
differtation  contains  a  very  full  account 
of  the  nature  of  logarithms,  their  ufes 
in  arithmetic,  and  the  manner  in  which 
their  fir  ft  inventors  computed  them,  with 
a  variety  of  other  curious  particulars 
concerning  them.  It  is  divided  into 
a  great  number  of  feparate  heads,  with 
titles  of  their  contents  prefixed  to  them ; 
and  to  thefe  titles  I  refer  the  reader 
for  a  more  particular  account  of  what 
he  may  expedl  to  find  in  it.  As  all 
the  parts  of  this  diilertation  are  not  of 
equal  importance  towards  obtaining  a 

juft 
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Juft  idea  of  logarithms,'  a  dire&ion  i» 
given  to  the  reader  iri  art.  266.  what 
to  attend  to  with  moft  care,  and  what 
to  pafs  over  .more  lightly. 

=1 

1  am  fenfible  the  prefent   work  u> 

not  without  its  imperfections:  but  thefts 

1  hope,  thereader  will  excufe,  if  upon 

the  whole  he  finds  it  ufeful. 
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ARTICLE    L 
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H  E  bufinefs  of  Trigonometry  is,  as 
its  name  imports,  the  menfuration 
of  triangles,  and  confifts  in  difcover- 
ing  the  angles  of  a  triangle  when 
the  fides  are  given,  and  the  fides,  or 
proportions  of  the  fides,  when  the 
angles  are  given,  and  both  fides  and  angles  when 
other  fides  and  angles  are  given :  in  order  to  which, 
it  is  neceflary  that  not  only  the  circumferences  of 
circles,  but  alfo  certain  right  lines  in  and  about 
circles  be  fuppofed  to  be  divided  into  fome  deter- 
minate number  of  parts. 
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Art.  2.  Upon  this  account  the  antient  Mathe- 
maticians thought  fit  to  divide  the  periphery  of  a 
circle  into  360  equal  parts,  which  t  are  called  De- 
grees; and  every  degree  into  60  parts,  called 
,  Minutes,  or  Firft  Minutes  ;  and  every  minute  in- 
into  60  Seconds,  or  Second  Minutes ;  and  again, 
every  fecond  into  60  Third  Minutes,  or  Thirds  $ 
and  fo  on.  Every  angle  is  faid  to  be  of  fuch  a 
number  of  degrees  and  minutes  as  there  are  de- 
grees and  minutes  in  the  arc  meafuring  that  angle. 

Art.  3.  There  are  fome  that  would  have  a 
degree  divided  into  Centefimal  parts,  rather  than 
{Sexagefimal  ones ;  and  it  would  perhaps  be  more 
ufeful  to  divide  not  only  a  degree,  but  even  the 
whole  circle,  in  a  decuple  ratio  j  which  divifion, 
'tis  not  unlikely  may  fome  time  or  other  take 
place.     The  advantage  that  would  accrue  from 
dividing  the  circle  in  a  decuple  proportion  arifes 
chiefly  from  the  nature  of  the  Notation  now  in 
life,  by  which  the  value  of  any  number  is  aug- 
mented or  diminished  in  a  decuple  and  fubde- 
cuple  proportion,  to  which  therefore  fuch  a  di- 
vifion  would  be  peculiarly  adapted.    But  as  the 
antients  made  ufe  of  a  different  Notation,  this 
could  be  no  advantage  to  them  3  they  therefore 
on  other  accounts  chofe  the  number  360  :  pro- 
bably becaufe  the  year  was  thought  by  the  Egyp- 
tiansy  to  whom  this  diviiion  of  the  circle  is  ufuaUy 
afcribed,    to  confifl:  of  360  days,   or  the  circle 
which  the  Sun  Teemed  to  defcribe  in  a  year  to  be 
already  diflinguifhed  by  nature  into   360  parts* 
There  was  this  farther  convenience  in  this  divi- 
iion; that  the  number  360  is  divifible  by  feveral 
other  numbers  without  a  remainder  5  as  by  io,  6, 
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4>  2,  90,  60,  9,  &c.  by  which  means  they 
could  accurately  exprefs  feveral  parts  of  the  peri- 
phery in  whole  numbers,  which  they  efteemed 
far  clearer  and  lefs  intricate  than  mixt  numbers  or 
fractions. 

Art.  4.  Now  if  the  circumference  of  a  circle 
contains  360  degrees,  a  quadrant  or  fourth  part 
thereof  will  contain  90  degrees.  And  as  a  qua- 
drant fubtends  a  right  angle  at  the  center  of  the 
circle,  a  right  angle  is  faid  to  be  an  angle  of  90 
Degrees.  If  the  circumference  had  been  divided 
into  100  parts,  a  Quadrant  would  have  contained 
25  of  thofe  parts. 

The  Chord  or  Subtenfe  of  an  Arc  is  a  right 
line  drawn  from  one  end  of  the  arc  10  the  other. 

The  Right  Sine  of  any  arc,-,  which  is  generally 
called  only  its  Sine>  is  a  perpendicular  line,  let 
fall  from  one  extremity  of  that  arc  to  a  Diame- 
ter drawn  through  the  other  extremity. 

The  Sine  divides  the  Diameter  to  which  it  is 
perpendicular  into  two  parts,  each  of  which  is 
ufually  called  the  Vcrfed  Sine  of  that  arc  between 
which  and  the  Right  Sine  it  is  intercepted.  It  is 
fometimes  term'd  the  Sagitta  of  that  arc,  or  more 
properly  of  double  that  arc,  which  is  compared 
to  a  bow.  having  this  line  for  its  arrow. 

'Tis  evident  from  thefe  definitions,  that  any  arc 
DBO  (Fig  1.)  has  the  fame  Chord  as  DAO  its 
difference  from  a  whole  circle  ;  and  any  arc  DB 
the  fame  Sine  as  DHA  its  difference  from  a  fcmi- 
circle;  which  difference  I  (hall  henceforwards  ge- 
nerally call  its  fupplement  to  a  femicircle,  to  dif- 
tinguifh  it  from  the  arc  DH,  or  difference  of  DB 
from  a  Quadrant,  which  is  ufually  called  its  Com- 
plement to  a  Quadrant,  or  limply  its  Complement. 

B  2  But 
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But  DB  and  its  fuppjement  DHA  have  different 
Verfed  Sines,  EB  and  AE  5  the  former  of  which, 
EB,  belonging  to  an  arc  DB  lefs  than  a  quadrant, 
is  equal  to  the  difference  of  the  radius  and  the 
line  CE,  and  the  latter  to  their  Sum.  The  line 
CE  is  called  the  Cofine  of  either  of  thofe  arcs  5 
for  the  definition  of  a  Cofine  is,  that  it  is  the 
Sine  of  the  Complement  of  any  arc  to  a  quadrant, 
or  the  Sine  of  fuch  an  arc  as  being  added  to,  or 
taken  from,  the  propofed  arc,  fliall  make  it  equal 
to  a  quadrant:  whence  (in  Fig.  1.)  DF,  or  its 
equal  EC  (EL  1.  34,)  is  the  Cofine  of  DB,  or 
DA.  The  greateft  Sine  poffible  is  evidently  equal 
to  the  Radius,  which  is  therefore  fometimes  called 
the  Whole  Sine.  • 

If  thro'  one  extremity  D  of  the  arc  DB,  or 
DA  be  drawn  a  right  line  from  the  center  of  the 
circle,  and  produe'd  till  it  meet  BG,  or  AK,  (a 
line  drawn  touching  the  circle  in  the  other  extre- 
mity B,  or  A)  in  G  or  K  ;  the  line  CG  is  called 
the  Secant,  and  BG  the  Tangent  of  the  arc  DB  $ 
and  CK  and  AK  the  Secant  and  Tangent  of  the 
arc  DA.  'Tis  evident  from  the  fimilarity  and  e- 
quality  of  the  triangles  ACK,  BCG,  that  the  fe- 
cants  CG,  CK,  and  the  tangents  BG,  AK,  of 
the  arc  DB,  and  its  fupplement  DA  to  a  Semi- 
circle, are  equal,  as  the  Sines  were  fhewn  to  be 
before. 

The  Cofecant  and  Cttangent  of  any  arc  is  the 
Secant  and  Tangent  of  the  Complement  of  that 
arc  5  or  of  an  arc  which  being  added  to,  or  taken 
from,  the  propofed  arc,  (hall  make  it  equal  to  a 
Quadrant.  Thus  CI  is  the  Cofecant  of  eidicr  of 
die  arcs  DB,  DA,  and  HI  their  Cotangent. 

Art. 
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Art.  5.  From  the  definition  of  a  Sine  we  may 
cafily  deduce  the  two  following  corollaries. 

CoroL  1.  The  Sine  of  any  arc  is  equal  to  half 
die  chord  of  double  that  arc.  For  (by  El  3.  3.) 
the  radius  CEB  being  perpendicular  to  DO,  will 
bifedt  it.  Therefore  Dfe  (the  Sine  or  the  arc  DB, 
or  DA)  is  =  one  half  of  DO,  (the  chord  of  DBO, 
which  is  double  of  DB.) 

CoroL  2.  Hence  the  Sine  of  thirty  degrees  is 
equal  to  half  the  Radius.  For  it  is  equal  to  half 
the  chord  of  fixty  degrees ;  which  chord  (becaufe 
the  arch  it  fubtends,  to  wit,  60  Degrees,  is  a 
fixth  part  of  the  whole  circumference,  or  360 
degrees)  is  the  fide  of  a  regular  Hexagon  in- 
fcrib'd  in  the  circle,  and  is  therefore  equal  to  the 
Radius  by  EL  4.  15. 

Art.  6.  A  Trigonometrical  Canon,  or  Table, 
is  a  table  exprefling  in  numbers  the  lengths  that 
the  Sines,  Tangents,  and  Secants  of  all  the  arcs  in  a 
quadrant,  beginning  from  fome  {mail  arc,  as  a  mi- 
nute, and  taken  in  a  regular  Arithmetical  progres- 
sion, of  which  that  fmall  arc  is  the  common  dif- 
ference, have  with  refpedt  to  the  Radius. 
The  expreffion  for  the  Radius  is  quite  arbitrary; 
1  it  may  be  called  any  cumber  whatever,  if  the 
other  lines  are  reprefented  oy  proportionable  num- 
bers. But  it  has  been  found  mod  convenient  in 
calculation  to  reprefent  the  Radius  by  fome  num- 
ber, wherein  a  unit  is  the  only  figniiicant  figure, 
as  1,  ioooo,  10,000,000.  If  it  be  reprefentea 
by  10,000,000,  or  be  conceiv'd  to  be  divided  into 
10,000,000  equal  parts,  the  numbers  reprefent- 

ing 
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ing  the  Sines,  Tangents,  and  Secants,  will  ex- 
prefe  how  many  fuch  part*  of  the  radius,  name- 
ly, ten-millionth  parts,  are  contained  in  the 
lines  they  reprefent  refpe&ively.  In  Sberwin's 
tables  the  radius  is  called  10,000,  altho'  the  cal- 
culations are  carried  to  feven  places  of  figures  i 
the  meaning  of  which  is  tins :  the  radius  is  con- 
ceived to  be  divided  into  r 0,000  equal  parts  j  and 
one  of  thefe  parts  is  made  the  unit  or  ftandard, 
to  which  all  the  lines  about  the  circle  are  referr'd, 
or  of  which  they  are  confider'd  as  parts  or  multi- 
ples. In  the  inftances  fubjoin'd  to  the  following 
propofitions  the  radius  is  called  1,  or  is  fuppofed 
not  to  be  divided  at  all  ;  but  is  itfelf  made  the 
unit  or  ftandard  of  which  all  the  other  lines  are 
confider'd  as  either  parts  or  multiples.  Tis  e- 
vident  that  on  thefe  fuppofitions,  as  long  as  1  is 
the  only  fignificant  figure  in  the  number  repre- 
fenting  the  radius,  the  fignificant  figures  of  all 
the  other  numbers  will  be  the  fame ;  only  their 
places  will  be  integral  or  decimal,  higher  or  lower,  • 
according  as  the  unit  is  a  lefler  or  greater  part  of 
the  radius. 

Art.  7.  By  the  help  of  fuch  a  table,  the  Sine, 
Tangent,  or  Secant  of  a  given  arc  or  angle,  may 
be  known  immediately.  And  vice  verfd  we  may 
find  the  arc  or  angle,  to  which  a  given  Tangent, 
Sine,  or  Secant,  belongs. 

Notey  In  Trigonometry,  when  an  arc  is  faid  to 
be  known  or  given,  all  that  is  meant  is,  that  its 
proportion  to  the  circumference  is  known  or  gi- 
ven, without  any  the  lcaft  regard  to  its  real  and 
abfolute  length.  And  in  like  manner,  a  Sine, 
Secant  or  Tangent  is  faid  to  be  known,  when  its 
proportion  to  the  Radius  is  known.     Thus*  if  the 

knowa 
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arc  DB  is  known  to  be  30  degress,  it  is  hid  to  be 
known  without  any  regard  to  the  number  of  feet 
or  inches  it  contains ;  and  the  Sine  of  30  degrees 
is  faid  to  be  known,-  becaufe  we  know  (by  Coral. 
2.)  that  it  bears  to  the  radius  the  proportion  of 
f  to  i,  without  confidering  how  many  feet  long 
the  Radius,  is  ;  for  whatever  is  the  length  of 
the  Radius,  the  Sine  of  30  Degrees  will  be  half 
of  it ;  and  univerfally,  any  Sine,  Tangent,  or  Se- 
cant in  one  Circle  is  to  the  Radius  of  that  Circle, 
as  the  Sine,  Tangent,  or  Secant  of  the  fame  angle 
in  another  circle  is  to  the  Radius  of  that  other 
circle  ;  and  alternately,  any  Sine,  Tangent,  or 
Secant,  in  one  circle  is  to  the  Sine,  Tangent,  or 
Secant  of  the  fame  angle  in  another  circle,  as  the 
radius  of  the  former  to  the  radius  of  the  latter. 

N.  B.  A  Degree  is  mark'd  thus,  ° ;  a  Minute 
thus,  ' ;  a  Second  thus/ ;  a  Third  thus '" ;  and 
fo  on  :  for  example ;  30  degrees,  17  minutes,  40 
feconds,  and  33  thirds,  is  wrote  thus  ;  300,  17',  40", 
33'",  the  number  of  flrokes  being  always  the 
number  of  diftances  between  the  arch  over  which 
it  is  wrote  and  a  degree,  or  the  number  of  times 
a  degree  muft  be  divided  by  60  to  arrive  at  that 
minute  of  which  the  arch  is  a  multiple  :  for  if 
wrote  at  length,  they  would  ftand  thus  3  22+IZ  x 

iSsA  -60x2x60  of  a  deSrce-  In  ^  foIlowi*g  pro- 
pofitions,  R,  figniiies  the  Radius,  S,  a  Sine,  CoS, 
a  Cofine,  T,  a  Tangent,  CoT,  a  Cotangent, 
and  Sec,  a  Secant. 

Art.  8.  *Ibt  Conjlruflion  of  the  Trigonometrical 

Canon. 

THERE  are   but   few  lines  in  the  circle, 
either  Sines,  Tangents,  or  Secants,  whofe 

ratios 
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ratios  to  the  radius  are  known  without  calculation  i 
neverthelefs,  'tis  from  them  that  all  the  reft 
muft  be  discovered.  To  fhew  how  this  may 
be  done,  and  to  do  it  in  a  few  examples,  is  the 
defign  of  the  following  propofitions. 

P  R  O  P.   L    A  Theorem. 

Any  two  fides  of  a  right-angled  triangle  being 
given,  the  other  may  be  found  by  calculation. 

For  (EL  i.  47.)  the  fquare  of  AC  (Fig  2.)  is 
equal  to  the  fum  of  the  fquares  of  AB,  BC. 
Therefore,  if  AB,  BC,  are  known,  AC  may  be 
found  by  fquaring  them,  adding  their  two  fquares 
together,  and  extracting  the  fquare  root  of  the 
fum.  Again,  the  fquare  of  AB  is  equal  to  the 
difference  of  the  fquares  of  AC,  and  BC ;  there- 
fore, when  AC,  BC,  are  known,  AB  will  be  found 
by  fquaring  AC,  and  BC,  fubtrading  BCq  from 
ACy,  and  extracting  the  fquare  root  of  the  re- 
mainder ;  and,  if  AC  and  AB  are  known,  BC 
may  be  found  in  the  fame  manner.    QED. 

Art.  9.    PROP.    II.    Problem. 

The  Sine  DE  of  the  Arc  DB  and  the  Radius 
CD  being  given,  to  find  the  Cofine  DF.  (Fig. 

Since  CD  and  DE  are  given  in  the  right- 
angled  triangle  CDE,  the  fide  CE,  which  is 
equal  to  DF  the  Cofine,  will  (by  the  laft  Prop.) 

bc=  /  CD?  —  DE?. 

Art. 
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Art.  10.    Example. 

Let  DB  be  an  arc  of  30°,  and  the  radius  CD 
=  i>  then  will  DE  =  .5,  or  .5000000,  and 
D£f  =  .2500000,  which  fubtraded  from  CDy, 
or  1,  leaves  CE*  =  .75000000000000,  the 
fijuare  root  of  which  is  .8660254=  the  Cof.  30*. 

The  operation  is  thus. 

•75oooooooooooo(.866o254»Cof.  36#. 

166)1100 
996 

1726J10400 
10356 


17320).. .4400 
0000 


173202)440000 
346404 

1738045) . Q3S9600 
866O225 

I73a35<>4)  '  69957500 
69282OI6 

■  ■ 

.  .  655484 

11.  ThisCofine  is  equal  to^j  for  (Fig.  i.) 
CE?  =CD^-DE^i— $=*  j  whence  CE=  ^ 
=  $<*'£'      Therefore    if    the  preceding 

operation  is  right,  -^  ought  to  bo.  =  .8660254  j 

C  and 
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and  Co  we  find  it  is :  for  V3  is  =  1.7320508  (as 
will  appear  to  any  owe  who  will  take  the  trouble  of 
extracting  it),  which  divided  by  2,  gives  the  num- 
ber .8660454,  the  fomfe  as  was  found  before. 

ia.  CofcoL.  1.  The  Sine  of  any  arc  being  gi- 
ven, the  tangent  may  be  found  by  this  proportion. 
CoS  :  R  : :  S :  T.  For  from  the  Similarity  of 
the  triangles  DCE,  GCB,  (Fig.  i.)  we  have  CE  : 
CB : :  DE  :  BG. 

Example. 

* 

Let  it  be  required  to  find  the  tangent  of  300. 
DE  the  Sine  is  £,  and  CE  the  Cofine  has  been 

found  to  be  =  *^    Therefore  as  -^ :    1  : :  \  ; 

2  * 

1X  >  —  \  x  — =4-=3  tang.  39'«     There* 

•3  V3     y% 

fore  f ,  39°=  ^57735^ 


% 


The 
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The  Work  is  thus ; 


86602540  * 

■  1.  ■  ■   * 

133974606 
121243556 


. 127310440 

121243556 

» 1  ii  ■"■■   * 

. .  6066884a 
51961524 


•  87073160 
86602540 

. .  47062000 
34641016 

1242C984 


13.  Corol.  a.  The  Sine  of  any  arc  being  gi- 
ven, the  Secant  may  be  had  by  this  Proportion ; 
CoS,  :  R  : :  R :  Secant.  For  CE  :  CB  : ;  CO 
:  CG. 

Example, 

Let  it  be  required  to  find  the  Secant  of  30?.  CE 
the  Cofine  is'  =  .8660254.  Say  therefore,  as 
-.$660254:  1 : :  1 :  Secant  of  30-,  =  1. 154700 5. 


t  • 


C  2  Th« 
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\ 
i 
.» 

The  Work  \\  thus  : 

•8660254)1.000000^(1.1547005 
8660254. 

•  13397460 
8660254 


47372060 
43301270 

.  40707900 
346410l6 

♦  60668840 
60621778 

•  •  •  47062000 
4330I270 


3760730 


14.  Corol.  3.  The  Sine  of  any  arc  being  gi- 
ven, the  Cotangent  and  Cofecant  may  be  found 
by  thefe  Proportions  j  T:  R::  R:  CoT.  and 
S  :  R  : :  R : .  Cofecant.  For  the  triangles  CHI, 
CBG,  and  CED,  are  fimilar,  becaufe  the  angles 
at  H,  B,  and  E  are  right  angles,  and  the  angles 
HIC,  GCB,  are  equal,  being  the  alternate  angles 
made  by  the  line  CI  croffing  the  parallels  HI,  CB. 
Therefore  GB  :  CB  :  :  HC  :  HI,  that  is,  T  : 
R  :  :  R :  coT.  and  DE  ;  CD  :  :  CH  :  CI,  that 
is,  S  :  R :  :  R  :  Cofecant. 


Example. 
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Example. 

Let  it  be  required  to  find  the  Cotangent  and 
Cofecant  of  300.  T  was  before  found  —  ~.  Say 

therefore  as  ■— - :  l  ::  1  :  V3  =  17320508  — 

coT,  30".     S  =  I  j  fay  therefore,  as  f  :  1  :  :  1 
:  2  =  cofecant  of  30°. 

15.  From  this  corollary  it  follows,  that  the 
tangent  of  45°  is  equal  to  the  radius.  For  fince 
the  tangent  and  cotangent  of  450  are  equal  (the 
angles  of  which  they  are  the  tangents  being  equal) 
the  Radius,  which  is  always  a  mean  proportional 
between  them,  muft  in  this  cafe  be  equal  to  either 
of  them.  Or  it  will  follow  from  CoroL  1.  For 
now  the  fine  and  cofine  are  equal  \  confequently 
the  Radius  and  tangent  muft  be  fo  too.  EL  5,  14. 

Or  it  may  be  proved  thus.  Since  CBG  is  a 
right  angle,  BCG,  and  BGC  muft  together  be 
equal  to  a  right  angle,  (EL  1.32,  CoroL  3.)  :  there- 
fore if  BCG  is  an  angle  of  45  degrees,  or  half  a 
right  one,  BGC  muft  likewife  be  half  a  right  one. 
Whence  (EL  1.  6.)  BG  =  BC. 

16.  It  may  fometimes  be  convenient  to  fee 
fome  of  the  principal  fines  and  tangents  expreffed 

1  in  the  form  of  whole  numbers  or  vulgar  fra&ions. 
Thofe  therefore  that  have  been  here  calculated 
are  fet  down  in  order  fhus.     R  =  1.  S,  300  =  f. 

T,  300  =  -f-  or  V  f .  CoS.  300,  or  S,  60^  —  VJ 

*  3 
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*X     CoT,  30%  or  T,  60*  —  V3.      CoScc. 


or 
2 


300,  or  Secant  of  6q°h=  2,  or  double  the  Radius. 
T,  450  —  I  •  And  fince  the  Secant  of  any  angle  is 

always  =  vTM-Rzj  we  may  add  that  the  Sec* 
450  =  V  2. 

• 

17.  Thus  it  appears,  that  when  once  the  Sine 
of  any  angle  is  known,  the  Cofine,  Taftgent,  Se- 
cant, Cotangent,  and  Cofecant  may  be  derived 
from  it  by  calculation  ;  as  may  alfo  the  Verfed 
Sine,  it  being  always  equal  to  the  Sum  or  differ- 
ence of  the  Radius  and  cofine.  All  that  remains 
therefore  is  to  find  out  fome  method  of  calculat- 
ing the  Sines. 

PROP.    3.    Problem. 

18.  The  Sine  DE  of  any  arc  DB  (Fig.  3.)  be- 
ing given,  to  find  DM  or  BM  the  Sine  of  half 
that  arc. 

Rule. 

Find  the  cofine  of  the  given  arc  by  the  Uft 
propofition,  and  fubtradt  it  from  the  Radius ;  the 
remainder  will  be  the  Verfed  Sine  5  the  fqu^re  of 
which,  added  to  the  fquare  of  the  giveix  fine,  wiH 
be  equal  to  the  fquare  of  the  Chord  of  the  given 
trc,  and  the  fquare  root  to  the  chord  itfelf,  the 
half  of  which  is  the  fine  fought.  Art.  5. 

For  when  DE  is  given,  CE  may  be  found  bv 
tJie  laft ;  and  confequentiy  EB,  which  is  the  dif- 
ference between  the  Cofine  CE  and  the  Radius. 
Therefore  in  the  right-angled  triangle  DBE  the 

two 
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two  fides  DE  and  EB  arc  given,  and  confequent- 
ly  the  remaining  fide  BD  maybe  found  (by  Prop. 
1 0  ;  the  half  of  which  DM  or  BM,  is  the  Sine 
of  the  ire  DL,  or  LB,  or  half  the  given  arc. 


Example. 

Let  DE  be  the  fine  of  300 ;  and  let  it  be  re- 
quired to  find  DM  the  fine  of  15°.  CE  was  found, 
by  Prop.  2,  to  be  =  .8660254. 

Therefore   from      1.0000000  =  CB 

take    ,8666254  =  CE 

and  there  will  remain  .133-9746— EB; therefore 
EBf  -=  .017949  \  93445 16.  But  becaufe  Dfi  :srf , 
DE7  will  be  —  *  —  .25,  and  therefore  DEy  -f- 
EBf  or  WQq  —  -26794919344516,  the  fquare 
root  of  which  is  DB  -  -  .5176300,  whereof  the 
half  .2588190  is  =  DM  «  S.  15°. 


The 
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The  Work  is  thus  : 

•*339746  =  £B 
•I339746  —  EB 


8038476 

S3S8984 
9378222 

12057714 

4019228 

4019238 

1339746 


01794919344516  —  EBf 
25  —  DEf 


DEf  +  EB?  =  BDf  w  •  26794919344516  (.5176380 

25  — BD 

101)  .  179 

IOI 


1027^849 
7189 


10346).  66019 
62076 


"35*3)  -394334 
310569 


1 035268).  8376545 
8282144 


10352760).  .  9440 1 16 

0000000 

94401 16 


PROP. 
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19.  The  Sine  BM.  (Fig;  3,)  o£  any  arc  being 
given,  to  find  the  Sine:  of  double  that  arc. 

Rule.  ;.  • 

Find  the  Cofine  CM  of  the  given  arc  BL,  by 
Trip.  2.  and  fay>  as  Radius  to  Cofine*  fo  is  twice 
tne  given  Sine  to  the  Sine  (9ught. 

For  the  triangles  CBM,  DBE,  ere  equiangular,. 
the  angles  at  E  and  M  being  right  angles,  and 
the  angle  at  B  common  to  thsm  both.  There-. 
fore  (EL  6,  4,)  we  have  this  proportion,  CB  : 
CM  :  :  DB,  or  2  BM  :  DE.  or  R  :  CoS  :  : 
2S  :  DE.  QEL 

20.  Corol.  i.  Hence,  when  the;Ccfine  of 
half  any  propofed.  arc,  and  the  fabtqnfe  of  the 
arc  itfelf,  are  known,  the  chord  of  double  that, 
arc  may  be  found  by- this  proportion  ;  as  Radius, 
to  twice  the  Coline  of  half  the  arc,  fo  'is  the* 
chord  of  the  whole  arc  to  the  chohi  of  double 
the  iarc.  For  let  DB  be  the  arc  propofed ;  the 
chord  is  DB ;  and  CM  is  the  Coiine  of  the  arc 
DL  —  *  DB  arc.  By  the  propofitiori  we  had* 
CB  :  CM  : :  DB  :  DE ;  therefore,  doubling  the 
confequents,  we  have  CB  :  2CM  :  ;  DB  :  2DE 
™  DO,  chord  of  DO,  or  2DB. 

2 1.  Corol.  2.  Hence,  when  the  Sine  of  any 
arc,  and  rhe  bine  of  its  double  are  known,  the* 
Coiine  of  the  limpid  arc  may  be  found  by  this 
proportion  ;  S,  fimple  arc  ;  b,  double  arc  :  :    'r 

D  Rad, 
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Rad,  :  CoS,  fimplc  arc.  For  let  BL  be  the  fim— 
pie  arc ;  DB  wilt  be  the  double  arc ;  and  BM, 
DE,  are  the  fines  of  BL,  and  DB,  and  are  fup- 
pofed  to  be  known.  By  the  laft  CoroL  we  had 
CB  :  aCM  : :  DB,  or  *BM  r  2DE.  Whence 
CB  :  2CM  :  :  BM  :  DE,    and  BM  :  DE  :  : 

5?  :  CM. 

22.  CoRot-  3.  Twfce  the  rcdlanglc  under  the 
Sine  and  cofinc  of  any  arc  BL  is  equal  to  die 
rectangle  under  the  Radiu?  and  Sine  of  a  double 
arc.  ror  in  CoroL  2,  we  had  CB  :  t  CVI  :  : 
BM  :  DE,  whence  (El  6-  16.)  2CMxBM= 
CB  X  DE. 

Example  to  Corel.  2, 

23.  Let  BL  be  an  arc  of  i$°-  *te  Sinc  **M 
was  found  in  Prop.  3.  to  be  =  .2588190.  DE 
the  Sine  of  its  double  or  300,  is  =:  ?.  It  is  re- 
quired to  find  the  cofine  of  15°.     Say,  as  .258ft 

,9o:A::.   (=    .Rad0:^88— = 
1.0352760  = -9659*59  =  CoS,  i5«. 


The 
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The  Work  is  thus. 

\- 
1*0352760)1  •OO0OOOOO(.96S9259 

$3174840 

♦  .  68251600 
624I6560 

t— —■   ■  ■ 

.6l39HOa 
5I76380O 


,  95866OOO 

9317484O 



•  269II60O 
2070552O 

.62060800 
51763800 


102970000 
93174840 


.  979516° 
P  R  O  P.  V.    APnUem. 


The  Sines  FO,  and  DK,  (Fig.  4.)  of  any  two 
arcs  FD,  BD,  being  given,  to  find  Fl  the  Sine 
of  their  furo,  and  EL  the  Sine  of  their  differ- 
ence. 

Conftr. 

Through  die  point  O  draw  OP  parallel  to  DK; 
and,  producing  FO  till  it  meets  the  circumference 
in  £,  draw  through  the  points  O,  £,  the  lines 
OM,  EG  parallel  to  Cfi,  and  meeting  FI  in  M 
andG. 

D  2  .   tym\ 
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Dem. 

Since  the  Sines  FO,  DK  are  given,  the  Cofines 
CO,  CK,  may  be  found  by  Prop.  2.  And  be-? 
caule  the  triangles  CDK,  m  COP,  CHI,  FOH, 
FOM,  are  equiangular,  the  Sides  about  the  equal 
angles  will  be  proportional  (EL  6.  4.)  ;  therefore 
CD  :  DK  :  :  CO  :  OP  ;  which  vyill  thence  be 
known  :  And  again,  CD  :  CK  :  :  FO  :  FM, 
which  will  thence  be  known  likewife.  But  OP 
z=  MI  (EL  1 .  34.)Therefore  OP  -+.  FM  is  r  MI 
+FM  =  FI,  the  Sine  of  FB  the  fum  of  the  arcs. 
And  fince  OM  is  parallel  to  EG  the  bafe  of  the 
triangle  FGE,we  fhall-have  (by  EL  6.  2.)  FO: 
OE  : :  FM  :  MG. '  But  FO  —  OE,  by  Art. 
5.  Therefore  FMX  '-4.  MG  —  (EL  1.  34.)  ON* 
Whence  OP  -  FM  is  rr  OP  —  ON  -  NP  - 
(EL  1.  34.)  EL,  the  Sine  of  EB  the  difference 
pf  the  arcs.     QEI- 

25.  Corql.{  It;  way  be  jobferved  that,  as 
the  differences  of  the  arcs  )3E,  13  D,  BF,  are 
qqualv  the  arc  BD;  is  an  arithmetical  mea^.  be- 
tween BE- and  BFi  or  in  other  ;wprds,  Jf  twQ 
Unequal  arcs  (or  any  other  :twQ  unequal  quan*. 
tities)  be  added  together,  the  greater  arc  \yill 
be  an  Arithmetical  Mean  between  the  Sum  arict 
difference  of  the  arcs.. 


J£x*mpld. 


* 
t 


26.  By  way  of  example  tA  the  iirft  part  pf 
this  proportion*  let  it  be  rgqtjired  to  find  fthe 


r 
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Sine  of  45  degrees,  or  of  the/fum  of  30*  ariH  15*,; 
having  given  the  MneS'of  3c1  and  15'. 

DB  arc       301.  FP  —  15.-  DK-^  FO  ~ 
.2588190.  CO  —   .9659259  CK.^;. 8660254^ 
CO  &  CK  are  not  given,  but  (as  was  before  ob-* 
ferved)  are  to  be  found:  by  the  help  /oiTrop.2. 
Having  found  them  to.be  the.  numbers  here  fefc. 
down,  we  lay  >  as-i-:   i  ::  ..9659239 :  48:29629^ 
=r  OP;  and  as.i'  :  .86602.54.  ;:  1.2.5881 9a  .:  .  > 
.22414^8  z^  FM  •«;.[ .      ,    .      '.:    <" 
-4829629  —  OF 

r7 07 ro67^FT==  S,  45% 

»    •  »      — 

■  * 

The  Workjs  £hti$-  : 

r  • 

*   .25881^  ;     ■' 
.8663254 « 

—  •  » 

T03527^0-  "  .. 

12940950 

5^6380 
J 5529 I 400 
I5529I4Q. 
20705520 


*    .224I4382800260 

P  R  O  P.   6. 

2.J.  If  three  Ares  are  in  Arithmetical  propor- 
tion, the  Radius  will  be  to  double  the  Cofirie  of 
the  middle  arc,  as  the  Sine  of  the  common  differ-' 
ence  of  the  arcs  is  to  the  difference  of  the  Sines' 
of  the  extreme  arcs. 

For  (Fig.  4.)  let  BE,  BD,  BF,  be  three  arcs 
la  Arithmetical  proportion  j  their  common  differ- 
ence is  the  arc  FD>  and  its  Sine  is  FO.  FG  is 

the 


^ 
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th$  difference  of  FI,  and  EL»  the  Sines  of  die 
extremes.  It  was  proved,  in  Prop.  5,  that  CD  : 
CK  :  :  FO  :  FM  $  wherefore,  doubling  the  Con- 
fequents,  CD :  z  CK : :  FO :  2  FM  =  FO.  QED. 

,  28.  Corol.  i.  If  the  middle  arc  BD  16  an  arc 
of  6o°,  the  Sine  of  the  common  difference  of  the 
arcs  will  be  equal  to  the  difference  of  the  Sines  of 
extreme  arc$.  For  in  that  Cafe,  CK  the  Co  fine  of 
BD  will  be  S,  300,  the  double  whereof  is  equal  to 
the  radius,  or  CD.  Confequeritly  FO,  FG  are  equal* 

29.  Corol.  2.  Hence  if  the  Sines  of  all  arcs 
that  are  diftant  from  one  another  by  a  given  inter- 
val, or  that  are  in  Arithmetical  proportion,  from 
the  beginning  of  the  quadrant  to  6o°  are  given, 
the  other  Sines  n>ay  be  found  by  one  addition  only; 
namely,  of  the  Sine  of  the  common  difference 
to  the  Sine  of  the  lefler  extreme.  Thus,  the 
Sine  of  6 1°  is  —  S,  59°  -+-  S,  »°;  and  the  Sine 
of  62*  =S,  58°  -f-S,  2°.  Alio,  S,  63°  =  S,  570 
-f-  S,  30;  and  fo  on.  And  in  the  fame  man- 
ner, if  the  Sines  have  been  calculated  to  every 
minute  of  the  Quadrant  from  o  up  to  6o°,  the 
remaining  fines  may  be  found  alfo  to  every  mi- 
nute from  6o°  to  90 °.  For  th«r  bine  of  60%  1', 
is  =z  S,  59%  59',  -J-  S,  1' ;  and  S,  6o°,  2'  =. 
S,  59%  58'  4-  S,  2',  and  fo  of  the  reft. 

How  to  calculate  the  Sines  of  Arcs  in  Arithme- 
tical progrefiion  from  the  beginning  of  the  Qua- 
drant to  60%  having  given  the  Sine  of  i  minute, 
will  appear  from 

30.  Corol.  3.  If  the  Sines  of  all  arcs  from 
the  beginning  of  the  quadrant  to  any  part  of  it, 

that 
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that  differ  from  one  another  by  a  given  difference, 
are  given,  we  may  thence  find  the  Sines  of  all 
die  arcs  to  The  double  of  that  part.  For  example, 
if  ail  the  Sines  from  the  beginning  of  the  qua- 
drant to  1 50  are  given  to  every  degree  of  the 
auadrant,  then,  by  the  proportion  laid  down  in 
lis  proposition,  we  may  find  all  the  Sines  to  30* 
to  every  degree  of  the  quadrant*  For  Radius  is 
to  double  the  cofine  of  1 5%  as  the  Sine  of  t  de- 
gree to  the  difference  of  the  Sines  of  1 40  and  1 6% 
tbefe  arcs  14%  i§9,  16°,  being  in  Arithmetical 
proportion  j  for  the  fame  reafon,  R  :  2  CoS. 
15*  :  :  S,  2*  :  diff.  of  S,  130,  and  S,  17% 
and  again  R  :  2  CoS.  150  : :  S,  3*  :  diff*  8, 
is*  and  S,  1 8*.  Whence  by  adding  the 
differences  of  the  Sines  of  14  and  16  degrees* 
13  and  17  degrees,  and  12  and  18  degrees* 
to  the  Sines  of  14°,  13%  and  22°  rcfpec- 
tively,  we  get  the  Sines  of  160,  17°,  and  18*. 
And  in  this  manner  may  all  the  fines  for  every  de- 
gree from  15  to  30  degrees  be  calculated  >  for 
till  we  come  to  30%  15°  may  be  an  arithmetical 
mean  between  the  arc  whofe  Sine  is  fought,  and 
fome  one  of  the  arcs  under  1 50,  whofe  Sines  are 
known. 

But  when  we  have  found  all  the  Sines  to  30% 
we  muft  make  ufe  of  a  new  proportion,  and  fay> 
as  Radius  to  double  the  cofine  of  30°,  fo  is  the 
Sine  of  1  degree  to  the  difference  of  the  Sines  of 
29%  and  310  ;  and  again,  as  R  :  2  CoS,  306 :  : 
S,  20  :  diff.  S,  28  and  S,  320;  and  R  :  2  CoS> 
300  : :  S,  30  :  diff.  S,  270  and  S,  33°  j  and  (a 
on,  till  we  come  to  60  degrees. 

In  this  cafe  we  need  only  multiply  the  Sines  of 
the  common  differences  by  V3  —  1*7320508075 

68S 
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688773  in  every  operation,  and  the  produces  will 
be  the  differences  of  the  Sines  of  the  extreme* 
refpectively.    For. in  the  Example  to^rep.  2.  it 

appeared  that  the  CoSi  360  was  =  -^.'wherefore 

double  thatCofine  is  =1  V3.  And  the  divifion  by 
the. radius  or  1  has  no  effect,  and  mull  be  omit- 
ted. 

la  the  fame' manner  if  the  Sines  from  o~  to 
.15°  and  from  J5  to  30'  are  known  to  every 
Minute  of  the  quadrant  (inftead  of  every  degree), 
the  Sines  from  i$Q  to  30s  and  from  30-  to  609 
may  be  found  to  every  minute  of  the  Quadrant  s 
as  was  obferved  in  the  laft  corollary. 

And  by  this  Method,  if  only -the  Sine  of  1 
Minute  be  given,  we  may  calculate  all  the  Sines 
from  )'  to  15°  (and  thence  from  15^  to  30°,  and 
from  300  to  6oD)  to  every  minute  cf  the  qua- 
drant. For  having  S,  1,  the  CoS,  j' may  ba 
found  by  Prop,  2  j  and  by  I  rop.  4,  the  Sine  of 
2',  the  cofine  of  which  maybe  found  by  Prop, 
2  ;  fo  that  we  may  now  find  the  Sine  of  3  mi- 
nutes in  the  fame  manner  as  before,  by  faying, 
as  R  :  2  CoS.  2' :  :  S,  1'  :  diff.  S,  i'  and  S,  3'. 
And  again,  as  R  :  2  CoS.  %'  :  :  S,  2'  :  diff.  S, 
o' and  S,  4'  =  S,  4'.  And  (finding  the  CoS.  4' 
by  Prop.  2.)  R  :  2  CoS,  4'  :  :  S,  1'  :  diff.  S, 
3'  and  S,  1/.  And  again,  as  R  :  2  CoS.  4'  :  ; 
S,  2'  ;  diff.  S,  2'  and  S,  U ;  and  R  : .  2  CoS.  4 
-  ■  S,  3'  :  diff.  S,   ,'  and  S,  / ;  and  R   :  2  CoS. 

::  S,  4'  :  diff.  S,  o'  and  S,  W  -  S,  S'.  And 

for  the  reft. 

31.  Lemma  i.  Any  two  lines  AO,  FO,  drawn 
m  the  extremities  A,  F,  of  a  curve  AF,  all 

the 
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the  parts  of  which  arc  concave  the  fame  way, 
and  both  falling  on  the  convex  fide  of  the  curve- 
line,   are  greater  than  the  curve. 

Join  the  points  A,  F,  {Fig.  5.)  and  bife&ing 
AF  in  R,  draw  RV  perpendicular  to  it,  meeting 
the  curve  in  V.  From  any  other  point,  as  H,  in 
the  curve,  draw  HI  parallel  to  AF,  and  meeting 
the  curve  in  1 5  and  divide  the  arcs  AI,  HF,  in- 
to any  number  of  parts  AM,  MI,  FG,  GH,  and 
draw  the  chords  of  thefe  parts.  Through  the 
points  M,  J,  H,  G,  draw  KB,  LC,  PD,  TE, 
at  right  angles  to  AF,  meeting  the  lines  AO,  FO, 
in  K,  L,  P,  T,  and  AF  in  B,C,D,E.  Through 
M  and  G  draw  MX,  G Y  parallel  to  AF  5  and 
MN,  GS,  parallel  to  AO,  FO  refpedively.  Laft- 
ly,  join  L,  P,  and  draw  LZ  parallel  to  aF. 

Since  ABM  is  a  right  angle,  AMB  muft  be 
acute  and  AMK  obtufe.  Therefore  AK  is  greater 
than  AM  (El.  1.  19.)  Again,  MXI  being  a  right 
angle,  MIX  muft  be  acute,  and  MIN  obtufe ; 
wherefore  MN,  or  its  equal  KL  (El.  t.  34.)  is 
greater  than  MI.  And  LP  is  greater  than  LZ  or 
IH;  confequently  LO  -+-  OP  is  much  greater 
than  IH.  In  like  manner  it  may  be  (hewn  that 
PT  is  greater  than  HG,  and  TF  than  GF. 
Therefore  AO  -j-  OF  is  greater  than  the  Sum 
of  all  the  chords ;  that  is,  when  the  number  of 
chords  is  infinite,  and  every  chord  is  equal  to  its 
arch  (for  the  demonftration  does  not  depend  up- 
on any  particular  number  of  chords,  and  there- 
fore will  hold  good  when  the  number  is  infinite) 
than  the  curve  AF.  QED. 

This  proof  may  be  thrown  into  the  form  of 
an  ex  abfurdo  demonftration,  afluming  as  a  pof- 
tulatum  that  an   arc  may  be  divided  into  fo 

E  %    nuny 
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many  parts  that  it's  difference  J&rQm  the  fugi 
of  all  the  chords ,  jfoall  be  lef^.tjian  ^ny  £iy$e 
quantity  whatever*  But  it's  evidence  would  fcarce 
be  made  greater  thaa  it  is  aljre^dy.  t 

32.  Corol.  Hence, the  taqgent,  pf  ai\y  arcriji 
a  circle  is  greater  than  .the,  arc  itfelf.  For  Jet 
the  curve  AF  (Fig.  6.)  be  a  ci^cje  ;whofe  cen- 
ter is  *,  and  let  AO,  OF  be  tangents  to, it  in  the 
points  A,  F.  Join  ay  O,  and  draw  th^  radii  aA9 
a¥.  By  EL  3.  18,  the  angles  <iAO,  <*FO,  are 
right  ones  j  therefore  *OFj  and  a OA.  are  each 
of  them  lefs  than  a  right.  And  'tis  evident  Fi, 
aO,  are  refpe&ively  equal,  and  .therefore  propor- 
tional,1 to  Aa,  aO.  Confequently  (EL  6.  7.)  the 
angles  FO* ,  AO*  are  equal,  aad  likewife  Aa O, 
FrfO.  Therefore  (EL  1.  4.)  AO  —  FO.  And 
the  arcs  AV,  VF  arc  equal  (V  being  the  point 
in  which  dO  cuts  AF)  becaufe  the  angles  A<*0, 
Fa O,  were  fhewn  to  be  fo.  T  herefore,  fince  by 
the  propofition  AO  -f-  FO  is  greater  than  AF,  it 
follows  that  FO,  the  tangent  of  FV,  is  greater 
than  the  arc  FV. 


PROP.     7.     Theorem. 

33.  In  very  fmall  arcs  the  fine  and  tangent  of 
the  fame  arc  are  to  each  other  very  nearly  in  a 
ratio  of  equality. 

For  from  the  Similarity  of  the  triangles  CED, 
CBG,  we  have  CE :  CB  ; ;  ED  :  BG.  This  is 
univerfal  j  but  when  the  point  D  approaches  to 
B,  the  line  EB  will  become  exceeding  fmall  in 
comparifon  to  CE,  or  CB,  which  will  therefore 
be  very  nearly  equal  to  each  other  :  confequently 
the  Sine  ED  will  be  very  nearly  equal  to  the  tan- 
gent 
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gent  BG.  To  illuftrate  tliiS  farther,  draw  DF 
ptMlcfio  CBr  the^atoglei  GDF;  GCB,  are  Si- 
milar;  therefore  DF  :  CB  : :  GF-:  GB.  Whence 

if  DF,  or  EB  is  lefs  than  — .  th  part  of  the 

*  .<».•-.   io,oco,ooo     r 

radius  CB,  GF  the  difference  between  the  Sine 
and    tangent  will  be  lefs  than  the  — th 

,     *  IO,000,OCO 

Fart  of  the  tangent  GB.  r     . 

m 

34*  Corol.  1.  Since  the  arc  is  greater  than  its 
Sine;  ahdlfefs  than  its  tangent,  and  the  Sine  and 
tangent  of  a  Very  frtall  arc  Are  nearly  equal,  the 
*tt  "which  lie$  Between  them  thuft  be  nearly  equal 
to  either 'b'fth^hi; :  ^hertfore^in  Very  fmall  arcs^ 
We  ttiay  fubftitute  the  propor tioa  of  the  arcs  ,m^ 
Stead  of  thit'of  thd'finesr,  and  fay,  without  erring 
much  froiri the'ftudfv'as  arc  to  arc;  £b  is  fine  to 
line/    "  *     °  liJ->l'>     :-i  '..';: 

35.  Corol.  &>  It  may  be  obferved  here  that 
the'  Chord,'  as  weir  asf  •  the  arc,  iapproaches  con  - 
tinually kt6  afr  e^uilit^  with  either  the  Sihe  or  tan- 
gent0; 'And'  for* the- fame  reafon,  to  wit,  becaufe 
it"  lies  betiveth  'tiifetri.  And1  when  the  arc  is  di- 
fainifheftf  till  it  itetttfh,  tbte  ultimate  Tatio  of  the 

Sine/  Chord;  atej  -ind  tangent  is  af  ratio  of  equa- 
lity". *  '  '        -       .-...',..: 

'  That  the  Arc  as  it  grows  lefs  is  continually  in 
a  left  £nd'  lefs  ptbport'otrto  its  chord  is  evident 
likewife  from  this  'cortfiderdtion  \  fincc  the  chord 
is  always  greater  than  the  Sine,  the  arc  will  al- 
ways bear  a  lefs  proportion  to  it  than  to  the  Sine ; 
that  is,  a  lefs  proportion  than  a  double  arc  bears 

E  2  to 
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to  double  the  Sine  of  the  fingle  arc,  or  (Art.  5.) 
to  its  own  .chord. 

PROP.    8. 

To  find  the  Sine  of  an  arc  of  i  Minute. 

36.  By  continually  bifefting  an  arc  of  30% 
whofe  fine  is  known  to  be  \ ,  and  finding  the  fines 
all  the  way  by  Prop.  3.  we  (hall  at  laft  get  the  Sine 
of  ..52",  44'",  3"",  45'"" 5  the  cofine  of  which  is 
very  nearly  equal  to  the  Radius ;  in  which  cafe 
(as  appears  by  the  laft  Propofition)  the  Sines  may 
be  efteemed  proportional  to  the  Arcs.  Say  there- 
fore, as  an  arc  of  52",  44'",  3"",  45//"/,  is  to'  an 
arc  of  i',  fo.is  the  Sine  of  the  former  arc  to  the 
Sine  of  1  minute.  When  the  Sine  of  1  minute 
is  thus  found,  the  Sine  and  cofine  of  2  minutes 
may  be  found  by  Prop.  4.  and  2. 

jWf,  Whoever  would  find  the  Sine  of  1  mi- 
nute  by  this  method,  muft  make  all  his  calcula- 
tions to  three  or  four  places  of  decimals  farther 
than  he  intends  fhould  be  accurate ;  becaufe  the 
error,  though  fmall  at  the  beginning  of  the  cal- 
culation, will  be  multiplied  and  encreafed  every 
new  operation,  fo  as  without  this  caution  to  be- 
come confiderable  at  laft.  Thus  if  the  Sine  of 
52", *  4-4'",  3"",  45'"",  is  to  be  found  accurately 
to  7  decimal  places,  die  Sine  of  150,  of  7%  30', 
and  of  all  the  reft  muft  be  calculated  to  10  or  11 
decimal  places. 


The 
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The  intermediate  arcs  are  thefe  that  follow. 


1A  arc 

— • 

308 

.  00'  00"  .  00"  .  00*"  .  00'"" 

2d  arc 

_^ 

7° 

34 

•  3°' 

- 

4th 

— : 

3° 

•  4' 

*                                                ■ 

5th 

— -_ 

i° 

.  52'.  30" 

' 

6th 

— 

• 

5**r 

7th 

— 

28'.   7".  30" 

- 

8th 

3Z 

J4-   3-45 

9th 

— 

/.  1".  52". 

3ow        ' 

10th 

— ■ 

3 .  30  .  50    . 

15""         '  \\ 

Iith 

— ■ 

1'.  45".  28". 

f.  30"" 

1 2th 

t 

•  5*"-  44". 

3   •  45  . 

PROP.     9.    Tbeortm. 

37.  If  any  angle  BAC  fitaated  in  the  circum- 
ference of  a  circle  is  bife&ed  by  a  right  line  AD, 
and  AC  k  produced  till  it  is  cut  by  DE  which  19 
made  equal  to  AD ;  the  external  line  CE  will  be 
equal  to  the  chord  AB. 

In  the  quadrilateral  Figure  ABDC  (Fig.  8.)  in- 
fcribed  in  the  circle  whofe  diameter  is  AF,  the 
angles  B,  and  ACD,  are  together  equal  to  two 
right  angles  (El.  3.  22.)  and  coniequently  to  die 
two  angles  ACD,  DCE  (El.  1.  13.)  Therefore 
B=DCE.  But  the  angle  E  is  =  DAC  (El.  1. 
5.)  becaufe  DE  is  by  contraction  equal  to  DA ; 
and  DAC  ~  DAB  ex  bypotbefi.  Therefore  E= 
DAB.  And  the  arches  CD,  DB,  and  their  chords 
are  equal  (El.  3.  29.).  Therefore  (EL  1.  26.) 
the  triangles  DAB,  DCE  are  every  way  equal 
aod  alike,  and  CE  =  BA,  QED. 

PROP. 


1 
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PROP.     ie.     Theorem. 

38.  If  any  num.b^r  of  arches  AB,  AC,  AD.,  be 
in  Arithmetical  proportion,  the  chord  of  the  firft 
is  to  the  chord  of  the  Second,  as  th£  chord  of  the 
•fecond  is  to  the  Sum  of  the  chords  of  the  firft  and 
third,  «nd  as  any  one  of  the  chords  is  to  the  Slim 
of  the  preceding  and  following  chords. 

Let  the  chords  (Fig.  9.)  be  AB,  AC,  A.D, 
AE,  AF,  AG.  Produce  Ad  to  H,  fo  that  AC 
H  may  be  an  ifofceles  triangle  j  and  in  like  man- 
ner AE  to  I,  AF  to  £,  AGtoL,  fothatADJ, 
AEK,  AFL,  IJialj  be  ifofceles  triangles. 

Then  fiiice  the  arch  BC  is  equal  to  the  arch 
CD,  the  angle  BAD  is  bifedted  bj  AC  j  there- 
fore DH  =r  AB,  by  the  laft.  Foir  the  fame  rea- 
fon  EJ  =  AC;  F£  =  AD,  and  GL  =  AE.  But 
becaufe  fhe  angles  at  A  fubtehded  by  the  equal 
arches' AB,  BC,  CjD,  DE,  &c.  are  equal,  the 
feyeral  ifoiceles  triangles  ABC,  ACH,  AOl, 
AEK,  AFL,  are  equiangular,  and  consequently 
fimilaf  ( EL  6.  4.)  whence  AB  :  AC  : :  AC ": 
AH : :  AD  :  AJ  : :  AE  :  £K  : :  AF  :  AL  $  that 
is,  AB  :  AC  : :"  AC  :  AB  -f-  AD  : :  AD  :  AC  -f- 
AE  x  :  AE  :  AD  +  AF  .  f  AF  :  AE4-AG. 
QEJ>. 

3$.  Corol.  .Since  (by  Prop.  4.  Corol.  1.)  the 
Radius  is  to  double  the.Cofine  of  J,  AB,  (Ftg.g.) 
as  the  chord  AB  to  the  chord  AC,  it  follows  that, 
&  :  2  .CoS.  I  AB  : :  AB  :  AC  : :  AC :  AB  4-  AP. 
i :  AD  :  AC  4-  AE,.£fr.  or#(haivinjg  thefe  chords) 

-•    -     "         '       1     "  ; " 

R: 
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AB    AC     AC    A'B  f 

22         22  « 

..AD.  AC       AE  ■_        .    ; .  b  I..      .   •; 

2  :  _,_  •  - —  -r  - —  eye ;  that  is,  as  Radius  is  to 

2  2  2' 

twice  the  cofine  of  half  the  firft  arch,  fo  is  the  fifie 
of  half  the  firft  arch  to  the  Sine  of  the  firft  or  of 
half  the  fecond  3  fo  the  Sine  of  half  the  fecond 
arch  to  the  fum  of  the  Sines  of  half  the  firft 
and  half  the  third ;  fo  the  fine  of  half  the  third 
to  the  Sum  of  the  Sines  of  half  the  fecond  and 
half  the  fourth ;  fo  the  fine  of  half  the  fourth  to 
the  Sum  of  the  Sines  of  half  the  third  and  half 
the  fifth ;  and  in  general,  fo  the  fine  of  half  any 
one  of  the  arcs  to  the  fum  of  the  Sines  of  half 
die  preceding  and  half  the  .following  arches* 

40.  Let  the  arch  AB  (Ffg.m  9  )  be  2  Minutes ; 
AC  4  Minutes;  AD  6';  AE  8';  AF  10';  AG 
.  12'.  Then  the  Sine  and  cofine  of  half  the  firft 
arch  or  of  *  AB,  will  be  the  Sine  and  Cofirte  of 
.1  Minute  -,  the  Sine  of  half  the  feebnd  arch  AC 
will  be  the  Sine  of  2' ;  the  Sine  of  *  AD  arch  will 
~  be  —  S,  3'  i'  the  Sine  of  .  AE  arch  Will  be  = 
S,  4';  S,  f  AFarch  =  S,  Y;  S,  i  AG  arch  = 
S,  6'.  Whence  having  found  the  Sihe  of  1'  by 
P.  8,  and  its  cofine  by  P.  2/  the  S,  2'  is'  foutid 
by  faying,  as  R  :  2  CoS,  1'  : :  S,  l'  :  S,  2'. 
And  from  thefe  the  Sines  of  all  the*  following 
arcs  are  found  with  great  eafe  to  every  Minute  of 
the  quadrant, .  as  follows.  Call  the  Cofine  of  1' 
or  the. Sine  of  890,  59','Q^and  make  the:  fol- 
lowing proportions.     R  :  2  0j ::  S,  2! 

\  ~ir  •  ■ +  s>  3(=^+;^J'  whcnce 

the  Sine  of  3'  is  known.    Again,  R :  aQj  :  S,  %' 

AD 
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■  {J*)  .S,  2<,  +  8,  4'(=^+f ),  whence 
the  S,  4'  is  known.     Again,  R  :  2O  : :  S,  a' 
^  —  — y  :  S,  3'  +  S,  5^  =— -K~ J,  whence 
the  S,  5'  is  known.     Again,  R  :  zQj :  S,  5% 
^  ~~£~)  :  S>  4'  H-  S,  6'f  — ^ —  Y  whence 

the  S,  6' i»  known. 

And  in  this  manner  may  all  the  Sines  be  cal- 
culated to  every  minute  of  the  Quadrant.  And 
as  the  Radius  or  firft  term  of  the  proportion,  is 
a  unit,  and  confequently  a  divifion  by  it  has  no 
effedt,  the  operations  jnay  be  performed  with 
great  eafe  by  a  multiplication  only  (which  may  be 
con  traded  according  to  Ought red's  rule)  and  a 
fubtradtion. 

4 1 .  A  Short  review  of  the  Method  pf  making  Sines. 

As  it  is  evident  that  the  preceding  propofitions 
are  not  all  of  equal  ufe  and  importance  in  calcu- 
lating a  table  of  Sines,  but  fome  are  only  fubfer- 
vient  to  the  demonftrations  of  others  of  more 
immediate  confequence ;  it  cannot  but  be  ufeful 
to  take  a  diitindt  view  of  their  feveral  dependen- 
cies one  upon  another,  and  to  inquire  in  what  or- 
der and  to  what  purpofes  a  perfon  that  was  calcu- 
lating fuch  a  table  would  apply  them.  And  firft 
he  would  by  the  help  of  the  3d  Proposition  (which 
depends  upon  the  Second,  and  that  on  the  firft) 
find  the  Sines  of  15°;  70,  30',  &c.  till  he  came 
to  52",  44///,  3"",  45"";  and  then  by  P.  8,  (to  which 
the  Lemma  and  P.  7.  are  fubfervient)  he  would 
find  the  Sine  of  i'$  which  having  obtained,  he 
would  by  P.  1  o,  Corol.  (to  which  P.  9,  and  P. 
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rol.  i.  are  neceflary)  compute  all  the  Sines  to 
6o° ;  after  which  inftead  of  continuing  to  find 
the  remaining  Sines  in  the  fame  manner,  he 
would  make  ufe  of  P.  6.  CoroL  2.  (to  which  P, 
5  is  fubfervient),  becaufe  by  that  Corollary  the 
Sines  from  60  to  90  degrees  may  be  found  by 
mere  additions. 

The  fines  from  the  beginning  of  the  quadrant 
to  6o°  might  be  computed  by  P.  6.  Corot.  3 \  but 
with  rather  lefs  eafethan  by  P.  10.  CoroL  becaufe 
in  the  latter  the  ratio  of  the  radius  to  twice  the 
Cofine  of  1'  ferves  throughout  the  whole  calcula- 
tion ;  whereas  in  the  former  it  is  neceflary  every 
time  you  have  found  all  the  Sines  to  double  of 
any  proposed  arc,  to  calculate  a  new  cofine  :  as 
Srft  the  CoS.  a',  then  the  CoS.  4',  and  fo  on. 

Scholium. 

42.  That  great  Geometrician,  and  incompara- 
ble Pbiiofopber,  Sir  Ifaac  Newton,  was  the  firft 
that  invented  infinite  converging  feriefes,  by  which 
when  the  arc  was  given  the  Sine  might  be  com- 
puted.   For  if  the  radius  be  r,  and  any  arc  be 

called  a,  he  found  the  Sine  would  be* — — — s  -f. 

1.2. 2*r.    • 

a*  —a7  _±f* 

1 .2.3. 4.5.^1. 2. 3.4.5.6.7-r.*     i.2.3.4.5.6.7.8.9.r* 

&e.  and  the  cofine  =  r  — .- 

i.a.r     1.2.3.4.*" 

— *« -H*8 

1.2.3.4.5.6/-'  1.2.3 .4.5,6.7.8.^ 


a 


^—n •   &c.  the  invefligation  of. 

j.2.3.4.5.6.7.8.9.10.^ 

F  thefc 


$4  tfifcAlBftfl^. 

tHefc  Sericfcs  ftalf  B£  gftra  hefcafiefc  A*  pfe£fit 
#e  will  bbfcrvt  that  by  tfrd  firft  df  flieS  faSefti 
the  Sirib  6f  i  Airtutc  ma*  be  fouriS  *W»  fhudk 
greater  eafc  than  fejr  J*r#.  i ;  if  the  lehgtfc  6f  ffl& 
arc  bfe  knowrf.     thfc  leitgtfrd#  ad  atf  ft  flic*  td 
h*  kribwh,  tlBcr*  it$  £fopforfltfn  to  &<<  ftdit*  H 
known  5  to  which  purpofe  it  is  neccJflSkr^  fliat  ffig 
tebportioiT  df  the  cif cumfcrtnee  6f  a  cSde  faF  its 
diameter  Be  krtbwh  j  for  whefl  ah  arc!  1*  fScf  to  bd 
of  fo  manjr  dfcgfrees  br  mtotutes,  we  ohly  krio#  it* 
proportion  to  the  cifcutrifereftces  6t  fcmitircuiri~ 
ference,  ot  How  rtiitiy  360th  $&rU,  6r  2 1600th 
parts,  of  the  circuififereijfce  thfe  are  is-  eohai  to  g 
but  to  corirpafe  it  with  the  radius,  Wt  tauft  khoW 
the  ratio  of  thfe  circuthfei-ttlce  to  the  Diameter, 
that  fb  by  the  mediation  Gf  the  circumference  we 
may  find  the  proportion  between  the  arc  and  dia- 
meter, or  radius.     Now  the  proportion  of  the 
Radius  to  the  femicirciimfef-gnce,  or  the  Diame- 
ter to  the  circumference,  has  been  found  by  a 
Method  invented  by  Archimedes  (tf hicfi  Dr.  Saun- 
derfon  hds  cdpioufly  and  clfearly  explained  in  His 
Elements  of  Algebr^  from  AH.  346  to  347)  to 
be  that  df  I  to  3.  1415,  5)265,  3589,  ^32,38. 
An  arch  of  t  miriute  is  the  60th  part  of  die 
480th   part    of  the  femicircurafereacc,  or  the 

6ox2i8oA  ?**  of  3;'4«5>9«65>35*fc7WarfS 
(the  radids  being  1 )  >  whfch  is  = 

(21 

Here  therefore  a  —  b'.boo2  90888  208665721 . 

c?  =z  0,0000000000246 1 3782 


—  -   — ■  _  -r="?-3=    .000000000004.102207. 

i.2.3r  ar~i4t.g,-     $  -  " 

Whence  S,  1'  =r  0,080290388204563424. 

Jb  »y?§  wt#k  g9  tot  P  7  Places  ft  is  called 
.0002909. 
Thefe  6c4efcs  io  $he  tjejpnning  of  the  ijua,- 

trcaoftly  /aft.  For  m  the  .Sej-jes  i»r  the  Sine  (m 
inftance  of  which  we  have  jtadft  now  given)  if  a 
does  not  .exceed  k>  minptes',  the  two  firft  terms 

.— . «» 

thereof*  to  wit,  a  —  (Ac  radius  r  being  -fap- 

6 
pofed  =  1)  give  the  Sine  to  15  placey  ofiigures: 
and  if  die  arc  a  does  not  exceed  1  degree,  th? 
three  fir£ferms  wS^l  exhibit  the  Sine  to  15  places 
of  figures.  So  that  thefe  Seriefes  are  very  ufeful 
for  finding  th$  firJ^  Sines  aa4  Cofinas,  or  the  firA 
spid  laft  Sines,  of  the  .Quadrant.  But  the  greater 
die  arc  a  is,  die  greater  is  the  number  .of  termi 
required  to  essprefs  $e  Sinp  -to  a  giveji  degree  of 
exadnefs :  and  at  laft  \yhen  the  arc  is  nearly  e- 
qual  to  or  greater  than  the  radius,  the  feries  con- 
verges but  Jlowly,  To  remedy  tfyis,  Dr.  Keiil 
Reviled  other  Seriefes  fimilar  to  the  Newtonian 
ones,  aod  derived  from  them,  -wherein  he  4up- 
pofes  tlje  arc  whofe  fine  is  fpught  to  he  the  fum 
or  difference  of  two  arcs,  or  (calling  thofe  arcs 
A  and  fir)  to  he  =  A  4r%  or  A—*.  Let  the  Sine 
of  die  arc  A  be  called  a ,  and  the  Cofine  b>  then 

will  dip  Sine  of  the  arc  A+z  be  —  a    ■         — 

«z*        hz3  4z*  bz%  *-az6 

1.2.      1.2.3.       1.2.34-1.2.34.5.  x.2.34.5.0. 

Vr — - — z h>  &c.  and  its  cofine  —  b - —. 

1.2.3.4.5.6.7.  j 
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— bz% az  *  fe*         — az* 

1.2.  1.2J3T    •     1*2.3.4.    1.2.34.5. 

— bz*  az7  bz* 

1 ,2.3 .4.5.6.  "*~  1.2.3.4.5.6.7.  "*~  1.2.34.5.6.7.8. 

1 — 3 — r — 3 &c.   And 

1. 2.3.4.5.6.7.0.9.  1.2.3.4.5.6.7.8.9.10. 

in  like  manner  the  Sine  of  the  arc  A—z  is  a 

-bz — az%  -+bzl   -+*az*     — bz%  —az' 

i      1T2.     1.2.3.  1-2.34.  1*2.34.5.  1.2.34.5.6. 

*\-bz7  -\-az*  —bz9 

1.2.34.5.6.7.    1.2.34.5.6.7.8.    1.2.34.5.6.7.8.9* 

— ; 7 — s *,  &c.  and  its  Cofine  is  = 

1. 2.3  4.5.6.7.8.9.10. 

.  +tfg  — pa*  — az1    -\-bzA      +az' 

1        1.2.     1.2.3.  I-2-34-  1*2.34.5. 
— bz^_        —az7       -fte8 

1.2.34.5.6.  1.2.34.5.6.7.  i.2.34i5.£7.8l 

> — 5— ,&c.  the  difference  of  the  Sines  of  A 

1.2.34.5.6.7.8.9 

j  a  .      •    bz  — *#•  — 4>z%  +az+     -\-bz* 

and  A-4-z  is  . | 

I.       1.2.      1.2.3.  1.2.34.  1.2.34.5* 

2:  — ■ > —  ,  &c :  and  the  differ- 

i.2^34.5.6.  1.2.34.5.6.7. 

ence  of  the  Sines    of  A  and  A — %  is  =:  — 

1 

-f-rfz *  _ .bz1    —az*     -\-bzs         -i-az6 

1.2.       I.2.3.     1-2.34.  I.2.34.5.    I.2.34.5.6. 

whence  the  difference  of  tnefe  differences,  or  the 

feconddifference,willbe^  ~2aZ*      +2a*6 

1.2.    1.2.34.  1.2.34.5.6. 

—2az  -\-zaz l  °  0 

-r — tt  —7 — s ,  &c.  or?*x 

i.2.34*5.6.7.8.  1,2.34.5.6.7.8,9.10. 


r 


(.. 
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*4 


-fr-z' — z8 

i.2»    i .2.3*4.  i.a.34'5*6*  1.2/3. 4.5.6.7.8.  ".  •  •  . 

.  T — x ,  &c  >  which  is  the  product 

1.2.3.4.5.6.7.8-9.10.  r 

of  twice  the  Sine  of  the  Urc  A  multiplied  ifcto 

the  verfed  Sine  of  the  a*c  z,  and  converges  very 

foon  :  fb  that  if  2  be  a  firft  minute,  the  firft  term 

of  the  Series  gives  the  2d  difference  to'  1  $  plates 

of  figures,  and  the  fecond  term  to   25  places.' 

From  hence  if  the  Sines  of  any  two  arc&  whofe 

difference  is  one  minute  be  given,  the  Sines  of 

all  the  arcs  that  are  in  the  fame  progreffion'may 

be  found  by  an  exceeding  eafy  operation. T 

In  the  firft  and  fecond  feries  .if  A  =  9,  (hen 
will  a  —  0,  and  b  it's  cofine  will  become  radius 
or  i.  and  hence  if  the  terms  wherein  a  is, con- 
cerned are  dropt,  and  1  is  fubftifuted  inftead  of 
b,  the  feriefes  will  te  converted  into  the  Newto- 
nian ones  for  the  Sine  and  Cofine  of  .the  arc  z* 

In  the  third  and  foiirth  feries .if  A ^90%  we 
(hall  have  b  =  o>  and  a  =  1 .  whence  ',  again, 
taking  away  all  the  terms  wherein  b  is  concerned, 
and  putting  1  inftead  of  a,  we  fhall  have  the 
Newtonian  feries  for  the  Sine  and  cofine  of  the 
complement  of  z  to  a  right  angle,  or  for  the  co- 
fine  and  Sine  of  z. 

All  thefe  Seriefes  eafily  flow  from  the.  Newto- 
nian ones,  by  means  of  the  fifth  propofition  $ .  as 
is  {hewn  by  Mr.  Ha m,  in  his  Appendix  tp  Cunn's 
Euclid  in  the  following  manner,  "   '  *" 


Explanation 


jf  fit  EMENT3    / 

Explanation  4nd  4£rivatwf  ^ffbefoK^ngJSeriefit 

of  Dr.  l£eill.  " 

1p  JtnojPfi,  fee malted  4  jit's  &e  P&  » j  and  93? 

foe  £&»  *•  /caJJ  the  arc  DF,  or  ©E,  which  j* 
ajj&  fuppofei  to  he  known*  %.  It  js  rpQuiifid  ft 
fed  fj,  ihe  &n*  of  A  4-*>  jot  EL  tip  &q*  *f 

%  $he  Rtwtmty  Series  the  Sine  FO  is  =r  * 

:E*i_±^ —4-,  &c.aa4theCo- 

1.2.3.  1.2.34.5.   1.2.34.5^,7/    -  -  •TTT  .-•    '  -' 

j  lC»     4-»*         —a.4 
fine  CO  =  1  - —  — - — —  -5— — ■ — r-  &c.  and 
m  ~     12.   1 .4. J. 4.  4:4.^.4.5.6.         ^ 

becaufe  CD  :  DK  : :  CO  :  OP.  or  i  t  a  : :  CO  : 

OP,  it  follows  that  OP  ==  4  *  £9  ==  4 


i.2. 


i.,.3.4.  .".1.34:5*  **  **  feefiWft  **  "^ 
angles  CDK,  FOM,  are  finrilar,  we  have  C$  : 

C£  : :  FO  :  FM,  or  i  :  b  : :  FO  ;  FM  j  whence 

FW5E'xFO  =  tiz3: 1:2.3.4^. 

...       *'        &c.  Therefore  FL  ( s  0P  4.  FM) 
1.2,34.5.6,7.  v  7-    -V 

-rfcfc  — tfg*  —r-te'    ~{-az*     -f-Ae' 
s  *  "T~     M.    r^F  1.2.34.  1^34"^ 

■   —az',   — "mJ,z'\     &c }  and  EL  (-  OF 
1.2.34.5.0.  1.2.3.4.5.0.7.  x 

-ON  =OP  -  FM)=*  =*  ^1  ±fel 

'  1.     1.2.    1.2.3. 

-M«*     —-fe1        — tfg*  4-Aer 

ia.3.4.  1.2.34.5.  1.2.34.5.6.  1.2.34.5.6.7. 
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Thus  we  have  found  the  Sines  of  the  arcs 
A +  z  and"  A -"2.  To  find  theif  cbfines  CI 
tttdGi,  we!  iirtrft  get  etfpreflkwH  fof  GP  and 

Mo  of  tf. 

Since  GDf  CK  ::  CO  :  CP,  or  1  :  b  : :  CO  : 
CP,  it  iolfows  that  fcP  =  b  x  CO  =  *5^" 


caufe  the*  triangle*  G&K,  FMO  &6  flinflar,-  We 
haVe  €D :  BK  j:  FO  j  MO,  6#  i  *  rf  : i  PQ  : 

MO  5  whence  MO  r=  *  x  FO  =  *z   

-^iPr-  **        &c     Therefore  CI  (= 

CP— ff  =  CP  — MO)  =  J  — ^T 

•* — **  rr k  ,   •'     — : — - — >    &c  $  and 

1.2.1;    I.2.3<4.  l.i.i JL.C.  1.2.34.^.6.  ' 

gl<==cp  +  pl4cp4-ne  =  Cp4-M0) 

,     +**  —  iz*   ~az*    ^fe4     -f-lw9 


-Si         ■  ■     ■  I 


1       1.2*     i*2*3'  *-**3*4*  ia3 
— Sz*  — az7  a      rfHj 

The  difference  of  the  OB&etteks  $f  t&6  fitieA 
of  A  —  £.  A,  A  -fc  *;  h&  bett*firahd  =  2  #* 

-j-z.^j-a,  — '4-L — rktft  a  it    ~.n   i ■  ■  ■  ^ ■       .r    «Ca  Ot 
1.2.    1 .2.^4;    I.2.3.4.5.6.    1.2.3.4.5.0.^.8. 

to  the  product  of  twice  the  Sine  of  the  Mean  arc 
A  into  the  verfed  fine  of  z ;  for  if  the  cofine  of 

-—2*      -4*2*  z* 

1 4*   It2.2«4,  1,242.4.5.^ 

fub* 


I 
I 
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fubtra&ed  from  the  radius  i,  or  added  to  it  with 
all  the  fines  changed,  it  will  leave  the  Verfed 

Sine  =: — ^ —  — — — ~>"  &c. 

1,2.  1.9.3.4..  i.2*3*4«5<v^ 

Now  if  this  Second  difference  be  fubtraded 

from  2  a  or  twice  the  Sine  of  the  Mean  arc  A» 

the  remainder  will  be  2  a  ~ 


■2*2*  -f-2tfZ8 


1.2.,    J.2*34* 

7 7 — 75-  &c;  from  which  the 

1.2.3.4.5.0.  1. 2.3. 4.5.6.-7.8. 

fine  of  A  -J-  z  being .  fubtradfced  leaves,  the  Sine 

of .  A  — » z  j.  and  vice  verfa  the  Sine  of  A  —  z  be- 

w  ubtra&ed  therefrom  leaves  the  Sine  of  A  -f-s  s 

as  will  appear  thus. 

From  za-2a%t  +2az-  -=£-* 

1.2.       I.2.3.4.    1.2. 3.4.5.O. 

r^Sprr  t*.  *,  s,  a + , = .  ±* 

J  .2.3.4.5.0.7.0.  I. 

— :-*.     « ! .  —    -   z    OCC$ 

1.2.     1.2.3.  1.2.3.4.  i-a«34*5-  I-2.34.5.0. 
and  there  will  remain  * — —    ; ■     m   ■■      .  _ 

;  .    .  J.       1.2.       I.2.3.   1.2.3.4. 

— ***     — Hl£^ — 2-  &c.   which    before   was 
1.2.3.4.5.  1.2.3.4.5.6. 

fhewn  to  be  the  Sine  of  A — z.  'Tis  evident  that 
this  feries  being  Subtracted  from  the  fame  remain- 
der will  leave  the  feries  for  the  Sine  of  A  4-  z. 
And  hence  the  following  rule  is  derived  for  find-: 
ing  the  Sine  of  A  -J-  *,  or  A  —  *  5  the  fine  of 
one  of  them  and  of  the  arc  A  being  given. 

Rule. 

Three  Arcs  in  Arithmetical  proportion  being 

given,  from  double  the  fine  of  the  middle  arc 
*  fubtja# 
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Aibtraft  the  fecond  difference,  and  From  the  re- 
mainder fubtradt  die  given  Sine  of  one  of  the 
extremes,  whether  it  be  the  greater  or  the  lcfler, 
and  the  remainder  will  be  the  Sine  of  the  other 
extreme* 

Example. 

• 

Let  it  be  required  to  find  the  Sine  of  $o*9  i'f 
the  Sines  of  300,  and  29%  59'  being  given. 

Here  30°  is  the  Mean  arc ;  it's  fine  is  .50000 
oocooo ;  and  the  Sine  of  29%  59',  one  of  the 
extremes,  is  .49974806226 ;  and  the  length  of 
the  arc  z,  Jto  wit,  1  minute,  is  .000290888208  ; 
which  fquarcd  and  multiplied  by  the  fine  of  30°. 

2  A  Z  * 

the  Mean  arc,  gives  a  %  %  or ,  the  firft 

\  .25. 

term  of  the  fecond  difference,  =:  .000000042307, 
which  being  fubtra&ed  from  1 ,  which  is  double 
the  Sine  of  the  mean  arc,  the  remainder  will  be 
•999999957^93  >  from  which  fubcraft  the  fine 
.49974806226  of  29°,  59',  and  there  will  re- 
main .5002518943  for  the  fine  of  3  b0,  1',  the 
other  extreme. 

Mr.  Ham j  adds  another  example,  and  fomc 
remarks  upon  this  way  of  making  Sines  -,  which 
as  they  feem  not  to  be  abfolutely  neceflary  to  the 
understanding  the  Method  itfelf,  are  here  omit* 
ted.  Whoever  is  defirous  of  feeing  them,  may 
find  them  in  Cunris  Euclid,  Appendix.  Pag.  366. 
much  more  upon  this  Subject  may  be  feen  in  the 
Treadle  of  Trigonometry  published  in  Sberwint 
Tables,  where  feveral  different  methods  of  mak- 
ing Sines,  both  by  Seriefes  and  common  Geome- 
try, are  delivered,  and  illuftratcd  with  examples*, 

G'  The 
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The  Reader  will  there  find  all  the  Powers  of  ark 
arc  of  i  Minute,  or  of  z>  ready  calculated  to  fe- 
veral  places  in  decimals.     Pag.  47. 

If  the  Arc  A  =  0,  then  it's  fine  a  —  o3  and 
A  +  z  =  z.  Wherefore  the  feries  expreffing  the 
Sine  of  A  -+-  z  ought  to  be  converted  into  the  New- 
tonian feries  for  the  Sine  of  % :  and  fo  we  find  it  is  ; 
for  if  we  take  away  the  terms  wherein  a  is  a  fa£tor> 
and  inftead  of  b%  which  is  now  the  cofine  of  0  and 

therefore  =  1,  fubftitute  i,  the  Series  a  — — 


az*  — bz*    -f-*z4      -+-A&1         — *** 


j.2.      1.2.3.  1.2.3.4.  1.2.3.4.5.  *-2«3*4*5-6- 

*—bz r  —z * 

&c.  will  become  z 


1.2.3.4.5.6.7V  i«2.3* 

— — 7—  &c.    And  the  Series  for 

1.3.3.4.5.  1.2.3.4.5.6.7. 

the  Cofine  of  A  -f-  z,  namely,  b  *~ 


i.      1.2. 
-+*z*    +As4     — az'  —bz' 


1.2.3.    i*2«3«4-  i*2*3*4-5»  1*2.3.4.5.6. 


I.2.3.4.5.6.7.    I.2.3.4.5.6.7.8. 


*z 


% 


-He*  — z*  +z% 


r  &C  = 


1.2.     1.2.3.4.    I.2.3.4.5.6.    1.2.3.4.5.6.7.8. 

CoS.  z. 

In  like  manner  if  A  =r  90%  A  —  z  will  be  the 
complement  of  the  arc  z  to  a  quadrant,  and 
confequently  the  Sine  of  A  —  z  ought  to  be  the 
fame  with  the  Cofine  of  z :  And  fo  we  find  it  is : 
for  in  this  cafe,  a  —  1,  and  b  =  0 1  wherefore 
the  Series  expreffing  the  Sine  of  A  —  z,  to  wit, 
*  _A&  — -az x  +£z  *    4-tf z4   — bz  *        —az  * 
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&c.  becomes  r 


1.2.3.4. 5.6.7.  1.2.3.4.5,6.7.8. 

— z*      4-2 4  — fc6  +21 

T    ■ 7 5-&C  — 

1.2.     I.2.3.4.   I.2.3.4.5.O.    I.2.3.4.5.6.7.8. 

CoS.  2.     And  the  Cofine  of  A — z  ought  to  be/ 
and  accordingly  appears  to  be  the  fame  with  the 


Sine  of  *.  for*±^  ^±1  =^L    +*£ 

i.       1.2.     1.2.3.   x*2*3-4* 
-f-*z5         —  As6  —  tfz7 

l«2«34^   1.2.3.4.5.6.  1.2.3.4.5.6.7. 

A-bz  8 

—  —7 — o*  &Ct  becomes  in  this  cafe  =r  z 

I.2.3.4.5.Q.7.8. 

— ■         — 7 h  &C  v'*  rr  S.  2?. 

J.2.3.   1.2.3.4.5.     1.2.3.4.5.6.7. 

As  it  may  perhaps  be  a  fatisfadion  to  the  curi- 
ous reader,  to  fee  a  geometrical  proof,  that  the 
Second  difference  of  the  Sines  of  the  three  arcs 
A  —  z,  A,  A-hz,  or  BE>  BI>,  BF,  (fig.  4,)  is 
equal  to  the  produd  of  twice  the  Sine  of  the 
middle  are  BD  into  the  verfed  fine  of  the  com- 
mon difference  DE  of  the  three  arcs,  the  radius 
being  1 ;  or  in  all  cafes,  to  that,  produft  divided 
by  the  radius ;  we  have  here  fubjoined  one  that 
is  derived  immediately  from  the  contemplation  cf 
the  4th  figure.  Let  EG  and  DS  drawn  parallel 
to  CB  meet  DK  and  FI  in  T  and  S.  'Tis  evi- 
dent, DT  or  GS  is  the  difference  of  the  Sines 
EL,  DK5  and  FS  the  difference  of  DK,  FL 
And  becaufe  GM  =  FM,  GS  muft  be  =  FM 
+  MS,  or  FS  -+*  2MS ;  whence  GS  —  FS  —  2 

MS.  —  -r^fr — -  from  the  fimilarity  of  the  tri- 

angles  CDK,  ODV  (V  being  the  point  where> 
OMcutsDK),  which  gives  this  proportion,  CD 

G  2  :DK 


H 
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;  DK  :  :  DO  :  DV;  whence       CD       =  DV 

s  MS. 

And  hence  likewife  we  have  a  geometrical 
proof  that  if,  according  to  the  rule  laid  down 
above,  we  fubtraft  the  fecond  difference  2MS 
from  2DK  or  twice  the  fine  of  the  middle  arc 
BD,  and  from  the  remainder  fubtra&  one  of  the 
extreme  fines  FI  or  EL,  this  Iaft  remainder  will 
be  the  other  extreme  fine. 

For  2DK  —  2MS  —  FI  =r  aI9  —  *MS  — 
FI  —  alM  —  FI  =  2IM  —  IM  —  FM~ 
IM — FM  =  IM  —  MG  =  IG  =  EL. 

And  2DK  —  2MS  —  EL  =  2IM— IG  =  IM 
H-MG  =  FI. 

1 

PROP.    11.    Theorem. 

44.  In  a  right-angled  triangle  if  the  Hypotenufe 
is  made  the  radios  of  a  circle,  the  Sides  will  be  the 
Sines  of  the  <oppofite  angles :  but  if  one  of  the 
legs  is  made  the  Radius,  the  other  kg  will  be  the 
tangent  of  the  angle  to  which  it  is  oppofitc,  and 
the  Hypotenufe  will  be  the  fccant  of  the  fame 
angle.    Fig.  io,  and  u.     v  ' 

It  is  evident  in  Fig.  io,  where  AC  the  Hypo- 
tenufe is  the  radius,  that  CB  is  the  Sine  at  the 
arc  CD,  or  the  oppofitc  angle  at  A;  and  that 
AB  is  the  Cofine  of  that  arc,  or  the  Sihe  of  the 
complement  of  CD  to  a  quadrant,  or  of  the. 
angle  A  to  a  right  angle,  that  is,  of  the  angle 
ACB,  to  which  it  is  oppofite. 

And  in  Fig.  u.  If  AB  is  made  the  Radius, 
BC  will  be  the  tangent  of  the  arc  BD,  or  the 
angle  at  A  to  which  it  is  oppofite,  and  the  Hy- 
potenufe 


r 
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potenufe  AC  will  be  the  Secant  of  that  angle- 
If  CB  is  made  the  Radius,  AB  will  be  the  tan- 
gent of  the  arc  BE,  or  the  angle  C  to  which  it  is 
oppofite,  and  CA  the  Hypotenufe  will  /be  the 
the  Secant  of  the  fame.    QED. 

45.  Cokol.  1.  Hence  of  the  lengths  tif  AC, 
and  CB,  or  AC,  AB,  or  AB,  CB,  are  known  in 
feet  or  inches  or  any  other  meafure,  the  angles 
may  be  difcorered  by  the  following  proportions* 
AC  :  AB  : :  R  :  S,  C,  whence  the  fine*  of  C  k 
known,  and  confequently  the  angle  C  may  be 
fbund  by  feeking  the  Sine  in  a  table  of  Sines  and 
tangents. 

Again,  AC  :  CB  : :  R  :  &,  A.  And  AB : 
BC  : :  R  :  T,  A;  and  BC :  AB  : :  R  :  T,  C. 
Whence  the  tangents  and  Sines  (and  confequently 
die  angles)  are  dtfeovered  by  the  rule  of  Three. 

46.  Corol.  2.  If  the  angles  are  known,  and 
likewife  die  length  of  one  of  the  fides,  or  the 
Hypotenufe,  the  other  fides  may  be  found  by  the 
rule  of  Three. 

For  we  may  now  invert  the  former  proportions,' 
and  fay,  as  S,  C  :  R  : :  AB  :  AC,  and  S*  A  :  R 
::  CB  :  AC;  and  T,  A  :  R  : :  BC  :  AB ->  and 
laftly,  T,  C  :  R  :  :  AB  :  BC. 

By  the  firft  of  thefe  analogies,  from  AB  known 
we  find  the  Hypotenufe  AC  5  by  the  fecond  we 
find  it  from  BC  fuppofed  to  be  known.  By  the 
third,  from  BC  known  AB  is  discovered  ;  and  by 
the  fourth  from  AB  known  BC  is  difcovered. 

N$te9  if  one  of  the  acute  angles  of  a  right- 
angled  triangle  is  known,  the  other  is  known 
l^ewife,  being  it's  complement  to  a  right  angle. 
(£/.  1.  32.  Cor.  3.) 

PRO  P. 
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PROP.     12.    Theorem. 

47*  The  Sides  of  Plane  triangles  are  to  one 
another  in  the  fame  proportion  as  the  Sines  of 
the  oppofite  angles.    Fig.  12,  13,  and  14. 

Defcribe  about  the  plane  triangle  ABC  the  cir- 
cle ABC  by  (EL  4.  5.)  And  from  the  center  D 
draw  the  lines  DE,.  PF,  DG,  perpendicular  to 
the  fides  of  thq  triangle  5  which  will  therefore^be 
bifeOe4  in  E,  F,  G;  (by  JS/,  3.3)  Then  will 
thefe  halves  of  the  fides  be  the  fines  of  the  oppo- 
fite angles  of  die  triangle,  meafured  in  the  cir- 
cumfcribing  circle, 

Fojc  in  the  acute-angled  triangle,  Fig.  12,  the 
angle  BDC  ayt  the  center  is  double  of  the  angle 
BAC  at  the  circumference  (landing  upon  toe 
ftmearchBC,  (by  El.  3.20).  Therefore  BDE, 
which  (is.  equal  to  EDC  (by  EL  1.  8.),  and  there- 
fore) is  —  f  BDC,  is  =  to  BAC.  therefore 
BE,  or  f  BC,  is  the  Sine  of  BAC.  For  the  fame 
reafon  BF  is  the  Sine  qf  the  a#gle  BCA,  and 
AG  of  ABC. 

Fig.  13.  If  the  triangle  is  rightTangled,  the 
Hypotenufe  AC  muft  be  the  diameter  of  the  cir- 
cle (El.  3.  31.),  and  half  the  Hypotenufe  BC, 
to  wit,  BD,  will  be  the.  radiu$.  But  the  radius 
is  the  Sine  of  a  right  angle  ;  therefore  BD,  or  i 
BC,  is  the  Sine  of  the  oppofite  angle  BAC.  And 
BF  (being  the  Sine  of  BDF,  or  of  f  BDA)  is, 
the  fine  of  ACB  ;  and  for  the  fame  reafon  AG  is 
the  fine  of  ABC. 

In  the  obtufe-angled  triangle,  Fig.  14,  dnw 
BL,  CL,  to  any  point  L,  in  the  arch  BC  $  the 
angle  L  will  (by  EL  3.  22.)  be  the  fupplement 

of 

i. 
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Hf  BAG  to  two  right  angles.  Therefore  it's  fine 
tyill  be  the  fame  with  that  of  BAC.  Now  be- 
caufe  the  angle  BDE  {—  *  BDC)  is  =  L,  it's 
fine  BE  will  be  the  fine  of  L,  and  therefore  of 
BAC.  And  BF  (the  fine  of  BDF,  or  f  BDA) 
is  the  fine  of  ACB  $  and  for  a  like  reafon  AG  of 
ABC.  Therefore  in  every  triangle  the  halves  of 
the  Sides  are  the  Sines  of  the  oppofite  angles  ; 
coftfequently  the  whole  fides  are  always  propor- 
tional to  the  Sines  of  the  oppofite  angles.  QED. 

PROP.    13. 

48.  If  in  a  plane  triangle  any  one  of  the  fides 
be  called  the  Bafe,  and  the  others  the  legs  of  the 
triangle  -,  the  fum  of  the  legs  will  be  to  the  dif- 
ference of  the  legs,  as  the  tangent  of  the  femi- 
fum  of  the  angles  at  the  Bafe  to  the  tangent  of 
their  femidifFerence. 

Let  the  triangle  be  ABC  (Fig.  15.)  whofe  bafe 
is  AC,  and  legs  AB,  BC.  In  AB  produced  take 
BH  =r  BC,  and  BI  =  AB,  (the  fid6  AB  being 
fuppofed  lefs  than  BC.)  By  EL  1.32,  the  angle 
BBC  is  =  A  -f-  ACB,  the  fum  of  the  angles  at 
the  bafe.  Draw  BE  bifeding  HBC,  and  EBC 
will  be  the  femifum  of  thofe  angles.  And  becaufe 
BC,  BE  are  refpe&vely  equal  to  HB,  BE,  and 
the  angle  EBC  —  HBEJ  the  triangles  HBE, 
EBC  will  (by  JE/.  1.  4.)  be  every  way  equal  and 
alike,  and  the.  angle  BEH  =  BEC.  Therefor* 
(EI.  1.  Def.  10.)  BEC  is  a  right  angle.  Confe- 
qucntly  if  BE  be  made  radius  of  a  circle,  EC 
*ill  be  the  tangent  of  EBC  in  that  circle  1  fltf. 

Draw 


_   ..J 
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Draw  BO,  and  IG  parallel  to  AC ;  and  taking 
EF  —  ED,  join  B,  F.  Since  BE,  ED,  are  re-5 
fpedtively  equal  to  BE,  EF,  and  BED  =  BEFP 
tae  triangles  BEF,  BED  are  every  way  equal 
and  alike,  and  ang.  EBF  =  EBD.  But  HBE  — 
EBC ;  therefore  HBF  is  —  DBC,  that  is,  (EL 
i.  29.)  =  ACB.  And  HBD  =r  BAC  (by  the 
feme  prop.)  Therefore  FBD  is  the  difference  of 
BAC  and  ACB  the  angles  at  the  bafe;  and 
EBD  is  half  that  difference,  the  tangent  whereof 
is  ED. 

Since  IG,  BD,  are  parallel  to  AC,  the  triangles 
AHC,  BHD,  IHG,  are  fimilar,  and  (by  EL  6, 
x)  AB  :  BH  : :  CD  :  DH,  and  BH  :  BI  :  * 
DH  :  DG,  wherefore  ex  aquo  AB  :  BI : :  CD  r 
DG.  .  But  by  the  conftru&ion  AB  —  BI ;  there- 
fore CD  =  DG.  But  becaufc  EC  =  EH,  and 
ED  =  EF,  CD  muft  be  =  HF *  therefore  DG 
r=  HF ;  and  (taking  away  the  common  part  GF) 
HG  =  DF.  Wherefore  AH  :  IH  : :  (: :  CH  z. 
GH  ::  |  CH  :  ±  GH)  : :  EC  :  ED.    Q£D* 

Another  JOemonftration  of  the  fame. 

49.  Making  B  your  center  (Fig.  16.)  and  BC, 
the  longer  of  the  two  legs  BC,  B  A,  the  radius,  de- 
(cribe  a  circle  cutting  BA  produced  in  D  and  E# 
'Tis  evident  DA  is  the  fum,  and  AE  the  differ- 
ence of  the  legs.  Join  D,  C,  and  E,  C.  The 
fum  of  the  angles  BAC,  $CA,  'at  the  bafe  AC 
is  equal  to  the  fum  of  the  angles  BEC,  BCE,  at 
die  bafe;  EC  of  the  ifpfceles  triangle  BEC,  and 
confequently  (El.  1.  5)  to  twice  BEC.  Whence 
BEC,  or  it's  equal  BAH  (drawing  AH  parallel 
Co  EC)  is  the  femifum  of  the  angles  at  the 
bale. 

The 
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The  angle  BAC  is  ( =  BAH  4-  HAC  =  BEC 
-+-  ACE  —  BCE  -f.  ACE)  -=.  BCA  4-  2ACE. 
Whence  BAC  —  BCA  —  2ACE,  and  the  femi- 
difference  of  BAC,  BCA,  is  =  ACE  or  HAC. 

But  DHA  is  a  right  angle,  being  equal  to 
DCE  in  the  femicircle  DCE.  Therefore  DH, 
HC  are  the  tangents  of  BAH,  or  DAH,  and 
HAC,  the  radius  being  AH.  And  from  the  fi- 
milarity  of  the  triangles  DHA,  DCE,  we  have 
DA  :  AE  : :  DH  :  HC.    QED. 

PROP.     14. 

50.  If  from  the  vertex  of  one  of  the  angles 
of  a  plain  triangle  a  line  be  drawn  perpendicular 
to  the  oppofite  fide,  or  Bafe,  and  dividing  it  into 
two  fegments ;  the  Bafe  will  be  to  the  fum  of 
the  fides,  as  the  difference  of  the  fides  to  the  dif- 
ference of  the  fegments  of  the  Bafe. 

In  an  obtufe  angled  triangle  as  BCD,  Fig.  1 7, 
'tis  evident  the  perpendicular  muft  be  drawn  from 
the  vertex  of  the  obtufe  angle  5  otherwife  it  will 
not  fall  within  the  triangle,  and  divide  the  bale 
into  two  fegments.  In  an  acute-angled  triangle 
as  BCD,  Fig.  18,  it  may  be  drawn  from  the 
vertex  of  any  one  of  the  angles.  See  EL  2 ,  Prop. 
12,©   13. 

Let  BCD  be  a  plane  triangle,  DC  it's  bafe,  and 
BE  a  line  drawn  perpendicular  to  DC  from  the 
point  B,  and  dividing  it  into  two  fegments,  CE, 
ED.  With  B  as  a  center,  and  BC  the  lefler 
fide  as  a  Radius,  defcribe  a  circle  cutting  the 
bafe  in  F,  and  the  other  fide  BD  in  H.  Produce 
DB  till  it  meets  the  circumference  in  G ;  and  be- 
caufe  BG  and  BH  are  each  of  them  equal  to 

H  BC, 
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BC,  DG  will  be  the  fum  of  the  legs,  and  DH 
their  difference.  And  becaufe  CE  is  —  EF 
(EL  3.  3.)  DF  will  be  the  difference  of  the  feg- 
ments  DE,  EC  of  the  Bafe. 

I  fay,  DC  :  DG  : :  DH  :  DF. 

For  (by  EL  3.  36.  Corol  )  the  rectangle  un- 
der DC,  L)F  is  equal  to  the  rectangle  under  DG, 
DH;  wherefore  (EL  6.  16.)  DC  :  DG  : ;  DH 
;  DF.    QED. 

Another  Demonftration  of  the  fame. 

From  the  angular  point  B  in  the  triangle  BCD 
(Fig.  19,  and  20.)  draw  BE  perpendicular  to 
the  bafe  CD.  And  with  B  as  a  center  and  Bp 
the  longer  of  the  fides  as  a  radius,  defcribe  a  cir- 
cle cutting  BC  and  DC  produced  in  M,  K,  L- 
Since  BK,  $nd  BM  are  each  of  them  equal  to 

BD,  CM  will  be  the  fum,  and  CK  the  difference 
pi  the  fides  BD,  BC.  And  becaufe  DE  —  LE 
(EL  3.  3.)  LC  is  the  difference  of  the  fegments 
PE,  EC,  of  the  Bafe, 

Now  the  triangles  MCD,  LCK,  are  fimilar ; 
becaufe  the  angles  MCD,  LCK  are  vertical;  and 
CMD,  CLK  are  equal,  as  (landing  on  the  fame 
arch  K  D.  Whence  we  have  this  proportion^ 
DC  ;  CM  : :  CK  :  LC.    QED. 

PROP.    15.     AProbUm.. 

The  Sum  and  the  difference  of  two  quantities 
being  given,  to  find  the  quanties  themfelves. 

If  to  the  femifum  be  added  the  femidifference, 
the  aggregate  will  be  the  greater  quantity  ;  and 
if  from  the  femifum  be  taken  the  femidifference, 

the 
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the  remainder  will  be  the  lcflcr.  — 


Pig.  21. 

For  let  AB,  BC  (Fig.  2 1 .)  reprefent  the  two 
quantities.  Take  AD  —  BC.  And  DB  will  be 
their  difference*  fiifeft  their  Sum  AC  in  £ ;  and 
AE,  or  EC  will  be  the  ftraifum,  and  DE,  or  EB 
the  femidifference. 

Now  AB  the  greater  quantity  is  —  AE  4-  EB  j 
and  BC  the  leffer  is  =  EC  —  EB.    QED., 

This  will  appear  alfo,  if  We  exprefs  the  quanti- 
ties Algebraically,  and  call  the  greater  a,  and  the 

lefler*.     For  aJ±  +  *Z±  -  ff.  -  a.  And 

2.  2.  2 

*+£    — *\-b  2&         . 

2.  2  "2"   ~ 

53.  We  come  now  to  apply  the  laft  five  pro- 
portions to  the  folution  of  the  cafes  of  plane  tri- 
angles. But  firft  it  will  be  proper  to  obferve, 
that  the  data  of  fome  of  the  cafes  Coincide.;  to 
wit>  'tis  the  fame  thing  to  have  two  angles  of 
a  triangle  given,  as  to  have  all  the  three.;  be* 
caufe  when  two  of  them  are  given,  the  third  is 
given  likewife,  being  the  complement  of  the 
fum  of  the  former  to' two  right  angles. 

But  in  a  right-angled  triangle  if  only  one  of 
the  acute  angles  is  given,  the  other  angles  are. 
given  likewife,  one  of  them  being  a  right  angle, 
and  the  other  the  complement  of  the  given  an- , 
gleto  ia  right  one;  as  was  obferved.in  Art.  46* 

^  The  cafe  wherein  two  fides  of  a  right-angled 
triangle  are  given,  and  'tis  required  to  find  the 
third,  may  be  fblved  immediately  by  the  firft 
proportion,  and  therefore  is  not  fet  down  among 
thefe  that  follow. 

H  2  7Ar 


H 
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Tfe  Trigonometrical  Solutions  of  a  Right-angled 

Triangle.    (Fig%  21.) 


1 


Given 


AB,  BC  the 
legs. 


Sought 


AB.bL  ;:R:  t,  A j 

'  u* l„  me     complement     of 

thcanSlcs  which  to  a  right  angle 

is  the  angle  C. 

A£    AC     at  *         * :     '  *  **>  ^*  * 

u»,.nj^.Vfi»«fi«iMtfae     complement      of 
leg  and  the  the  angles  wWch  tQ  £  ^ 


BC  the  o- 


is  the  angle  A. 


R  :  T,  A  : :  AB  :  BC 


riMMMMi 


Hypotenufe 

3  AB,  and  A, 

lef  "*  an  therleg. 
jangle, *■ 

ifAB/and  C 

ia  leg  and  an 

jangle. 

{• 

tfbe  Trigonometrical  Solutions  of  Oblique-angled 

Triangfts. 


S,  C:R  ::  AB  :  AC 


t*m*mmmmm—mm 


,    ,  Given      1   Sought  t 

7|A,  B,C,  andBCf  AC,|S,  C  :  S,  A  : :  AB:  BC  * 
AB,  the  an- the    other  and  Sf  C  :  S,  B  : :  AB  : 


gles    and    a  fides. 
fide. 


I 


(F/^,23,24.) 


1 


AC  By  what  was  ob- 
ferved  in  Art.  53,  the 
cafe  wherein  two  angles 
and  a  fide  are  given  rails 
under  this. 

Given 
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|      Given      |   Sought  t 


53 


I  A,  B,  C,  all  the  pro-*},  <J  :  S,  A  : :  AB  :  BC 
the  angles;  portions  of  S,  C  :  S,  B  : :  AB :  AC. 
tor  only  A,  B,lAB,  AC,  'Tis  evident  that  if  only 
two    of  the*BC,     the  the  angles   are  given, 


the  angles. 
\{Fig.  23,24.) 


fides. 


only  the  proportion  of 
the  fides,  and  not  the 
fides  thedifelves,  can  be 
Idifcovered. 


j 


JAB,  B"Ct  and  A,  and  B  JAB  :  BC  : :  S,  C  :  4» 
^>  two  fides,  the  re-  ftA,  which  therefore  ma* 
tnd  an  angle  tming  an-  be  found.  But,  becaate 
>pofite     to'glef»  every  angle  ha*  the  fame 

of  thenU  fine  as  it's  comptemeat 

to  two  right  angles,  we  * 
muft  firft  know  the 
pedes  of  A,  i.  e,  wh6- 
it  be  acute  or  obtufe. 
In  Fig.  2$.  BA,  BA«, 
are  made  eqaal,  and 
confequendy  the  angles 
A  and  B  Aa  A  are  equal. 
But  BAaA,  has  the 
fame  fine  as  B  A2C,  be- 
ing it's  complement  to 
(two  right'angles.Therc* 
fore  A,  has  the  fame 
fine  as  BA2C  ;  that  is, 
the  fine  difcovered  by 
the  proportion  may  be- 
long either  to  the  acute 
angle  A,  or  the  obtufe 
angle  BA2C. 
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r* 


Given      |   Sought  \ 


4/Afe,  BC,  and  Angles 
B,  two  (ides  and  C. 
and  the  angle] 
between 
them. 


Or,  the  pro- 
portion only 
of  AB,  BC, 
two  of  the 
fides,  and  the 
angle  B.  be- 
tween them. 
Fig.  23,  24. 


N.*.  It  C,'  the 
known  angle  is  either  a 
right  or  an  obtufe  angle, 
the  angle  oppofite  to 
BC  rauft  be  acute,  If 
C  is  a  right  angle,  this 
cafe  falls  under  cafe  2d 
of  right  angled  trian- 
gles. 


Since  the  angle  B  is 
given,  the  fum  of  the 
angles  A  and  C  at  the 
Bafe  AC  is  given  like- 
wife,  being  the  com- 
plement of  B  to  two 
right  angles.  There- 
fore their  femifum  and 
it's  tangent  is  given  : 
Say  therefore  (by  P.  13*) 
-AB  :   BC AB 


BC  . 
T, 
A— C 


A+C 


T, 


Whence  the 


tangent  of  the  femidif- 
ference  is  known.There- 
fore  the  femidifFerence 
may  be  found  by  a  table 
of  fines  and  tangents. 
Confequently  the  angles 
themfelves  may  be 
found  by  P.  15. 


Given 
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'  Given 

all  the  fides. 
Fig.  26,  27. 


Sought!  .     . 

the  angles.  Drop  a   perpendicular 

from  the  vertex  A  to 
the  Bafe  BC ;  and  fay, 
(by  P.  14.)  as  BC  : 
AC-f-AB  : :  AC— rAB 
DC— DB,  the  diffe- 
rence  of  the  fegments* 
Their  fum  is  known, 
being  equal  to  the  bafe 
itfelf.  Wherefore  (by 
P.  1 5. )  the  fegments 
themfelvcs  may  be 
found.       And    confe- 

auently,  by  refolving 
le  right-angled  trian- 
gles ABD,  ACD,  in 
each  of  which  a  leg 
and  the  Hypotenufe  is 
iven.  (to  wit,  in  ABD, 
D  and  AB,  and  in 
ACtr,  DC  and  AC)  by 
cafe  2d  of  right-angled 
triangles,  the  angles 
may  be  difcovered. 


As  an  example  to  one  of  thefe  cafes,  let  the 
proportion  of  BC  to  BA  be  that  of  467  to  1 ; 
(F/^24.)  and  the  angle  CBA  —  510,  46'.  'Tis 
required  to  find  the  angles  BAC,  ACB. 

Their  fum  is  (=  1800  —  510,  46')  =  J2S* 
14',  and  femifum  =  64%  7',  the  tangent  where- 
of is  2.0609442.     Say  therefore  as  468  :  466 

2.0609442  :  2.6521367   --  tangent  640,  2', 

Subtract 


5$  -  E  L  E  M  E  NTS  •/ 
Subtract-  therefore  from  the  femifum  64",  7',  the 
fcmidiffercDcc  64s,  2',  and  the  remainder  will  be 
■the  leffcr  angle  ACB  —  5'.  And  add  64*,  a'  to 
£4°,  7',  and  the  fum  will  be  the  greater  angle 
BAC  =  128%  9'. 

The  angle  ACB,  or  5',  is  the  angle  contained 
between  the  real  direction  in  which  a  body  placed 
on  the  funface  of  the  earth  in  latitude  51%  46' 
tends  towardt  the  earth  (taking  in  the  confidera- 
tion  of  the  centrifugal  force)  and  a  radius  of  the 
earth  paffing  through  the  body.  X«7/agamit 
Burnet,  Page  101.  (Fig.  7.) 


PART 


! 
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Ftg.  ad 


■fy.tf. 
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p- 
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PART     the     SECOND.     • 

Containing  a  few  Proportions  concerning  the  tnofl 
remarkable  properties^  and  relation*  of  the  Lines 
in  and  about  a  circle  to  one  another. 

*4.    PROP,     16. 

F^fcift^  H  &  Secants  of  any  two  angles  are 
3c  x   to  one  another  reciprocally  as  tho 

*  T  *  cofines  of  thofe  angles.  Fig.  28. 
5*  &§  For  (by  >4r/.  13.)  the  radius  AB 
krfK&r&jt  is  a  mean  proportional  between  the 
fccant  AC  and  the  cofine  AF  of  the  arc  BK,  and 
like  wife  between  the  fecant  AD,  and  the  cofine 
AH  of  the  arch  BG;  Whence  the  rectangle 
AH  x  AD,  is  equal  to  the  re&angle  AC  x  AF  j 
each  re&angie  being  equal  to  the  fquare  of  the 
Radius.  Therefore  AD  :  AC  •:  :  AF  :  AH. 
QED.  .         ■..    ■ 

Or,  it  may  be  proved  thus.  Produce  FK  'till 
it  meet  AD  in  E.  And  fince  the  triangles  CAD, 
KAE,  LAG,  are  fimilar;  and  likewife  FAKv 
HAL,  we  have  thefe  proportions.  AD  :  AC  : : 
AE  :  AK  : :  AG  2  AL  : :  AK  :  AL  :  :  AF 
:AH.     QED. 

I  Or 
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Or  thus.  (By  Art.  47.)  AD  :  AC  : :  S, 
ACD  :  S,  ADC  :  :  S,  ACB  :  S,  ADC  :  :  S, 
KAN  :  S,  GAN  : :  AF  :  AH.    Qgp. 

PROP.     17. 

55.  The  tangents  of  any  two  angles  are  to  one 
another  in  a  ratio  /compounded  of  the  direct  ratio 
of  the  fines,  and  the  inverfe  of  the  cofines. 

The  tangent  BD  (Fig.  28.)  is  to  the  tangent 
BC,  in  a  ratio  compounded  of  the  ratios  of  BD 
to  BA,  and  BA  to  BC ;  that  is,  of  GH  to  HA, 
and  AF  to  FK  ;  or  as  GH  x  AF  to  HA  x  FK; 
or  in  a  ratio  compounded  of  the  ratios  of  GET 
to  FK,  and  AF  to  HA.    QED. 

Or  it  may  be  proved  thus.  Let  the  angles  be 
CBT,  CBV;  (Fig.  29.)  their  tangents  CT,  CV. 
I  fey,  CT  is  to  CV,  in  a  ratio  compounded  of 
CD  to  CE,  direiSly,  and  BD  to  BE  inverfely. 

For  the  triangles  BCT,  BDC  are  equiangular, 
the  angles  at  D,  and  C  being  right  ones,  and 
that  at  B  common  to  them  both.  Therefore 
CT  :  CB  : :  CD  :  BD.  Again,  becaiife  the 
right  angled  triangles  BCV,  BCE,  are  equian- 
gular, we  have  CB  :  CV  : :  EB  :  EC.  There- 
fore the  ratio  of  CT  to  CV  (which  is  compound- 
ed of  the  ratios  of  CT  to  CB,  and  of  CB  to 
CV)  is  equal  to  the  ratio  of  the  rectangle  under 
CD,  EB,  to  the  rectangle  under  BD,  EC,  or 
(EL  6.  23.)  is  compounded  of  the  ratios  of  CD 
to  CE,  -nd  BE  to  BD,  that  is  of  the  fines  di- 
redly  and  cofines  inverfely.  QED.  This  de- 
monftration  is  Dr»  Smith's  in  his  optics. 

56.  Co- 
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56.  Corol.  i.  Hence  the  tangents  of  any 
two  angles  are  to  one  another  in  a  compound  ra- 
tio of  the  fines  and  fecants. 

57.  Corol.  2.  Hence  the  fines  of  any  twa 
angles  are  dire£tiy  as  the  tangents,  and  inverfely 
as  die  fecants. 

For  inftance,  let  there  be  two  angles  whole 
tangents  are  to  one  another  as  2  to  1  j  as  is  the 
cafe  with  the  angles  of  incidence  and  refradtion 
in  the  primary  rainbow :  and  let  the  tangent  of 
the  greater  be  T,  and  confequently  that  of  the 

T 

leffer  —  •.  The  radios  being  1,  the  fecants  will  be 


VTT-Hi7  and 

^  \  I  4  /  4 

\/TT-j~4 

or,  *-2*   Hence  the  ratio  of  the  fines  is 

2 


vTT  ,    1    or  of  VTT+4  to  yTT+i. 

58.  C0ROL.3.  The  Secants  are  direftly  as  th« 
tangents  and  reciprocally  as  the  Sines. 

PROP.    18. 

* 

59.  The  chord  AB  of  any  arc  AB  (Fig.  3*.) 
is  a  mean  proportional  between  the  vrffed  find 
of  that  arc,  and  the  Diameter ;  the  Sine  BD  of 
any  arc  AB  is  a,  mean  proportional  between  the 
verfed  fine  of  that  arc  and  the  verfed  fine  of  it's 
complement  to  a  femicircle  j  and  th--  tangent  BP 

I  or 
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of  any  arc  is  a  mean  proportional  between  the  fum 
CP  and  difference  At*  of  the  radius  and  fecant. 

Draw  the  chord  BC,  and  the  radius  BO.  The 
angle  CBA  iituated  in  the  femicircle  is  a  right 
angle.  "Therefore  (E L  6. 8.)  the  triangles  CBA, 
CB£>,  DBA,  are  fixnilar.  Whence  we  have  CA 
:VAB  ::  ABVDA;  which  istheiftrfl:  part  of 
the  propofition.:  and  CD  :  BD  .: :  BD  :  DA; 
Wiiich  is  the  fecond  part. 

'„  Draw  the  tangent  AE -.meeting  BP  in  &  The 
angle  EAB  will  —  EBA,.becaufe  ABO,  BAO, 
qre  equal,  «as  being  ^t  tHe  J>afe  of  the  ifofceles 
triangle  "OB  A- j  andOAE,  OBE,  are  right  angles. 
But  EABis^  DBA  (£/;  u  2,9.)  and  therefore  to 
BCP..  Therefore  PB A  rs.BCP;  and  the  angle 
at'Pis  common  to  both'th^trkngles.BCP,  BAP; 
whidi  are  confequeritly.  equiangular  and  fimilar. 
Therefore  CP  :  BP  : :  3P  :  AP.    QED. 

Note.  The  laft  part  dfthe  propofition  is  proved 
by  Euclid>  in  El  3.  36.  as'  indeed,  is* the  fecond 
part  in  EL  6. 13.  though  not  in  the  form  of  a 
theorem.     , i   •    *         •    '    i  Y  .    :    -       ; 

But  as  thefe  properties  of  the  fine,  chord,  and 
tangent, .  bear  a  great  refemhlance  to  each  other, 
if  was  thought  not  improper 'to  mention  them 
here  all  together,  and  ibr*  variety's  fake  to  give 
another  proof  of  the  la#er. 

60.  Corol.  1.  The  chord  of  any  arcbifedls  the 
angle  contained  between :  the  Sine  and  the  tan- 
«/  v  t.  '  Foi-  it  appeared  in  the  demonftration,  that 
*  '.B  —  EEf A  i  and  DBA  =  EAB.  Whenct 
'  „A  =  EBA. 

6l.  COROLL. 
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6 1.  Corol.  2.  ThevcrfeA  fines  of  any  two 
arcs  are  proportional  to  the  fquares  of  the  chords 
of  thofe  arcs.  r  .      •  .  *    •  \ 

For  they  are  equal  to  the  fquares  of  the  chords 
applied  to'  the  diameter,  which:  (by  EL  6*  i.) 
are  proportional  to  the  fquares  ftf  the.  chords. 


.  62.  CoRot*  3-  The  yerfediines  of  any  two 
arcs  are  proportional  to  the  fquares  of  the  fines 
of  half  th6fc.  arcs ;  by  Art..S**Si  <*nd  EL  5. 

Galileo,  in  his  excellent  mechanical  dialogues, 
mates  ufe  of  this  propofition  to  (hew .  that 
no  firing,  or.  chain,  ho\#  flender  foever,  can  be 
perfectly  ftretchfcd  into  fa :  right  line  by  any  force 
noWever  great*  ,  See  Dial .  4.  towards  the  en4. 


/ 


•   r  * 
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63.  The  rectangles  under  the  tangent  and 
cotangent,  the  cofine  and*  fecant,  and  the  fine 
and  cofecant  of  any  angle,  are  all  equal  to  each 
other. 

For  each  of  them  is  equal  to  the  iquare 

of  die  radius,  by  P.  2.  Corol L  2.  and  3.    QED. 

♦ 

64.  Cor  ox.  Hence  the  tangents  of  two  angles, 
are  to  each  other  reciprocally  as  the  cotangents. 
For  thdre&angle:  under  the  tangent  and  cotan- 
gent of  each;. of  the  angles  .being  equal  to  the 
fquare  of  the  radius,  they  muft  be  equal  to  one 
another.  Whence  the  tangent  of  the  firft  angle 
is  to  the  tangent  of  the  fecond,  as  the  cotangent 
9f  the  fecQnd  to  the  cgtangent  of  the  firft. 

« 

PROP. 
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x 

PROP,    20, 

65.  The  difference  ED  (Fig.  3 1.)  between  the 
diameter  AD  of  a  circle,  and  the  chord  AB  of 
my  arc  in  it;  the  chord  FD  of  half  th«  ftipple- 
ment  of  that  arc  to  a  femirircle ;  and  the  Radius 
FC  y  are  continual  proportionals. 

For  drawing  AF,  and  EF,  the  triangles  ABF, 
AEF,  will  be  every  way  equal  and  alike ;  becaufe 
AF,  AB,  are  refpe&ively  equal  to  AF,  AE,  and 
the  angle  BAF  to  the  angle  EAF,  the  archea 
BF,  FD,  being  equal.  Therefore  EF  is  =  FB, 
and  confequently  to  FIX  Therefore  (El.  1.  5.) 
FED  is  an  ifofceles  triangle.  And  becaufe  CDF 
is  common  to  both  the  ifofceles  triangles  CDF, 
FED,  it  follows  that  they  are  equiangular,  and 
therefore  fimilar  (E/.6.  4.)  Whence  ED  : 
DF  : :  DF  :  FC.    QED. 

*  * 

•  *  * 

PROP,    tn 

1 

66.  If  one  of  the  angles,  as  ABC  (Fig.  32 J 
of  a  triangle  ABC  be  bifeded  by  a  right  line  BE 
meeting  the  bafe  in  E  $  the  fquare  of  BE  will  be 
equal  to  the  difference  of  the  rectangles  under 
the  fides  AB,  BC,  and  *  the  fegments  AE,  EC, 
of  the  bafe. 

Defcribe  a  circle  round  the  given  triangle ;  and 
producing  BE  till  it  cuts  die  circumference  in  D, 
draw,  the  chord  DC. 

The  triangles  ABE,  BDC,  are  fimilar ;  becaufe 
die  angles  BAC»  BDC  ftand  upon  the  fame  arch 
BC,  and  confequently  are  equal)'  and  the  angles 
ABD,  DBC,  are  equal  by  the  hypothefis.  There- 
fore 
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fore  AB  :  BE  : :  DB  :  BC,  whence  AB  x 
BC  =  DB  X  BE  =  (EL  2.  3.)  DE  x  EB 
X  BE*.  But  (by  El.  3.  35.)  DE  x  EB  =; 
AE  x  EC.  Therefore  AB  x  BC  =  AE  x 
EC  X  BEf,  and  BE?  =  AB  x  BC  —  AE 
X  EC.    QED. 

This  is  one  of  thofe  propofitions  Sir  Jfaac  New- 
ton mentions  as  of  exceeding  great  ufe  in  the  ap- 
plication of  Algebra  to  Geometry.  Set  Arith. 
Univerf.  P.  104.  Edit.  ad. 

PROP.    a»2. 

67.  The  fine  of  the  fum  of  any  two  angles  is 
to  the  fine  of  their  difference  as  the  fum  of  their 
tangents  to  the  difference  of  their  tangents. 

Let  the  angles  be  ACF,  ACB,  (Fig.  33.)  and 
their  tangents  AF,  AB.  Take  AD  =  AB,  BF, 
and  DF  will  be  the  fum  and  difference  of  the 
tangents ;  and  DCF  the  difference  of  the  angles. 

Draw  DE  parallel  to  BC,  meeting  CF  in  E.' 
Then  becaufe  BCF,  DEF  are  fimilar  triangles, 
we  (hall  have  BF  :  DF  : :  BC  :  DE,  that  is, 
as  DC  :  DE  j  becaufe  (by  El.  1.4.)  BC,  DC  are 
equal.  But  DC  :  DE  : :  S,  DEC  :  S,  DCE  : : 
S,  DEF  or  BCF  :  S,  DCF.  Therefore  BF  : 
DF  :  :  S,  BCF  :  S,  DCF.    QED. 

P  R  O  P.    23. 

68,  The  ratios  j  of  the  fum  of  the  fecant  and 
tangent  of  a  circular  arch  to  the  radius  ^  of  the 
fum  of  the  radius  and  fine  to  the  cofine  ;  of  the 
radius  to  the  difference  of  the  fecant  and  tangent ; 
of  the  cofine  to  the  difference  of  the  radius  and 

fine; 


*4  ELEME  NT  S    of      l 

fine  ;  and  of  the  radius  to  the  tangent  of  half 
the  complement  of  the  given  arch  to  a  quadrant; 
are  all  equal  to  each  other. 

Let  L  rR  (Fig*  34  V  he  a  fefnicircle,  whofe 
diameter  is  LR,  and  center  C  5  in  the  quadrant 
Rr  take  any  arch  RA,  and  draw  AD,  RP,  and 
CP  it's  fine,  tangent,  and  fecant ;  from  r  draw 
rG  the  tangent  of  the  arch  rA  -,  and  bife&ing  rA 
in  E,  let  rF  andCF  be  the  tangent  and  fecant  of 
rE.  We  are  to  prove  the  ratios  $  of  CP  -f-  RP 
to  CR ;  of  CA  -f-  AD  to  CD ;  of  CR  to  CP  — 
RP;  of  CD  to  CA  — AD;  and  of  Cr  to  rF; 
are  all  equal  to  each  other. 

-With  P  as  a  center,  and  PR  as  a  radius,  draw 
fhe  circular  irch  RM  cutting  CP  in  M;  and  with 
A  as  a  center,  and  AD  as  a  radius,  draw  the  cir- 
cular arch  Dm  cutting  CP  in  m  5  and  (by  EL  3. 

36.)  we  (hall  have  CRy  —  CM  x  CP~x~RP  = 

CP  —  RP  x  CP_x_RP,  and  CDJy  ~  Cm  x 

CA  x  AD  -CA  — AD  x  CA  x  AD.  there- 
fore  £P  -+.  RP  :  CR  : :  CR  :  CP  ~  RP,  and 
CA  -f  AD  :  CD  : :  CD  :  CA  — .  AD.  But 
becaufe  the  triangles  CYR,  CAD  ire  fimilar,  we 
have  CP  :  RP  : :  CA  :  AD,  and  componendo 
CP  -f.  RP  :  RP  : :  CA  -f-  AD  :  AD ;  and  we 
have  likewife  RP  :  CR  :  :  AD  :  CD  3  there- 
fore ex  aquo,  CP  -f-  RP  :  CR  : :  CA  +  AD 
:  CD,  and  confequently  the  ratios  of  CP  -f-  RP 
to  CR,  of  CA  If.  AD  to  CD,  of  CR  to  CP  — 
RP,  and  of  CD  toCA  —  AD,  are  all  equal  to 
each  other.  Laflly,  from  the  fimilarity  of  the 
triangles  CPR,  CGr,  we  have  CP-fRP,:  CR 
: :  CG  .f-  Cr  :  Gr ;  but  (by  El.  6.  3.)  GG  is 
to  Cr  as  GF  to  Fr  -,  therefore  componendo f  CG  -f- 
Cr  :  Cr  : :  Gr  :  Fr  $    and  permutando,  CG  -f- 

Cr  : 
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Cr  :  Gr  : :  Cr  :  Fr  $  coolcqucntly  Cr  :  Fr  : ; 
CP  +  RP  :  CR.    QjED.        - 

Corol.  Since  by  the  foregoing  proportions 
we  have  CR  :  CP  ~  RP  (: :  CP  ^4-  RP  :  CR) 
::  Cr  or  CR  :  rF,  it  follows  that  CP  —  RP  is 
—  rF,  or  that  the  difference  of  the  fecant  and. 
tangent  of  a  circular  arch  is  equal  to  the  tangent 
of  half  the  complement  thereof  to  a  quadrant. 

P  R  O  P.    24. 

69,  The  chord  of  the  difference  of  any  two 
arches  is  to  the  difference  of  their  fines,  as  the 
radius  to  the  cofine  of  an  arithmetical  mean  be* 
tween  the  two  arches. 

Let  the  arches  be  BE,  BF  (Fig.  35.)  apd  the 
arithmetical  mean  between  them  BD»  FE  h  the 
chord  of  their  difference ;  and  FG  the  difference 
of  their  fines  EL,  FI. 

From  thfe  fimilarity  of  the  triangles  FGE, 
CKD,  it  follows  that,  FE  :  FG  : :  CD  :  CK. 
QED. 

70.  Corol.  i.  Hence  if  there  be  four  arches 
BS,  BV,  BE,  BF,  and  the  difference  SV  of  the 
two  lefler  arches  be  equal  to  the  difference  FE  of 
the  two  greater  arches  $  the  difference  PV  of  the 
fines  of  the  leffer  will  be  greater  than  FG  the 
difference  of  the  fines  of  the  greater  arches. 

For  CN  being  greater  than  CK,  the  radius 
CT,  or  CD  is  to  CN  in  a  left  proportion  than  to 
CK  5  therefore  the  chord  VS  is  to  VP  in  a  lefs 
ratio  than  the  chord  FE  is  to  FG.  And  thefe 
chords  are  equal,  becauie  the  arches  they  fubtend 
v*  foj  therefore  VP  is  greater  than  FG. 

K  71,  Corol. 
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71,  Corol;  2.  Hcribe  the  ratio  of  FI  to  EL 
is  lefs  than  that  of  VM  to  SO.  For  take  a  part 
Iy  in  the  line  FI  (produced  if  need  be)  that 
fhall  be  to  EI,  as  VM  to  SO  *  I  fay,  Iy  will  be 
greater  than  IF,  or  the  point  y  will,  fall  above  F, 
'or  fince  Iy  5  EL  : :  VM  1  S,  it  follows  divi- 
dendo,  that  yG  :  EL  : :  VP  ;  SO,  and  alter- 
nately, yG  :  VP  : ;  EL  ;  SO-  But  EL  i*  greater 
than  SO ;  therefore  yG  is  greater  than  VP,  and . 
confequently  than  FG ;  therefore  yl  is  greater  than 
FI.  Therefore  the  ratip  pf  FI  to  EL  is  left  than 
that  of  yl  to  EL,  or  pf  VM  to  SQ.    QED. 

72*  Corol.  3.  If  there  be  four  arches  AF, 
AE,  AV,  AS,  and  the  difference  FE  of  the  two 
Jeffer  be  equal  to  the  difference  VS  of  the  two  • 
greater,  the  ratio  oi  the  fecants  of  AV,  AS,  the 
two  greater  arches  will  be  greater  than  the  ratio 
of  the  fecants  of  AF,  A]E,  the  two  lefler  arches* 
For  Sec,  AS  :  Sec,  AV  : :  VM  :  SO  5  and 
Sec,  AE  :  Sec,  AF  ::  FI  5  EL.  (by  P.  16.) 

Note.  This  is  not  always  true  of  the  tangents : 
with  what  limitations  it  may  be  affirmed  of  them , 
likewife,  will  be  fhewn  in  P.  30.  QqtqL  9. 

73.  Corol.  4.  The  difference  of  the  fecants 
of  the  arcs  AV,  AS,  bears  a  greater  proportion 
to  thofe  fecants,  than  the  difference  of  the  fe- 
cants of  AF,  AE,  does  to  the  fecants  of  AF, 
AE,  themfelves.  For  fince  VM,  SO,  are  lefe 
than  FI,  EL ;  VP  would  bear  a  greater  propor- 
tion to  them  than  FG  does  to  FI,  EL,  if  VP, 
FG  were  equal.  Therefore  a  for  fieri,  fince  VP 
is  greater  than  FG,  it  muff  be  in  a  greater  pro- 
portion to  VM  or  SO,  than  FG  is  to  FI  or  EL, 

74.  Corol, 


f 
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74.  CorOl.  5.  If  there  be  fodr  arched  BS, 
BV,  BE,  BZ,  of  which  the  two  latter  are  greater 
than  the  two  former ;  and  the  ratio  of  the  fines 
VM,  OS  of  the  two  leffer  be  equal  to  the  ratio 
of  the  fines  i£X,  EL,  of  the  two  greater :  the 
difference  EZ  of  the  two  greater  arches  will  be 
greater  than  VS,  the  difference  of  the  two  leffer. 

For  fihee  ZX  :  EL  :  1  VM  :  SO,  ZX  muft 
be  to  EL,  in  a  greater  proportion  than  that  of  FI 
to  EL  (by  Carol.  2.)  Therefore  ZX  is  greater 
than  FI.  Therefore  the  arch  ZE  is  greater  than 
the  arch  FE ;  that  is*  than  the  arch  VS. 

Hence  it  is  that  the  difference  tif  the  angles  of 
incidence  and  refraction  continually  increafes  at 
the  fame  time  as  thofe  angles  themfelves  increafe. 
Smith's  Optics.  Art.  16.  ~ 

y$.  Corol.  6.  The  fecant  of  BZ>  is  to  the 
fecant  of  BE,  in  a  greater  proportion  than  that 
of  the  fecant  of  BV,  to  the  fecant  of  BS« 

For  what  was  proved  in  Corol.  3.  concerning 
the  fecants  of  AF,  AE,  AV,  AS,  is  true  of  the 
fecants  of  BS,  BV,  BE,  BF,  which  are  related 
to  each  other  in  exadly  the  fame  manner  as  the 
former.  Therefore  Sec,  BF,  is  to  Sec,  BE  in  a 
greater  proportion  than  Sec,  BV  to  Sec,  BS.  But 
becaufe  Ez  is  greater  than  FE  (by  CproL  5.)  BZ 
muft  be  greater  than  BF  ;  therefore  the  fecant  of 
BZ  is  greater  than  the  fecant  of  BF,  and  of  con* 
fequence  bears  a  much  greater  proportion  to  the 
fecant  of  BE,  than  the  fecant  of  BV  to  the  fe- 
cant of  BS. 

* 

K  2  76,  Corol; 


A 
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76.  Corol.  7.  The  difference  of  the  fecants 
of  BZ,  BE  is  to  each  of  thofe  fecants  themfehrcs 
in  A  greater  proportion  than  the  difference  of  the 
fccants  of  BV,  BS  is  to  each  of  the  fecants  of 
BV,  BS,  refpoftively. 

For  let  the  fecants  be  Cp,  c<r,  Cd,  cj,  (Fdg. 
36.)  and  finte  c<p  is  to  Cr  in  a  greater  proportion. 
than  cd  to  cj,  ttke  in  c*  produced  a  line  c<* 
6f  fiich  a  length,  that  c$  (hail  be  to  it  as  c$  to 
c#.  Then  dividend*,  C$  < —  C«  :  c<p  : :  cd  — 
>cl ;  cf;  but  C^— Cir  is  greater  than  cp— c*  : 
therefore  C0  —  dr  :  c0  in  a  greater  proportion 
thancl— » cjto<0. 

Again*  Stfice  cp  :  c»  ::  c$  :  ej,   it  follows 

<4iw&nd*>   that  cp~c*  :  C4  ::  ctf  —  cj  :   c£ 

But  c$  — -  c*  is  greater  than  C0  —  c*  j  and  c«  is 

greater  than  0*  :  therefore  on  a  double  account 

x&-+cm  :  C*  in  a  greater  proportion  than  cf  — 

C#t0C& 

*  #".  Cofcox..  8.  the  tangent  Bp  is  to  the  tan- 
gent By  in  a  greater  proportion  than  that  of  the 
tangent  BP  to  the  tangent  B& 

For  thy  P.  17.  Corol:  i.)  Bp  :  B*':.:"cp  X  «x 

t  C*  X  EL  j  but  by  the  hypothefis,  zx  :  EL  : : 

VM  :  SO.    Therefore  Bp:  B*  M  t(p  X  VM  : 

t*  x  SO.  ButBtf  :  BJ  t :  c0  X  VM  :  cj  x  SO. 

'  And  (by  Coroi.  6.)  the  ratio  of  cfl  to  c*  is  greater 

'  than  that  of  cd  to  c&.  Consequently  the  ratio  of  c0 

c  *  VM  to  c*  X  SO,  (which  is  equal  to  the  fum 

*  of  the  ratios  of  cp  to  c*  and  VM  to  SO)  mud 
be  greater  than  the  ratio  of  cd  X  VM  to  ci  x  SO. 
(which  is  equal  to  the  fum  of  the  ratios  of  cd  to 

..'.-•  2  Ci 
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eland  VM  to  SO);  that  is,  the  ratio  of  Bp, 
Btr  is  greater  than  that  of  B9>  B$. 

78.  Corql.  9.  The  difference  tt<P  of  the  tan- 
gents Bt£,  Bar,  is  to  each  of  thofe  tangents  in  a 
greater  proportion  than  that  of  the  difference  Jtf 
of  the  tangents  B0,  BJ,  to  each  of  the  tangents 
B#,  BJ,  rej|>edively. 

For  fince  Bp  :  B*>  in  a  greater  ratio  than  that 
of  B9  to  hi,  take  By  of  fuch  a  length  that  Bq 
:  By  :;  Bd  :  Bl  Then  dividendo,  <py  :  B^ 
: :  W  :  B0.  But  *$  is  greater  than  0y*  There- 
fore *tf> :  Bp  in  a  greater  ratio  than  l£  to  B0. 

Again,  fince  B<£> :  By  : :  B0  :  B  J.  It  follows 
dividendo  that  £y :  By : :  0<J :  B&  Therefore  *£ 
:  By  in  a  greater  ratio  than  W  to  B&  But  B*>  is 
lefi  than  By}  therefore  a  fortiori  ar<p  :  B*-  in  a 
greater  ratio  than  (M  toBi. 

79*  I  hope  I  Jhall  be  excufed  if  I  take  the  li- 
berty of  explaining  by  the  help  of  this  corollary 
apaflage  in  Dr.  Smith's  Optics,  which  to  me  ap- 
peared to  be  fomewhat  aifficult,  and  I  imagine 
will  be  thought  fo  by  fuch  others  of  the  readers 
of  that  learned  author,  as  are  but  moderately 
flailed  in  thefe  fciences.  In  his  fecond  book, 
Ch.%9JF\  4.  Cowl.  £.Art.  420,  he  has  thefe  words ; 
u  hence  it  appears  that  while  the  angle  of  in- 
<(  cidence  continually  incrcafes*  the  focal  diftance 
IC  Bf  continually  decreafes,  Gfc."  It  is  proved  in 
die  proportion  that  as  the  difference  of  the  tan- 
gents of  incidence  and  refra&ioa  is  to  the  tangent 
of  incidence,  fo  is  the  coline  of  refraction  BE  to 
the  focal  diftance  B£  Now  when  the  angle  of 
incidence  increafes#  the  proportion  of  the  differ- 
ence of  die  tangents  to  the  tangent  of  incidence 

increaies 
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increafes  likewife ;  therefore  if  BE  we re  to  re* 
main  the  fame,  Bf  muft  decreafe.  But  BE  dc- 
creafes;  therefore  a  fortiori  BF  muft  decreafe. 
And  becaufe,  when  a  ray  of  light  paffes  oat  of  a 
denfer  medium  into  a  rarer,  the  angle  of  refrac- 
tion is  greater  than  the  angle  of  incidence,  'tis 
evident  when  the  angle  of  refraction  is  a  right 
angle,  or  the  greateft  poflible,  the  angle  of  inci- 
dence will  be  lefs  than  a  right  angle ;  therefore 
it's  tangent  will  be  finite.  But  the  tangent  of  re- 
fraction will  be  infinite ;  confbquently  it's  excels 
above  the  tangent  of  incidence  will  be  infinite 
likewife.  Therefore  the  ratio  of  the  difference 
of  the  tangents  to  the  tangent  of  incidence  is  that 
of  a  quantity  infinitely  great  to  a  finite  one. 
Therefore  if  BE  were  of  a  finite  magnitude, 
BF  would  be  equal  to  nothing ;  but  BE  (being 
now  the  cofine  of  a  right  angle  is  itfelf  equal  to 
nothings  therefore  zjortiori,  BF  muff  be  no- 
thing likewife. 

Whei)  a  ray  of  light  paffes  out  of  a  rarer  me- 
dium into  a  denfer,  the  angle  of  incidence  is 
greater  than  that  of  refraction  ;  confequently 
when  the  former  becomes  a  right  angle,  or  the 
greateft  poflible,  and  it's  tangent  infinite,  the  lat- 
ter will  be  lefs  than  a  right  angle,  and  have  a 
finite  tangent.  The  difference  of  the  tangents 
therefore  will  be  infinite,  and  it's  laft  ratio  to  the 
tangent  of  incidence  will  be  a  ratio  of  equality. 
Therefore  in  this  cafe  the  focal  diftapce  BF  muft 
be  equal  to  the  cofine  of  refraction  BE. : 

80.  Note.  If  there  be  three  quantities,  *  as  the 
numbers  2,  3,  4,  of  which  the  firft  is  lefs  than  the 
fecond,  and  the  fecond  than  the  third,  the  fecond 
is  ufually  faid  to  be  to  the  third  in  a  greater  ratio 

than 
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than  the  ijrft  to  the  third' s  thus  3  is  faid  to  be  to. 

tin  a  greater  proportion  than  2  to  4  ;  and  fuch 
ind  of  cxpjcffions  Jhave  been  ufccj  in  the  pro- 
ceeding corroUaries.  But  the  more  accurate  ex- 
preffion  would  be;  that  the.  ratio  of  3  to  4  is  a  lefs 
ratio  minoris  inaqualitatis,  or  of  minority,  than  the 
ratio  of  2  to  4.  For  in  ftri&nefs  the  ratio  of  2  to  4 
is  greater,  than  that  of  3  to  4.  and  accordingly  h»s  a 
greater  logarithm.  It  is  much  the  feme  kind  of  im- 
propriety to  fay  the  ratio  of  3  to  4  is  greater  than 
that  of  2  to  4,  as  to  fay  that  — 12  is  greater  than 
«•— 16>  (as  in  Saunderfons  Algebra,  Art.  113.) 
whereas  it  is  but  three  quarters  of  it.  In  both 
cafes  the  word  greater  is  ufed  in  different  fenfes ; 
for  whei\  we  fay  the  ratio  of  2  to  4  is  greater 
than  that  of  3  to  4,  we  then  underftand  by. 
greater  more  diftant  from  a  ratio  of  equality  5 
and  when  we  fay,  the  ratio  of  3  to  4  is  greater 
than  that  of  2  to  4,  we  then  eftimate  the  great  nefs 
of  the  ratio*  by  it's  nearnefe  to  a  ratio  of  majority. 
In  the  fame  manner  when — 16  is  faid  to  be 
greater  than  — 12,  as  for  inftance  a  velocity  that 
fhall  carry  a  body  uniformly  at  the  rate  of  1 6 
feet  in  a  fecond  from  Weft  to  Eaft>  than*  a  velo- 
city that  (hall  carry  it  through  only  12  feet  in 
the  fame  time  from  Weft  to  Eaft%  regard  is  had 
only  to  the  nature  and  proportion  of  thefe  velo- 
cities, without  any  relation  to  a  velocity  the  con- 
trary way. 

But  when  —  1 2  is  faid  to  be  greater  than  -— 1 6, 
or  the  velocity  of  12  feet  Eaji-ward>  than 
the  velocity  of  16  feet  Eaft-ward  ;  all  that 
is  meant  is  only,  that  the  velocity  of  1 2  feet  Eafl- 
ward  approaches  nearer  to,  or  differs  \^  from, 
an  affirmative  velocity,  or  velocity  Weft-ward, 
then  the  velocity  of  i 6  feet  Eaft-ward.  In  ra- 
tios 
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tips  of  majority,  and  in  affirmative  quantities* 
thefe  different  fenfes  of  the  word  greater  always 
go  together ;  thus  4  is  to  2  in  a  greater  propor- 
tion than  to  3  in  both  fenfes ;  and  likewife  16 
is  greater  then  12  in  both  fignificadons.  It  would 
certainly  be  better  to  ufe  the  former  of  thefe  ex- 

Ereffions,  as  Dr.  Smith  has  done  in  Art.  602.  of 
is  Optics,  where  he  calls  the  ratio  of  an  infinite- 
fa  final!  quantity  to  a  finite  one,  not  ah  infinitely 
ixnall  ratio,  but  an  infinitely  great  ratio  of  mino- 
rity. But  as  this  degree  or  accuracy  is  not  to  be 
found  in  moil  writers,  but  the  other  expreffion  is 
far  the  more  common  of  the  two,  it  is  at  leaifc 
very  allowable  to  make  ufe  of  it ;  particularly 
as  inaccuracies  of  this  kind,  when  one  is  aware 
of  them,  cannot  poffibly  occafion '  any  confufion 
or  miftakes. 

.  Concerning  the  nature  of  ratios  fee  Sounder- 
Jbn's  Difcourfe  on  their  Compofidon  and  Refolu- 
tion,  in  his  Algebra,  Book  7,  from  Art.  29a,  to 
Art.  305. 

PROP.    25. 

The  tangent  of  the  fum  of  two  angles  is  to 
Jthe  fiim  of  their  tangents,  as  the  fqvwe  of  the 
radius  to  the  Square  of  die  radius  duniniibed  by 
the  redangle  under  the  tangents  :  And  the  tan-* 
gent  of  the  difference  of  any  two  angles  is  to  the 
difference  of  their  tangents,  as  the  fquare  of  the 
radius  to  the  fijuare  of  the  radius  increaicd  by 
the  re&angle  under  the  tangents. 

PART    1. 

Let  RA,  RB  (Fig.  37.)  be  the  tangents  of 
any  two  angles  ROA,  ROB ;  I  fay,  the  tangent 
of  the  fum  of  ROA,  ROB  is  to  AB,  die  fum 

of 
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•  _ 

of    the    tangent^     as    ROy    to    RCty     — 

RB5TRA7 

For  as  AB  is  to  AO>  the  fecaht  of  either  of 
the  angles,  fo  let  AO  be'  to  AC,  to-be 
placed  froth  A  towards  B.  Again,  as  RC  is  to 
RO,  fo  let  RO  bfe  to  RD ;  and  RD  will  be  the 
tangent  of  the  fiim.  For,  joining  CO ;  by  the  firft 
€>f  thefe  proportioha  the  tridngles  AOB,  AOC; 
have  the  fides  about  their  common  angle  at  A 
proportional,  and  confequently  are  fimilar,  Eh 
6.  t>.  therefore  AOB  =  ACO.  And  by  the  fecond 
proportion,  the  triangles  ROG,  ROD  have  the 
fides  about  the  right  angles  CRO,  DRO,  pro- 
portional, and  confcqxiently  are  fimilar  j  therefore 
RCO  r=  ROD.  But  RCO  or  ACQ  —  AO&,  by 
what  was  juft  now  proved  ;  therefore  ROD  is  dr 
AOBf  the  fum  of  th$  angles  ROA,  ROB  j  apd 
RD  is  the  tangent  of  'that  fum. 

And  fince  by  the  firft  proportion,  AC  =**£ 
=  (byE/.  1.47.)    rB^rA^   ««  fcU<w«   that 

f      .  ...       RO*      HO*  x  RB-f&&' 

fccond  proportion?  =-R  J  =  ^RB~ -, 

and  (multiplying  by  ROq— RBxRA)  we  have 
RD  x  RO?—  RB  X  RAT^  RO?  x  RB-f.RA'.>j 
Whence  RD  ;  RB+RA,  or  AB  ; :  RO?  :J 
KO?-.fc£xRA.    QED. 

PART 
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P  A  R  T    2. 

Let  RA,  RB  (Fig.  38.)  be  tangets,  as  before, 
of  any  two  angles  RQA,  ROB.  I  fay,  the  tan- 
gent  of  the  difference  of  ROA,  ROB,  is  to 
AB  the  difference  of  their  tangents,  as  RCty,  to 
ROy+RB  x  RA-  For  here,  again,  as  AB  to  AQ, 
fo  let  AO  be  to  AC,  to  be  placed  from  A  towards 
B.  Again,  as  RC  to  RO,  fo  let  RO  be  to  RD  * 
and  RD  will  be  the  tangent  of  the  difference  of 
ROA,  ROB.  For  by  the  firft  proportion,  (EL 
6.  6.)  the  triangles  AOB,  ACO  are  equiangular  5 
therefore  AOB  =  ACO.  And  by  the  fecond  pro- 
portion, the  triangles  ROC,  ROD,  are  equiangular, 
whence  ROD=RCO,  or  ACO.  Therefore  ROD 
=AQB  the  difference  of  the  angles  ROA,  ROB  j 
and  RD  is  the  tangent  of  that  difference. 

Now  by  the  firft  analogy,  AC  =  -~*     = 

Td     dT*     And  by  the  fecond  analogy,  RD 

KOq     .       .  RQ* 

=  R-c»,  that  is,     =    ^g^     = 

ROg    , ROy_^ 

Ko^TRAF"  RA  "~    ROy 4-RB  x RA 
""RB— RA  "*~  RB— RA    . 

STSOT-    Whence   HW<  •>/ 

ROy-f-RB  x  RA)  RD  X  ROy+RB  x  RA  -ROq 
"STB!Bj2RA'i  and  RD  :  RB— RA  ;:  RO?  : 
ROf-j-RBxRA.    QED. 

82.  Corol.  i.  Hence  the  tangent  of  the  fum 
of  any  number  of  given  angles  may  be  eafily 
computed.  Put  RO  —  r,  RA  =  at  and  RB  -.-.  L 

then 


*  - 
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Uiea  the  tangent  of  the  fum  of  the  angles  whofe 
tangents  arc  a  and  b>  that  is,  BJJ,  is  =5   rfm^ 

Call  this  tangent  x"  Then  for  the  fame  reafon 
the  tangent  of  the  fum  of  this  laft  angle,  and  a 

'  x  4-c 

third  angle  whofe  tangent  is  c,  will  be  —  - — j— 

X  rr,  or  (by  fubftituting  the  value  of  x  in  it's 

furn  of  the  three  angles  whofe  tangents  are  a,  h 

c.     And  fo  on» 

The  fubftitution  of  the  value  of  x  is  thus  per- 
formed. Firft  find  the  value  of  the  numerator 
x+c  x  rr>  of  the  fra&ion,  and  then  of  the  de- 
nominator.    Now  the  numerator   x^-c  X  rr 

_  £±fj  +  ,|  X  rr  =, 
■     rr— -ab 

b^j^^cr^ak     x    ^     An(J  rr  _  xtf 

rr — &b 

bcrr—acrr        r 4  —abrr — bcrr — acrrf 

rr—ao  .«  rr—ao 

x-t-c  x  rr 

Therefore —  =2 

rr— w 

£rr-H*rr-Krr — tfto  X^r* 

r        Wm^ 

r  4 — <*£rr — &  rr — acrr      ^ 

rr  x  a  +b~\-c — abc 

rr~-ab—bc—ac. 

83.  C0R6L.  2.  And  hence  may  the  tangent  of 
any  tnultiplc  of  a  given  angle  be  computed. 
For  'tis  only  making  a=zb=:C;  and  for  the 

tangent  of  a  double  angle  we  (hall  have  ^~r__tf  j 

La  X  rr 
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X  rr  —  \ x  rr.    And  for  the  tangent 

j  rr — aa  ° 

of  a  treble  angle  - •    And  fo  on, 

°       rr — 2aa 

This  proportion  and  demonflration  is  taken 
from  Smith's  Optics.  The  fubjftance  of  it  is  de- 
monftrated  in  another  manner  by  Mr.  Machin  in 
a  folution  he  has  given  of  the  following  pro- 
blem. 

PROBLEM,    . 

84.  The  tangents  of  two  arcs  being  given,  to 
find  the  tangent  of  their  fum. 

Let  AB,  GE  (Fig.  39.)  be  the  given  tangents* 
AD  is  the  tangent  fought. 

Put  CA  =  r 

AB  =  a 

GE  —b 

AD  —  c.  Draw  EL  parallel  to  AD.  The 
triangles  ABC,  EFG,  are  umilar  to  one  another 
each  being  fimilar  to  CFL.    Therefore  CA  ;  CB 

: :  EG  :  EF,  or  r  :  yirr+aa  :  b :  EF.    Whence 

•„        bxy/rr+aa 

r     ■ 
Again,  CA  :  AB  ::  EG  :  GF,  or  r  :  a  ;: 

b  :  GF,    Therefore  GF  —  -  • 

r 

•*      ^,— ,       ^^        ^^  ob        rr—~ab* 

But  CF  =  CG  —  GF  —  r  — —  — - 

r  r 

And  from  the  fimilarity  of  the  triangles  CBD, 
CFE,  CF  :  EF  ::  CB  :  BDj  that  is,  ^Tff 


b\  rr  x  aa  — : . 

—    :  :  jrr+aa ;  BD.    Whence  fcD 
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hrr^rbaa       m       r  f 

=  - ,  •      Therefore  c  \  irr  4  J- 

rr — ab  \  * 

Arr-f-£*tf\  rr* — baa-\-brr-\rbaa , 

~rr—ab  /   ~~  rr — *£ 

$4.0  X  rr 


rr* 


ab  # 


qea 


Corol.    I.    Hence    may    be    deduced    Dr. 
Smith's  proportions  for  finding  the  tangents  of 

the  fum  and  difference.     For  firft,  ~  : 

rr—*ab 

a-r~b     :  :    rr    :    rr — ab.      Which   is  the  firft 

part.     And  here,  as  before,    if  a —b,  we  (hall 

,  /       rr<a*~b\  2arr 

nave  c  (  — f-  J  = . 

\         rr — ab  J        rr — aa 

Secondly \  Let  c  be  the  greater  tahgent,  a  the 

lefler,  and  b  the  tangent  fought.     Then  fince  c 

rrxb  j-a  ,  ,       ,  .   r  f 

=  — T-,  or  f  rr  — abc  =  *rr  -4-  arr,  it  fol- 

rr—ab 

lows  that.*rr  —  *rr=:£rr-}-- for,  whence  £  x= 

^Xf — a  rrxc — a  # 

— ,   or  rr  t   rr-4-ac  : : —  .   or  b 

rr-\-ac  rr^ac 

:  c—a. 

Scholium, 

85.  In  the  fir  ft  part  of  Dr.  Smith's  propofition 
a  difficulty  may  perhaps  arife  with  refpeft  to  the 
fourth  term  in  the  proportion,  to  wit,  the  fquare 
of  the  radius  diminished  by  the  re&angle  under 
the  tangents;  which,  it  may  be  thought,  may 
Sometimes  be  a  negative  quantity,  namely,  when 
the  fquare  of  the  radius  is  lefs  than  the  rectangle 
voder  the  tangents.    In  anfwer  to  this  we  muft 

obferve 
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obferve  that  this  can  never  happen  while  the  fum 
of  the  angles  does  not  exceed  a  right  angle.  For 
if  thfe  two  angles  are  together  exa&ly  equal  to  a 
right  angle,  the  radius  will  be  a  mean  propor- 
tional between  their  two  tangents  (by  P.  2,  Carol m 
3.)  and  of  confequence  the  fquare  of  the  radius 
will  be  equal  to  the  rectangle  contained  under 
them.     In  this  cafe  therefore  the  fourth  term  is  o  i 
and  fo  it  ought  to  be,  becaufe  the  tgngent  of  the 
fum,  which  *is  the  firft  term,  is  the  tangent  of  a 
right  angle,  and  therefore  infinite,  and  confe- 
quentiy  bears  an  infinitely  great  ratio  of  majority 
to  the  fum  of  the  tangents ;  therefore  that  the 
fquare  of  the  radius  may  bear  the  fame  propor- 
tion to  the  fourth  term,  that  term  muft  be  no- 
thing.    Now  let  one  of  thefe  angles,  whofe  fum 
is  equal  to  a  right  angle,  be  diminished ;  it's  tan- 
gent will  be  diminifhed  like  wife.     Confequently 
the  redtangle  under  the  tangents  will  be  lefs  than 
the  fquare  of  the  radius. 

.  But  Dr.  Smith' %  conftrudtion  is  general,  and 
will  ferve  for  determining  the  tangents  of  the 
fum  and  difference  of  any  two  angles,  when 
that  fum  or  difference  exceeds  a  right  angle  \  as 
we  nojv  proceed  to  (hew  diftin&ly  in  the  follow- 
ing manner.  Firft,  let  the  angle  AOB  (Fig.  40.) 
be  greater  than  a  right  angle  j  it's  tangent  will 
be  the  fame  with  that  of  it's  fupplement  to  two 
right  angles.  Make  AB  :  AO  : :  AO  :  AC,  and 
RC  :  RO  : :  RO  :  RD.  And  we  fhall  have 
ACO= AOB  ;  and  ROD  —  RCO,  that  is,  to  the 
fupplement  of  ACO,  or  AOB  to  two  rightangles. 
Therefore  RD  is  the  tangent  of  the  fum  AOB  of 

the  angles  ROA,  ROB.  But  RD  —  ?§?  = 


•  0 


PtAHE  TRIGONOMETRY.      j9 

RO,  ._*&_ 

AB  . 
ROg _  _       ROy 

RA— ROy— RAy    =     RBxR    —  RO?      r=: 
^RB^lRA  RB+-RA 

ROyXRB+RA     Whencc  RD  :  RB4-R A 
RBxRA— ROy  ^ 

ROy  :  RB  x  RA  —  RCty ;  or  the  tangent  of  the 
fum  is  to  the  fum  of  the  tangents  as  the  fquare 
of  the  radius  to  the  re&angle  under  the  tangents 
diminifhed  by  the  fquare  of  the  radius. 
Secondly,  Let  the  fum  of  the  angles  ROA,  ROB,: 
or  ROG,  ROK  (Fig.  4 1 .)  be  greater  than  a  right 
angle,  but  their  differ enqe  AOB  lefs  than  aright 
angle ; .  the  conftru&ibn  of  the  figure  being  the 
fame  as  before,  RD  will  be  the  tangent  of  the 
difference,  and  is  found  in  exadtly  the  fame  man- 
ner, and  by  the  fame  proportion  as  when  the 
fum  of  the  angles  is  lefs  than  a  right  angle,  as 
in  Part  2d.  of  the  demon ftration,  Fig.  33. 

Thirdly  y  Let  not  only  the  fum  of  the  angles 
ROG,  ROK,  Jbxxt  likewife  their  difference  BOK 
(Fig.  42.)  be  neater  than  a  right  angle.     RA 
is  the  tangent  of  ROK  5  and  the  tangent  of  BOK 
is  the  fame  with  that  of  AOB.     The  redtangle 
under  RB,  R A  is  lefs  than  the  fquare  of  the  ra- 
dius, becatife  AOB  is  lefs  than  a  right  angle.  This 
cafe  therefore  falls  under  Part  1,  of  the  demon- ^ 
ftration,  Fig.  32,  and  is  determined  by  faying,' 
as  the  fquare  of  the  radius  diminifhed  by  the; 
reftanglc  under  the  tangents  is  to  the  fquare  of 
the  radius,  fb  is  the  fum  of  the  tangents  to  .the  - 
tangent  of  the  fum  of  the  lefler  of  the  two  an- 
gles, and  the  fupplement  of  the  greater  to  two 

right 
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right  angles  ;  or  to,  the  tangent,  of  the  difference 
of  the  angles.         / 

86.  If  ariy  one  is  defirous  of  feeing  thefe  cafes 
made  to  come  under  the  very  words  of  the  pro- 
portion, it  may  be  done  by  confidering  the  tan- 
gent of  an  obtufe  angle  as  negative.  For  then 
in  the  laft  equation  for  Fig.  40.  viz.  RD    =r 

ROj  XRB+RA  a  c  , \-    .        m  , 

RBxTlA^llO?  WC  mU  fubftltut?  ~RD  *n* 
ftead  of  RD,  becaufe  the  angle  AOB  is  obttife  a 
therefore  the  other  fide  of  the  equation  muft  be 
made  negative,  by  changing  the  figns  of  the 
members  of  the  denominator  >  and  the  refulting 

m  *         mi  u        tjtS  ROfXRB-HRA 

outran  W1ll  be  ~RD  =    s^gg^sf 

whence  —  RD  :  RB-j-RA  : :  ROy  :  RCty 
4^-RB  X  RA,  agreeably  to  th6  words  of  the  pro* 
pofition. 

•  In  like  manner,  in  Fig.  41,  R  A  is  negative  ; 
confequently  the  redfcangie  under  RB,  RA  is  ne- 
gative ;  and  the  proportion,  for  determining  the 
tanfgent  of  AOB,  to  wit,  ROq  — RBxRA  : 
ROy  :  :  RB-f-RA  :  RD  will  be  expreffed  thus ; 
ROy-f-RB  x  RA  :  ROy  *: :  RB  -RA  :  RD,  as 
it  is  in  the  proposition . 

See  Saunderforis  Algebra,  Att^  319. 

87.  Having  in  the  fecond  corollary  to  the  laft 
propofition  (hewn  how,  when  the  tangent  of  a 
circular  arch,  and  the -radius  of  the  circle,  are 
given,  the  tangent  of  any -multiple  of  that  arch 
may  be  thence  computed,  it  wifl  not  be  amks  to 
do  the  fame  thing  for  the  fines  and  chords  of  the 
multiples  of  a  given  arch,  or  angle  ;  particularly 
as  this  may  be  To  eafily  performed  by  the  appli- 
cation of  a  few  of  the  proportions  that  have  been 

already 
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the  tripfte  arc  LB  being  lefs  than  a  quadrant,  die 

fingle  arc  LO  will  be  lefs  than  300,  and  confe- 

quently  r  will  be  greater  than  2/,  and  a  fortiori 

r*—  2j* 
rr  than  2J/.    Therefore  CR  is  =  — .But 

r 

by  Pro/.  6,  we  have  CL  :  2CR  : :  OD  :  BA 

— -OD,  or  r  :  :-3—  *: :  s  :  x— ij  there- 

r 

fore  x— 1  is  =  —zL.,  and  *,  or  BA  the 

fT 

fine  of  the  triple  arc  LB,  is  =  -2 — "~4    QBL 

Secondly,  Since  the  arcs  LO,  LB,  LS  are  an 
arithmetical  progreffion  whereof  the  common 
difference  is  OB,  or  LM,  it  follows,  by  Prop.  6, 
thatCL  :  2CA  ::  iVIR  :  SP— OD.    But  be- 


caufe  B  A  has  been  found  to  be 


yrs  ->  41* 


rr 

B kq  will  be  =  ^  ^ i~,  and  confe- 

quehdy  CA$>  (  =  CB q  —  B  Aq  )    =z  rr 

~$r*  j * +24r '  *♦—  1 6j« 

_ 

r4 — or4J*  -+-  2Ar*s*  —  161s 
rt  —  SrV-f-ifc* 


r4 


X  rr  — jj,  the  affirmative 


root  of  which  is 3—  x  Yrr— ji,  becaufe, 

fT 

the  arc  LS  being  fuppofed  to  be  lefs  than  a  qua- 
drant, it's  fifth  part  LO  muft  be  mufch  lefs  than 
30%  and  confequently  r  muft  be  greater  than  2/f 

and  rr  than  41*.    Therefore  CA  is '  =:  — 

rr 

X 


J 
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2r*  —  8j* 


X  <Jtt  —  ix,  and  2CA  =s    —         -    x 


yrr — #.    But  MR  was  before  found  to  fce  ssi 
T*  X  vv— »•    Thereforer:- —  — —    v 

,  —  2i  _ 

Vrr — ss  ::  —    x   *Vr —  «  :  * —  *$  confe* 

.  .         it's  —  16s9     

quently  x — s  is  =  2- -^ x  rr  -?>  *r  as 

t 

X — — J- ,  an.d  *,  or  SP-the  fine  of 

the  quintuple  arc  LS,  as  =t  *!%=*£l£±gj£ 

IHrdlh  Since  the  arc?  LB,  L8,  LG,'  are  ai* 
arithmetical  progreffion  whereof  the  common 
difference  is  BS,  or  LM,  it  follows,  by  l£ip.  6,. 
thatLC  :  2CP  ::  MR  ;  GF — BA.    But  MR 


2$ 


Tus  been  mewn  to  be  rr  — -  x  'VW^'  and 

BA  to  be  =  *  ^   j  and  in  the  cafe  of  the 

rr 

quintuple  arc  .we  found  P£  po  be  =r 
y>i--w'i'  +  ^  .  Aerefpre  PSfr  is  =' 

2  rrfi* — 2oor*i*  -f-c6or+**— 640/*  ***  -k2C.6stmt 

confequently  CP?  (=  CS$— PS?)  =  . 

r  •  •  -ay '  < *  -t-2oor'*4-56or44 ' -f^>4or*j  *  -25c*  *  * 

_  __        - 

r*— tytf*  -f- 1 76r»54—  384^*1  *  -*»  256** 

=         ;  r*       ..  . 

X>r — ss,  me  affirmative  fquare  root  of  which 

.   r*— i2r»**-t-  i6i*        , 

»  4  X  Vr^ij,  as  may  be 

M  2  thus 
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thua  dcmonftrated.  This  quantity;  'tis  evident, 
will  be  an  affirmative  quantity  if  it  can  be  (hewn 
that  r4  —  i2r*s*  •+-  i6j4  is  an  affirmative  quan- 
tity, or  that  I2r*j*  is  lefs  than  r4  -f-  i6j4,  or 

that  21I1IL  is  lefs  than  tl  +  s<    or  i^ll 
10  .16  4 

than  %-  4-  *  4.  Now  if  2Li-  were  lefs  than 

H  4 

j4,  as  woidd  be  the  cafe  if  j*  were  greater  than 

«--,  and  confequcotly  s  than  — =•  x  r%  or  than 

4  2         '    . 


/ 


.*•* 


the  fine  of  6o°,  the  quantity  a — ,  wouldayor- 

4 

tars  be  lefs  than  *♦  +  ^-.     But  becaufe  the 

.10 

greatefi  magnitude  of  the  arch  LO,  of  which  s  is 
toe  £ac,  is  in  the  prefect  cafe  the  feventh  part 

af  the  tjuadrant,  or  ?? ,  or  about  120,  51',  25", 
'tis  evident  that  i^— T  will  be  greater  than  4*. 


s  »• 


We  are  therefore  to  prove  that,  though  2— - 

'      .  '      .  4 

is  greater  than  s*%  yet  it  is  lefs  in  the  prefent 

cafe  than  i*.  -f-  T- ,   of,   which  is  the  fame 

64 

thing,,  that  £ — j4  is  in  the  prefent  cafe  lefi 

"4 

than  *    .    By  Jg7:  2.  5,  it  appears  that  the 

quantity  2 — -  — /*  will  encreafe  continually 
"4 

from 
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from  o  to  ?—  while  jj  increafcs    .from  o   to 

64. 

Ig-,  and  will  decreafe  again  continually  from 
8 

% —  to  0  while  ss   increafes  further  from    £? 

to  - — ,  and  confequently  will  at  two  different 
inftants  of  time,  the  one  before  ss  being  equal 
to  ~-  y  the  other  while  ss  is  of  an  intermediate 

'ITT  XTT 

magnitude  between  ^  and  —  >  be  equal  (to 

Or* 
any  given  quantity  that  is  lefs  than  ~T— , and con- 

iequently)  to  -*jr— .    Therefore  while  ss  is  lefs 

than  the  lcfler  of  thefe  two  values  (as  alfo  aftav 
wards  when  it  is  greater  than  the  greater  of  thefe 

two  values,  but  lefs  than  - — which  Is  it's  greateft 


1f*S 

magnitude)  the  quantity  ^ —  J4  will  be  lefs 

4 

than  ^— .    Now  when  3^  5-      — s+     is     ~ 
64  .64 

^-  the  leffcr  value  of  ss  is  .095492  x  rr,  and 

confequently    the   lefler  value  of  s   muft   be 
•3°9Xr  =  S,  1 8°:  For,   fubtrading  both  fides 

of  the  equation  *r  *  ■    — j4    =  £L     from 

'4  64 

9r4  i_        or*  —  \r%9%  c>* 

*~,  we  have  ? * f-j*  —  *     ,and 

°+  64        4  64 

than 
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confequently   (the  leffet  wtoe  of  u  being  left 
tha»?£)'  3-£  -  «  =  #  *  rr,  and «  = 

t^J  X.rr   atJ^X  «"  = 

*.Z63Q*    xrr=  ,.095492  X  rr,  and  *    = 

4309  X  r  =s  8,  1 8°,  00'.  But  in  the  prefcnt  cafe 
the  arch  LO  can  never  be  greater  than  12%  51'* 
25",  and  confequently  the  fine  OD,  or  x,  muft 
fee  Iefs  than,  the  Icffer  of  the  two  values  of  s  in 

the  equation .  £1^-  —  s4  =  ^».  and  &>& 

or  «,  than  the  lefler  of  the  two  values  of  ss 

in  that  equation  j  therefore,  the  quantity  3!LL 

«—  i*  is  in  &e  prefent  cafe  left  than  -^-,     or 

II.  and  r4  —  i2r*i*  ■+•  i6i*   is  an  affirmative 

16 

Quantity.    Therefore  CP  is  -= 

, —         ■ v    'Jrr  —  «,    and    r  : 

.  r*  ° 

2r*—24r»i'-f-32^  .  2* 

— : -j —   X  vrr — ts .   r    *• 

Vrr_„  :  x     — 3^+jf!  .  whence  x 


w3m+4i8         4r*i— 48r«<>  +64**   -_„ 
rr  r* 

confequently  *,  or  GF,  the  fine  of  the  fpptuple 

jr6's—  tbr*s '  4-1  I2r*  *'— 64*' . 
arch  LG,  is  =  * - ~« : 

^     .  Fourthly* 
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Fourthly,  Since  the  arcs  LS,  LG,  LQ^re  *& 
arithmetical  progreffion,  whereof  the  common 
difference  is  SG,  or  LM,  'tis  evident  we  might 
difcoverQZ  by  this  proportion,  LC  :  zCF  j/z 
MR  :  QZ  —  SP  j  and  in  me  fame  manner  may 
the  fine  of  the  nth,  13th,  15th,  17th,  19th, 
and  of  every  following  odd  multiple  of  LO, 
be  discovered,  to  wit,  by  confidering  it  and 
the  two  preceding  odd  multiples  >of~LO  as  akx 
arithmetical  progreffion  whereof  the  common, 
difference  is  LM  or  2LO.  Bat  where  the  ate 
whofe  fine  is  to  be  round  happens  >to  be  ah 
odd  multiple  of  feme  other  of  the  preceding 
odd  multiples  of  LO  as  well  as  of  LO  fofeflf, 
it's  fine  may  be  determined  in  an  ©after  m^fl. 
ner  by  means  of  4he  equation  belonging  to 
that  preceding  arc  :  thus,  in  -the  preieat  in- 
stance, LQJbeing  triple  of  LB,  we  may  deter- 
mine QZ  by  the  help  of  the  equation  BA  — 
yr,.-4j>  ^  and  thfe  methed  of  fiading  it  be- 

rr 
ing  fomewhat  eafier  than  the  former,  in  which 
the  computation  of  the  value  of  CF  is  pretty 
laborious,  we  ihall  here  make  ufe  of  it.  Since 

BA  is  =  yTS~~*s  m  it  follows  that,  if  we  put 

rr 

y  =  BA,  we  mail  have  QZ,  or  x,   = 

3f7— P'.    But  y  being  equal  to  3"*-4*' 
rr  J  rr        * 

y%  will  be  equal  to 

27r<s>-  io8fi'  +  i4yV-y    thercfbfe 

r« 
Xt  or  QZ,  the  fine  of  the  noncuple  arc  LQ,  is 
s^zyrry—  y>\  ~om— I2<» 

\  rr         J  rr 

x  —  108* 
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— io8rfiJ  -f-  *432rj*  —  $ytr  *sr  -f-  2<6s9 

=:9r>j-~i2or<i>  +432r4Jf  — »576r»iy  +256** 

89.  In  this  manner  may  the  fines  of  all  die 
odd  multiples  of  the  arc  LO  be  found.  As  to 
die  even  multiples,  they,  'tis  evident,  are  all  of 
diem  double,  either  of  the  odd  multiples,  or 
of  inferior  even  multiples,  which  are  them- 
felves  either  double,  or  double  of  the  double, 
or  double  of  the  double  of  the  double,  &c. 
that  is,  either  double,  or  quadruple,  or  oduple, 
&c.  of  the  odd  multiples $  and  confequently  their 
lines  may  be  found  from  thofe  of  the  odd  mul- 
tiples by  Prop.  4,  in  the  manner  following. 

In  the  firft  place,  the  fine  MR  of  die  double 

arc  LM  has  been  already  found  to  be  =  — 

X  Jrr—ss. 

Secondly,  Since  LK  the  quadruple  arc  is  double 
of  LM,  it  follows,  by  Prop.  4,  that  LC  :  CR  : : 

2MR  :  KN,  that  is,  is,  r  :    rr~~2ss  ::      £- 

r  r 


X  Vrr—ss  :  x  $  whence  #,  or  NK,  the  fine  of 
quadruple  arc  LK,  is  =  ^'^   s       x 

Jrr  —  ss. 

TAirdfy,  Since  LT  the  fextuple  arc  is  double 
of  LB  the  triple  arc,  it  follows,  by  Prop.  4,  that 
LC:  CA;:2BA:TV,  that  is,  (becaufeJJA  has  been 

already  found  to  be  equal  to  £ 3—,  and  CA 


-~  u  rr  —  ass        %         rr  — 4a  ^ 

to  be  =  -2_  x   ^rr—ss)  r  : —  X 


rr  *  '  rr 

<Jrr 
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Jrr 41  •  •  — :  * ;  whence  x,  or  TV^ 

rr 

the   fine    of  the   fextuple  arc    LT,    is    z=z 

t>r+s  —  ?2r*j*  -\-\2s*  

— — - — : — -   X   srr  —  $s, 

.  Fourthly,  Since  LH  the  o&uplearc  is  double 
of  LK,  it  follows,  by  Prop.  4,  that  LC  :  ctf 
:t  2KN  1  HI.    But.it  was  juft  now  fhewn  that 

itvt  .  Ar*s —  8j5  

fr1^  ls  =  ~ j X  Vrr  -*.  Ss-f    therefor? 

*  « 

i6r*si  ~  64rxs*  -+-64$* 


re   t X      *r  —  si     z=t 

i6r  V  —  8or*s*  ■+.  i2Shs6  —  6±s*     .    ,   ~.T 
s -6 1—f   and  GNy 

(=CIfy  — KN?)     — 

^—  i6r6s*  -}-8or*j4 —  i28r»j*  4- 64s*    &i 

<  ■ -»  1  ne 

r 

affirmative    fquare     root    of   this    quantity    is 

r4-8r*^  +  8j*  .     ,.  ,       . 

y% — : i  as  iflay  be  thus  demonftrated  I 


>t»-        . ,        r4 8r*j*  -u  8j+ 

Tis  evident  1 or  '  +  8'    *ffl  be  an  affir- 

r 

riiative  quantity  if  8r*i*  is  le$  than  r*  +  8j*,-  or 

1 

8r*j*  -^  Ss*  than  r*     or  r1**  —  s*  than  -£-. 

v  8 

Now  it  appears  by  EL  2.  5,  that  the  quantity 

*  **  —  ■»  *  Will  increafe  continually  from  0  to  -— 

4 

while  tfjncfeafes  from  0  to  -^,    and   will    de- 

4 

tfeafe  again  continually  from  -—  to  0  while  si 

4  • 

.  $T  increafes 
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increafes  further  from  —  to  rry  and  confequent- 
ly  will  at  two  different  inftants  of  time,  the  one 

TT 

before  ss  becomes  equal  to  — ,    and    the  other 

2 

while  ss  is  of  an  intermediate  magnitude  between 


rr 


and  rr,  be  equal  (to  apy  given  quantity  that 

r4  r4 

is  lefs  than  — 4,  and  confequently)  to  -—.There- 

4  8 

fore  while  ss  is  lefs  than  the  leffer  of  thefe  two 

values   (as  alfo  afterwards  when  it  is  greater 

than  the  greater  of  thefe  two  values,  but  lefs 

than  rr>  which  is  it's  greateft  magnitude)  the 

—  r4 

quantity  r%s\  —  s4  will  be  lefs  than  -^-.      New 

when  r*s%  —  s*  is  =  -^,  the  leffer  value  of  ss 

o 

is  rr  .146446,  x*r,  and  confequently  the  leffer 
value  of  j  is  —  .3826  xr  =r  S,  220,  30' j  for 
fubtradting  both  fides  of  the  equation  r%s%  —  s+ 

—  !L    from  — ,  we  fhall  tape  —  —  r'jm-i-i* 

—  84  4 


) 


caufe  the  leffer  value  of  ss  is. lefs  than  —  J  — 

2/     2 


rr  ,  rr  — rr  1      — 1 

v/8— 2   „  „„         2.828427—2  • 

*  'r = ^/8-  x  "  =  ixiX&w  x  "■ 

— ►^T-^i—  X  rr  =:  '146446  x  rr,  and  confer 
—  5.656854 

quently 


j 
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quently  s  =  .3826  xr  =  S,  220,  30.  But  in 
the  prefer*  cafe  the  arch  LO,  whereof  J  is  the 
fine,  can  never  be  greater  than  the  eighth  part 

of  a  quadrant,  or.  2|_,    or   110,    15";    confe- 

quently  the  fine  OD,  or  s,  muft  be  lefs  than  the 
leffer  of  the-  two  values  of  s  in  the  equation 

r»i»  __  s*  —.  _,  and  ODqt  or  ss,  than  the  leffer 

8 

of  the  two  values  of  ss  in  that  equation  j  there- 
fore the  quantity  r*i*  —  s*  is  in  the  prefent  cafe 

lefs  than  ,    and   — —  is  an  arnr- 

8  rl 

mative  quantity.    Therefore  CN  is 

r*_8r*j'4-8^    and    confeqUently  r    : 


r*  _  8r*i*  -4-  8i*  8r**  —  i6jj 


•      • 


X  x/rr—ss 


•  :  * ;  whence  at,  or  HI,  the  fine  of  the  odtuple 

arcLH,  is  =  : -£— z 

r7 

X  </rr  —  ss.  And  in  the  fame  manner  may 
tile  fines  of  all  the  following  even  multiples  of 
the  arc  LO  b«  computed.    QEI. 

90.  Corol.  1.  Hence  we   may  deduce  the 
following  conclufions,  to  wit. 
Firfiy  That,  fince,  when  x  reprefents  the  fine 


2S 


of  the  double  arc,   —  x  s/rr  —  ss  is  =:  #».  we 
fhall  in  that  cafe  have  i—  x  rr —  ss  =  xx   and 


rr 


4r*i*  —  4^  —  r%x 

N  2  Secondly^ 


1 
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Secondly ,  That,  fincc,  when  x  reprefents  the 
fine  of  the  triple  arc, —   i$   _  x      wc 

fhall  in  that  cafe  have  3m  —  4**  =  rr#. 

Thirdly*  That,  fince,  when  #  reprefents  the 

fine  of  the  quadruple  arc*  - - x  ^/rr^sj 

is   —  *,  we  fhall  in  that  cafe  have 

i6r4J*  — 64rzi*  +64J6         

ri X    rr — ss,  ot 

i6r6s*  —%Qr+s4  -f-  i28ra*6  — 645*  * 
! 6 =  xx,     and 

i6r  V  —  8or*J4  -+-  i28rV  —  64J8  =  r6x%. 
Fourthly,  That,  fince,  when  x  reprefents  the 

fine  of  the  quintuple  arc,  * -I- • 

i$  =:  xy  we  fhall  in  that  cafe  have  $r*s  —  2or*  s J 
-+-  i6i5  —  r4*. 

Fifthly ',  That,  fince,  when  a:  reprefents  the 

/•         /•   1     /.          t         '    6r4j  —  X2T1, i%  -+-  72is 
fine  of  the  fextuple  arc,  =2 — ^ — 


v/rr  —  j/  is  =  xy  we  fhall  in  that  cafe  have 
36r8x2^384r6if+I4o8r4i6,-r2048rai8^^H024i,0 

X  rr  —  jj,  or 

3<r'tfja  — 420>8i<»4-i79i>-ci6  — 3456r4i»  4.  30721**1' °  —  ipg^1* 

xx,  and   36r10j* — 42or8*4  -f-  1792^5*  -^-345 

6r4J8  -f-3072rxi10  — 1024J1  *  =  rxo#\ 

'  Sixthly,  That,  fince,  when  x  reprefents  the 

fine   of  the   feptuple    arch, 

7f6J  —  $6r+x\  -f- 1  i2raj*  —64s7   . 
p is   =r    x,    wc 

fhall  in  that  cafe  have  jr6s  —  s6r4s*  -+-<ji2r*i$ 
— *  64.S7  =  r6x. 

Seventhly* 
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Seventhly,  That,  fince,  when  *  reprcfcnte  the 

fine  of  the  o&uple   arch,  it  is   equal  to 

8*6j— i-8or4J5  -f-  io2r*j'  —  128J7  

JZLJ^ —   X  yrr— Ji, 

we  (hall  in  that  cafe  have 

€^rtxt% —  n8orI#i4  +  9472^1*  —  3*768r»**»  4-  S7344r**,Q  —  491  CZr^i1  * 

+  163S4*14 7"4 

X  «■ —  jj,  Qr 

6+r'  +j* —  |  j44r »  ?i* +  I0752r»  °i6  —  4l240r*i8  f 901  lirfl<* °  —106496^ »  * 
^65536r*«»»— 163841*  * ri+ 

is  —  x*,  and  t^r1*** — 1344^ **j4  -+.  ioj$ir 
' oi6  — 4224or8i8  H-  901  i2r*j * °  — io6496r4i'  * 
-f-65536r**'4 — 16384J16  =  r14**. 

And  Eighthly  >  That,  fince,  when  x  reprefents 
the   fine  of  the  noncuple    arc,   it  is   =r 
gr*s — i2or6j|  -f-  432^*  — $y6r%s7  -f-  2561s 

r8 

we  fhall  in  that  cafe  have  gr*s  —  i2or6sl  +432 
r*j*  —  S76risi  +  256J9  =  r8  x. 

Therefore  the  equations  exprefling  the  rela- 
tions of  the  fines  of  the  double,  triple,  quadru- 
ple, quintuple,  fextuple,  feptuple,  odtuple,  and 
noncuple  arcs,  to  the  fine  of  the  fimple  arc,  are 
as  follows. 

For  the  doutile  arc,  4r*s%  — *4*+  —  r%  **• 

For  the  triple  arc,  2r%s — 4**  =  r%  *• 

For  the  quadruple  arc,  i6r6s%  —  8or4/4  -f» 
12$r*s6  —  64J8  —  r6  x  \ 

For  the  quintuple  arc,  $r*s—  2or*s*  +  16s* 
—  r4  x. 

For  the  fextuple  arc,  36/"  #i4  —  42or**4.-f- 
I792r6j6  —  3456r4i8  -+-  3072^1*  °  —  102451* 
=  r,c  x%. 

For  the  feptuple  arc,  jr*s —  56r4*5  +  i\2r* 
ss  — 64s7  =  r*  x. 

For  the  oftuple  arc,  64r,4i*  —  1344^  4j4 
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.4-  i0752rIoi°  — 42240*"**  -+-  901x2*-°* 
io6496r4ixa-|-65536r*ix  +  -^i6384i,6=rI^^x. 
And  for  the  noncuple  arc,  gr*s  —  I20r6*3  -f 
4j2r4i5  —  576r* j7  -+-  2r6*9  =:  r?  #. 

91.  Corol.  2.  Hence  'tis  evident  if  the  fine 
x  of  any  circular  arch  that  is  not  greater  than  a 
quadrant,  and  the  radius  of  the  circle>  be  giran, 
*  the  fine  s  of  the  half,  third,  fourth,  fifth,  or  any 
other  given  part  of  that  arch  may  be  found  by 
the  refolution  of  one  of  the  foregoing  equations, 
4r*iz  — '4**  =r  rzx*y  3****  —  4J1  =:  rrx>  &c. 
obtained  in  the  laft  corollary.  But  of  thefe  equa- 
tions, 'tis  evident,  thofe  that  relate  to  the  fines 
of  the  even  multiples  of  the  arch  LO  rife  to 
a  higher  number  of  dimenfions  than  thofe  that 
relate,  to  the  odd  multiples  of  the  fame  arch ; 
the  number  of  dimenfions  to  which  the  latter  e- 
quations  rife  being  always  equal  to  the  number 
of  parts  into  which  the  arc  is  to  be  divided, 
whereas  the  number  of  dimenfions  to  which  the 
former  equations  rife  is  always  double  the  num- 
ber of  parts  into  which  the  arc  is  to  be  divided. 
And  hence  it  is,  as  I  imagine,  that  Sir  lfaac  New- 
ton in  the  29th  problem  of  his  Algebra  chofe  to 
determine  the  multiples  and  parts  of  a  given  an- 
gle, or  circular  arch,  by  their  cofines  and  the 
chords  of  their  complements,  rather  than  by 
their  fines  and  chords,  becaufe  (as  {hall  prefently 
be  fhewn)  the  number  of  dimenfions  to  which 
the  equations  that  determine  thofe  lines  rife,  is 
never  greater  than,  but  always  equal  to,  the 
number  of  parts  into  which  the  arc  is  to  be  di- 
vided, 

92.  Corol; 


V 
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92.  Corol.  3.  It  will  be  worth  our  while, 
for  the  fake  of  fhewing  the  conformity  between 
thefe  determinations  of  the  fines  of  multiple 
arcs  and  thofe  which  may  be  obtained  by  means 
of  an  infinite  feries  hereafter  to  be  delivered,  ±0 
fet  down  the  values  of  the  fines  of  the  even  mul- 
tiples which  all  of  them  involve  in  them  the  ir- 
rational quantity  ^/rr  —  ss3  in  infinite  feriefes  of 
fimple  terms,  as  follows.  If  we  extract  the 
fquare  root  of  rr  —  ss  in  the  manner  defcribed 
by  Dr.  Saunderfon  in  his  Algebra,  j£rt.  1 9,  we 

fhall  find  it  to  be  =  r  — —  -g-—  — — -J— _ 

YS*  ° 

>L —  Sec.  ad  infinitum.    It  follows  therefore 


256r 
in  the  firft  place  that  the  fine  of  the  double 

arc      (being  =—  X    y/rr  —  w)    is    =    21 


— s%  — js  —  s7  — 5s9  — yslt  . .        . .  r  . 

rr     4r+    8r6     6qr*  i2»r10  J 

Secondly*  That  the  fine  of  the  quadruple  arc 

(being  =  2 — -s X    y/rr—ss)    is  =  4* 

ioj*        js*         y         Hi9         i3*": 

m  &c. 

Thirdly,  That  the  fine  of  the  fextuple  arc 

(being  =:  6  r%  * —   X   </r r  — *) 

*   ~ 35' J  +  1895'  —99^  — _i43^f 
is  =  6i  _-   — —  ^r  ^     ,  - 


117* 


1 1 


€fr. 


,28r19    --' 

"  An* 


':  '         ft        ' 
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And  Fourthly,  That  the  fine  of  the  odtuple  art 

(being - 2 : r- 

X  y/rr  —  «)  is  =  8^  — -i-   ZL^« 

>~42^7  +7*S*9  +221S"  . 

2r*  '       i6r»         32r,<l    "*"' 


93.  Corol.  4.  Hitherto  wc  have  fuppofed 
the  greateft,  or  multiple,  arc  not  to  exceed  a 
quadrant :  But  before  we  quit  this  fubjedt,  it  will 
be  proper  to  examine  how  far  thefe  equations 
are  true,  and  what  alterations  they  undergo^ 
when  the  greateft  arc  exceeds  a  quadrant,  and  is 
of  any  magnitude  lefs  than  the  whole  circle. 
Thefe  cafes  WQ.'fKfrll  find  are  determined  in  the 
following  manner  :  "  When  the  greater  arc  is 
i"  greater  than  a  quadrant,  but  lefs  than  a  femi- 
cc  circle,  the  value  of  x  is  expreftby  the  very  fame 
€<  equations  as  when  it  is  lefs  than  a  quadrafit  j 
c<  and  when  it  is  greater  than  a  femicircle,  but 
<c  lefs  than  a  whole  circle,  by  the  fame  equations 
t€  with  the  figns  of  the  terms  on  their  left  hand 
*c  fides  every  where  changed :  Or,  in  other  word&; 
Cc  the  value  of  x  is  equal  to  the  difference  of  the 
c«  fame  terms  in  both  cafes ;  but  thofe  term9 
Cc  which  in  the  former  cafe  were  negative,  or 
cc  which  were  lefs  than  the  others,  and  therefore 
<c,fubtradted  from  them,  do  in  the  latter  cafe 
<c  become  the  greater,  fo  that  the  others  muft 
€C  now  be  fubtradted  from  them,  and  marked 
f c  with  the  negative  fign." 

94,  In  order  to  prove  this  it  will  be  neceflary 
to  confider  farther  the  fourth  and  fixth  prbpolr-* 
|iojis,  which  have  hitherto  teen  fuppofed  to  xe- 
': '  +  lat? 


r 
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teffie  cfnfly  to  cafes  wherdn  the  greateft  arc  does 
not  eictecf  a  quadra  At,  arid  id  inquire  \  how  faV 
thiy  arc  triie  wheif  t&at  f efllfi&ion  is  liakeh  away. 

&f.  The  ftft  of  thfcfe  pVopofittons  is  true  uni- 
verfifly,  Vfrhakifvef  be  the  magnitude  of  the 
greateft  arc ;  to.  wit,  that  as  the  radius  of  a  cir- 
cle is  to  the  cofirie  of  any  art,  fo  i$  twfce  the 
fine  of  that  ate  cb  the  fine  of  it's  doiible. 

This- Will  appear  by  tfte  infpedibri  of  Fig.  3,' 
44*  45,  46 ;-  in  all  which  BL  is  the  (ingle  arc*- 
BD  die  double  arc,  BM  and  CM  the  fine  and 
cjofine  of  BL,  and  DE  the  fine  of  BD.  For 
from  the  fimilarity  of  the  triangles  CBM,  BDE, 
we  have  CB  :  CM  ::  DB  —  2BM  :  DE. 

96.  The  fecond  of  thefe  propofittons  is  true 
whenever  the  three  arcs  in  arithmetical'  proportion' 
are  either  all  lefs  or  all  greater  than  a  femicide. 
Bat  when  the  greateft  exceeds,  and  the  leaf);  arc 
falte  fhort  of  a  femicircle,  it  difcovers  the  fixm, 
iaftcad  of  die  difference,  of  the  fines  of  the  ex- 
treme  arcs. 

This  will  appear  by  the  infpedtion  of  Fig.  4, 

47..  48,  49>  5?>  51*  5V53>   54>  55  *  in  a11 * 
which  BE,  BD,  BF  are  the  three  arcs  in  arith- 
metical proportion ;  EL,  DK,  FI,   their  fines ; 
CD  a  radius  Jbife<2ing  the  chord  EF  in  O  ;  and 
OM,  EG,  lines*  drawn  parallel  to  the  diameter  - 
BCN,  meeting  FI  (produced,   if  need  be)  in 
M  ancf  G.     For  from  the  fimilarity  of  the  tri- 
angles CDK,  FOM,  we  have  CD  :  CK  ;:  FO  : 
FM,  and  CD  :  2CK  ::  FO  :  2FM  —  FG; 
and  'tis  evident,  FG  is  the  difference  nf  Fland  , 
EL,  when  F  and  E  lie  on  the  fame  fide  of  the  ' 
diameter  BCN,  and.  their  fum,  when  F  and  E  • 
lie  oh  the  different  fides  of  that  diameter. 

97-  By 


98  .         E  L  E  M  EN  T  S    of 

97.  By  thcfe  propofitions  we  will  firft  demon* 
ftratc  the  affertion  in  Art.  93,  in  the  cafes  of  the 
triple,  quintuple,  and  feptuple  arcs,  feparately ; 
and  afterwards  endeavour  to. point  out  a  general 
reafon  why  it  muft  be  true  in  all  other  cafes 
lyhatfoever. 

98.  Firft  then,  I  fay,  that  if  the  triple  arc  be 
not  greater  than  a  femicircle,  the  relation  between 
x  and  i  will  be  cxpreft  by  this  equation,  x  — 

- — — —  ,  or  yrrs — 41*  =r  rrx\  if  it  be  greater, 


by  this  equation,  x  =  - J — ,or4J*-— yrri 

=r  rrx. 

The  greateft  magnitude  of  the  fimple  arc,  or 
that  which  it  has  when  the  triple  arc  is  equal  to 
a  whole  circle,  being  120%  and  confequendy 
lefs  than  a  femicircle,  it  follows  by  the  laft  arti- 
cle that  when  the  triple  arc  is  greater  than  a  fe- 
micircle, but  lefs  than  a  whole  circle,  the  pro- 
portion of  Prop.  6,  will  difcover  the  fum,  and 
not  the  difference,  of  the  fines  of  the  fimple  and 
triple  arcs.  *  Further,   becaufe  by  Art.  19,  the 

fine  of  the  double  arc  is  always  =  —  x  y/rr— ss 

and  confequendy  it's    fquare  to — ' 

it  follows  that  ths  cofine  of  the  double  arc  is  al- 
ways equal  to  the  iquare  root  of  the  quantity 

- 2—  :  But  ■ is  the  fquare 

root  of  this  quantity  as  long  as  2s%  is  lefs  than  r% 

sf  the  fimple  arch  is  lefs  than  45*,  and 


2sx—  r% 


16 
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is  it's  fquare  root  when  zs%  is  greater  than  r*,  or, 
s  greater  than  the  fine  of  450,  and  therefore  as 
long  as  the  fimple  arc  is  of  any  magnitude  lefs 
than  1 3  50 ;  therefore  when  the  fimple  arc  is  lefs 
than  450,  or  the  triple  arc  than  1350,  the  cofine 

of  die  double  arc  is  — ,  and  when  the 

r 

fimple  arc  is  greater  than  450,  but  lefs  than  120°, 
or  the  triple  arc  is  greater  than  1350,  but  lefs 
than  the  whole  circle,  the  cofine  of  the  double 

arc  is  r=  — ~—  .    But  at  the  inftant  2s%  be- 

r 

gins  to  be  greater  than  r*,  or  the  cofine  of  the 

double  arc  begins  to  be  =  — : ,  the  fine  x 

of  die  triple  arc  begins  to  be  lefs  than  s  the  fine 
of  the  iimple  arc ;  becaufe  at  that  inftant  the 
triple  arc,  being  equal  to  1 3  50,  exceeds  a  qua- 
drant by  eXadly  the  faiiie  quantity  as  the  fimple 
arc,  which  is  450,  falls  fliort  of  it,  and  confequent- 
ly  the  fines  of  the  triple  and  fimple  arc  are  equal ; 
therefore  when  the  triple  arc  is  of  any  magnitude 
greater  than  J350,  but  lefs  than  a  femircle,  (and 
confequently  it's  fine  is  lefs  than  the  fine  of  1 3  50, 
and  the  fine  of  the  fimple  arc,  which  will  now 
be  nearer  to  a  quadrant  than  before,  is  greater 
than  the  fine  of  450)  the  fine  of  the  triple  arc 
will  be  lefs  than  the  fine  of  the  fimple  arc, 
or  x  will  be  lefs  than  s.  The  procefies  there-* 
fore  are  as  follows. 
When  the  triple  arc  is  lefs  than  135%  we 

have  r  :  j  ^     ;:    s    ;    x  —  su,  therefore 

rr  rr. 

O  3  Whca 


1 
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When  the  triple  arc  is  between  13  c0  and  l&of 
we  have  r  ;  1  -^"" :;   s  ;  s  — x  5  therefore 

i-i-  x  16  ='2 and*  =  ,2i— ^ — s^, 

rr  rr         * 

as  before. 

Lajt/y,  when  the  triple  are  is  greater  than  a 

femicircle,  but  lefs  than  a  whole  circle  -,  we  haye 


,4  ~~* 


4*    •"—  2r  •       ^ 

r  :  -2- ::*:*  +  *}  therefore  1  +  ^ 

..1* 

45' — tr%s        ,  4** —  ?r*j 

1$  99  J-i —    and  x  =  — ° — .  r 

-  rr       *  rr 

99.  Secondly^   If  the  quintuple  arc  bp    not 

greater  than  a  femicircle,  the  relation  of  *  and  i 

will  be  expreft  by  this  equation,  x  = 

cr4*  — 2orV-i_  16s'         m  .  »  .  .     *  . 

* — ! — : -r — -2- ,  or  cr4* —  aor'j'+ioj* 

r=r  r4# ;  and  if  the  quintuple  arc  is  greater  tlian 
3  femicircle,  But  lefs  than  a  whole  cirplp^  by  thiU 

2©rV  —  cr4i" —  i6j* 
equation,  tf  =  . "    ' ,  Lfifc  '*    or   20 

rV  —  5f4*  —  i6i5  =  r4#. 

For  the  fingle,  triple*  and  quintuple  w$s  are 
an  arithmetical  prpgreflion,  of  whipb  the  PPffi-. 
mon  difference  is  the  double  W>  whofp  fifte  14 

-j-  X  v''?  —  *'•     And  the  grcateft  magnitude  of 

the  fimple  arc,  or  that  which  it  has  when  the 
quintuple  arc  is  equal  to  a  whole  circle,  being 
only  the  fifth  part  of  die  circle,  is  much  lefs 
than  a  femicircle :  Confequently  by-4rf .  96, when 
the  quintuple  arc  is  greater  than  a  fefmicircle,  but 
lefs  than  a  whole  circle,  thepfbportion  of*  Prop. 
6,  Fill  difcover  the  fum,  and  not  die  difference, 
of  the  fines  of  the  fimple  and  quintuple  arcs. 

Further, 


Further,  the  fine  ,of  tjie  mean,  or  trinjf ,  arp 
has  beep  &Mta  to  be  either  j  '*£•&'       <* 

4**  —  3rr<|  according  as  the  triple  sate  is  left  or 
rr 

iter  .than '.a  iemickfle*   ^fire/are.  »ft  *i|fcer 
the  f<juare  of  the  fine  of  fte.  mean  arc  is  = 
y*/,^  +  <^    and  confcqucntly   ±e 

iquare,  of  the  cofine  of  the  mqan  arc  (being 
'  equal  to  the  excefs  of  /r,  or  t^e.  fquare  of  &e 

r*  —  orV  4-  ay**4  —  *$'* 


r 


4 


r*-8rV-hi6<f      ^     fiSTv*    pf    whfch 

r        4*-    x    7/rr^rss  is  the  affirmative  root 

when  the  fingle  a*c.  does,  pq*  exocc4. 39',  an* 
4*  —  _   v   .  /rr—u  when  the  fingle  are.  fe  of 


r* 


any  magnitude  between  30.V  and  150°;  there- 
fore  when  the  quintuple  arc  is  left  than  Ipa*.  of 
the  fimple  arc  than  30°,  the  cofine  of  the  triple, 

or  mean,  arc  is  -=  ^  ^   X  •»•—«,  and 

when  the  quintuple  arc  is  of  any  magnitude 
heater  than  150",  1>ut  Ms  than  the  whok.  circle, 
oV  the  fimple  arc  is  of  any  magnitude,  gre*ftr. 

than  30%  but  lefs  than  2-?,  or  ja°,  the  cofine 

of  the  mean.,  or  ^joje,  arc  is,  ^=  — -. —    X 
jrr  —  st.    Moreover,  when  the  quintuple  arc 

y  -■  i8 


Z*v. 


k*.:  v 


r 


*<*• 
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is  lefs  than  150%  or  the  fingle  arc  than  308,  the 
fine  *  is  greater  thanjj  but  afterwards,  when 
the  quintuple  arc  is  between  150*  and  180°,  the 
fine  x  is  le&than'  '• 

The  procefles  therefore  are  as  follows. 

When  the  quintuple  arc  is  under  1500,  we 


have  r  : 


zr 


Ss* 


r 


y/rr—st :  x—  t  i  therefore  x— 1  is  =iLfJ! 


X 

16s' 


X  r/v— «  =5 


4r*j  —  2or*i»  -f-  161 J 


,  whence  *rr 


Jf4*— 2orV  -*-  ikt* 


When  the  quintuple  arc  lies  between  150* 
and  1 80%  we  have  r : 


8i* 


X  y/rr 


%S 


::  —  x  y/rr—s*  :  i 

i6jj  —  4r*i 


a:  ;  therefore  s  —  #  is 


2«r*i* 


4r4i 


X  rr—ss 
i6j* 


$r*s— zor%s*  -f-  i6j* 


j  whence  *  is 
,  as  before. 


^  Lajiljy  When  the  quintuple  arc  is  of  any  mag- 
nitude greater  than  a  femicircle,  but  lefs  than  a 

whole  circle,  we  have  r  ;  ^~ x 


s/rr 


2S 


ss  •  • 


X  y/rr  — j;  ;  tf+jj  there- 


fore #-f-  j  is  = 


2orls 


wi 


* .  * 


i6jj 


w 


,  and  x 


k* 
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2or*s*  —  cr4j — 16s' 

r4 

100.  Thirdly \  If  the  feptuple  arc  be  lefs  than 
*  femicircle,  the  relation  of  *  and  s  will  be  ex- 
preft  by  this  equation,  x  = 

yr6s —  f6r4j*  +  uzr*s*  — 64* 7  € 

f.6 ■ >    or    jr    — 

$6r+s*  -f-  iiar'i*  —  64J7  :=  r6*$   and  if  the 

feptuple  arc  is  greater  than  a  femicircle,  but  lefs 

than  a   whole  circle,  by  this  equation,    x  =5 

64s7  —  H2r*j* -f.  c6r4j*  ~7rV  . 

— -£-* *-^-  -  -  or  64s9*  — 

r 

For  the  triple,  quintuple,  and  feptuple  arcs 
are  an  arithmetical  progrcffion,  of  which  the 
common  difference  is  the  double  arc,  whofe  fine 


2S 


is  — .  X  y/rr  —  ts.    And  the  triple  arc  muft 

in  this  cafe  be  neceflarily  lefs  than  a  femicircle, 
becaufe  it's  greateft  magnitude,  or  that  which  it 
has  when  the  feptuple  arc  is  equal  to  a  whole  cir- 
cle, is  only  three  fevenths  of  the  whole  circle. 
Therefore,  when  the  feptuple  arc  is  greater  than 
a  femicircle,  but  lefs  than  a  whole  circle,  it  fol- 
lows by  Art.  96,  that  the  proportion  of  Prop.  6% 
will  difcover  the  fum,  and  not  the  difference,  of 
the  fines  of  the  triple  and  feptuple  arcs :  Alfa 
(by  what  has  been  already  fhewn  in  the  cafe  of 
the  triple  arc)  the  fine  of  the  triple  arc  will  be  := 

* 5-=-.    Farther,  the  fquare  of  the  cofine 

rr 

■ 

of  the  quintuple,  or  mean,  arc,  being  equal  to 
the  fquare  of  the  radius  diminifhed  by  the 
ftuare  of  it's  fine,  will  be  —  rr  -~  <he  fquare 

of 


5?»  *■'<■ 


ft 


fcA. 


T»\-,~ 


•-* 


fe-' "  *  ' 


Bv 


fdf.  E  L ;&M  fe  M¥  S  »/ 


of 


,  of  of 


*■* 


, t       If      ^    1       fc 


t* 


■— »  ,  (for  both'  thdfe  qntdtw- 


ties  have  the  fame  fqiiafc)',  tfofff  is?  to 

r* 

•  m  » 

JX*  of  tfaich  -   ->r     ^-    :jr- % 


X  ** 


\/rr  —  s$  is  the  affirmative  root-  «w  long  as-  the 
fogle  arc  (as  may  eafily  b<ar  deduced-  from'  the 
feme  articlfe)tis  lefe  than  *8%  (aa-was  fhewn  in 

V**M*J  ^^:tfielitfg!tar^is"Betw(ifen  180  an8 


549;  Therefore  $$  ltvdg  as  the  fimpte  arc  49  led 
than  1 8°,  or  the  feptuple are  tbaa-  i*6V  theco^ 
line    of  the  quintuple^   or    meato,  arc    i»    ri 

' r'4  "~  '  ■  "r —  X  4rr  —  ss>  and  when  the 

fitaple  arci  is?  grtatferthan  i£*y  but  lefs  thun  510, 

&f>  qaf9  or  the  feptuple  arc  ifc>  gifeater  than'  w6*'9 

butlefethatl' a  whole  circle^  the  cofme  of  the 

'.         .    i2rV  — >r4 —  r6x*  -— s > 

iftfeah  arc  is     ■»     '         x   */>t  —  s$% 

Mocdoveri  when  the  feptuple  arc  ifr  left  thari 
126°,  or  the  fimple  arc  than  18%  the'  fine-  x  of 
die  feptuple*  arc  wilt  be  greater than  the  fine  of 
fhe triple  arc,  and  when  the  feptuple  arc  is  greater 
than-  126°,  but  lefs  than  a  femicircle>  the  finis 
x  of /the  feptuple  arc  will  be  lefs  than  the  line  of 
the  triple  arc ;  for  at  the  inftant  the  feptuple  arc 

is 
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is  equal  to  1 26%  the  quintuple  arc  is  equal  to 
90%  or  a  quadrant,  and  therefore  the  triple  and 
feptuple  arcs  differ  equally  from  a  quadrant, 
whence  'tis  evident  their  fines  will  at  that  time 
be  equal,  and  confequently  as  the  feptuple  arc 
approaches  nearer  to  a  Semicircle,  and  the  triple 
arc  to  a  quadrant,  the  fine  of  the  feptuple  arc 
will  become  lefs  than  the  fine  of  the  triple  arc. 
The  proceffes  therefore  are  as  follows. 

When  the  feptuple  arc  is  lefs  than  126%  we 

have  r  : -^ £ —    X    s/rr —  $$ 

2J 


.    • 


—   X   %/rr  —  ss  :  x  — 21_JZLzi..there- 
r  v  rr 


fore  *  =2ZL±»:  is 

rr 


4r<f—  52^1'  4.  mrV— 64**       . 

*  '  "  r*~~~~ '  whence  #  is 

—  ?**'  —  $&***  -h 1  I2r*i»  —  64** 

When  the  feptuple  arc  is  greater  than  126', 

bat    tefi   than    a    ienucircle,    we   have .  r    : 

24r*i* — ar4 —  32**  2i 

p X  i/rr—u  :  :  ~  X 

*/rr — ss  :  * -S—  —  xj  therefore 

yw  —  4*'  _,.;.  =  4*,,'r  —  4^1  — 641* 
rr  r*  * 


——.^     64/*  —  if 2rV  .+.  j2r*i»  — 4r*j 

whence  *  is  =  ^^-j^i'+iiar'i'-a^ . 

P  at 
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as  before, 

Laftly,  When  the  feptuple  arc  is  greater  than 
a  femicircle,  but  kfs  than  a  whole  circle,  we 

haver  :    *. ^ *—  x  Vrr^ss:: 

**        /      *4-3^w—  4s3      .       - 

—  X  i/rr—**  :  * .  ■  ■  s  therefore  x 

r        v  *  rr 

rr  r6 

—        64*'  —  ii2rsi5  -f.  Wr^j1  — 4^ 

rr  — ii  = -^ - ■ , 

whence  *  is  =  64^~»i2r>i^56r^>-7r^ 

101.  After  an  attentive  consideration  of  the 
three  preceding  cafes,  it  will,  I  imagine,  be  fuf- 
liciently  evident  to  every  one,  that  the  reafon  of 
this  regular  change  in  the  value  of  x  depends 
upon  this  obfervation ;  <c  that  at  the  very  fame 
"  inftant  of  time  that  the  cofine»of  the  mean  arc 
"  changes,  the  fine  of  the  greater  extreme  be- 
«  comes  lefs  than  the  fine  pi;  the  lefler  extreme; 
"  and  that,  in  all  the  foregoing  inftances,  when 
(t  once  the  cofme  of  the  mean  arc  is  changed, 
tc  it  continues  fo  eyer  after,  fo  long  as  -tf^e  ex- 
€*  treme  arc  is  of  any  magnitude  lefs  thaji  the 
4t  whole  circle/'  This  has  been  already  proved 
concerning  each  6f  the  foregoing  equations  fe- 
parately*:  We  will  therefore  now  endeavour .  to 
give  a  general  reafon  why  this  muft  be  true 
jn  all  of  them,  and  afterwards,  fliew  that  a  fi- 
milar  reafon  will  produce  the  fame  change  in 
the  figns  of  the  terms  in  all  other  cafes  what- 
ever. 

102.  And  firft;  the  fino  of  the  greater  ex- 
treme begins   to  be  lefs  than  the  fine  of   the 

le/Ter 
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Idfer.  extreme  at  the  infant  the  mean  arc  is  equal 
fo  a  fyiadJfenti  becaufe*  the  extreme  arcs  differ- 
k>g  tft  that  inftant  equally  from. a  quadrant,  their 
fines  will  be  exa&ly  equal.     Afterwards,  when 
the  mean  arc  is  greater  than  a  quadrant,  and 
the  greater  extreme,  though  ftill  le(s  than  afemi* 
ckc**i:  approaches  wearer  to  it  than  it  did  before, 
ii*«£tfe<-will  he  left  than  the  fine  of  thclefier 
extf£me.!    And  the.  cofine?   of  die  mean  arc 
^AngefeHk^ifept the 'inftant 4ftie  mean  arc  is 
Hfaiiffo)  *  wxirtttoi ;  becaufe  at  that  time  itia 
prccifelyequatta'tiothing,  or  thofe  parts  of  it'4 
vfidfc  {Vtiiicb^tfe  evident  te  al Ways  eapreft  in 
^dwei^  ^tvd  T*hulriplfes  of  r  and  j)  which  were 
&bgtktl+6y*x  \vhich  before  Were  left  than  the 
atf&rs, ;  an  d  thereford  fiibtra&ed  from  them,  are 
now  by  the  irtcreafef  df  s  made  to  equal  them: 
Whence  it :  follows  <  (*s  might  be  demonftrated 
fto&ithe  nature  bf  thg'inereafe  of  the  terms*  as 
we  (hall  (hew  in  a  (Jmiiar*  inftance  in  the  9th 
cdrollary  of  this  propofitioto,'  Art.  i^.)  that  if 
the  mean  arc  be  greater  than  a  quadrant,  or  s  be 
(fill  farther  increafed,  thofe  parts  will  become? 
the  greater,  and  the  others  mbrt:  be  fubtratted 
from  them.     This  is  fometimes  expreft  thus  > 
u  a  quantity  that    continually  decreafes   till   it 
"  becomes  equal  to   nothing,    and  afterwards 
"  fncreafes  again,    becomes  after  fuch  increafe 
u  a  negative  quantity,  or  will  have  pad  from 
l<  affirmation   through  nothing  into  negation." 
But  as  expreflions  of  this  kind  have  (bmewhat 
of  an  obfeure  myfterious  air  in  them,  we  have 
endeavoured  as  much  as  poflible  to  avoid  them. 

Secondly,  When  once  the  cofine  of  the  mean 
arc  is  changed,  it  remains  fo  ever  after  in  all  the 
/oregoyig  inftances,  as  long  as  the  greater  ex- 
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trcmc  arc  is  of  any  magnitude  lefs  than  the  whole 
circle.  For  as  s  increafes  or  decreafes  continu- 
ally, or  by  infinitely  final!  degrees,  fo  as  never 
to  pafs  from  one  degree  of  magnitude  to  another 
without  paffing  through  all  the  intermediate  de- 
grees of  magnitude  thy  lie  between  them,  'tis 
evident  that  the  terms  of  which  the  value  of 
the  cofine  of  the  mean  arc  confifh,  and  which 
involve  the  fine  s  in  them,  muft  vary  alfo  by  in* 
finitely  final]  degrees :  Confcquentiy  when  the 
negative  terms,  or  thofe  which  were  at  firft  the 
I  letter,    become  firft  equal  to,    and  afterwards 

}  greater  than,  the  affirmative  terms,  they  can- 

's not  again  become  lefs  than  the  affirmative  terms 

without  firft  becoming  a  fecohd  time  equal  to 
diem y  that  is,  the  negative  terms  cannot  become 
a  fecond  time  lefs  than  the  affirmative  terms  be- 
fore 3the  cofine  of  the  mean  arc  vanifhes,  or  be- 
comes equal  to  o>  a  fecond  time,  and  therefore 
not  in  any  of  the  cafes  that  have  hitherto  been 
explained  j  for  the  cofine  of  an  arc  does  not,  as 
is  evident,  vanifh  a  fecond  time  'till  the  arc  be- 
comes equal  to  three  quadrants,  and  in  the  fore- 
going instances  the  mean  arc  can  never  be  fo 
great  as  three  quadrants,  becaufe  even  in  the 
cafe  of  the  feptuple  arc  (in  which  the  mean  arc 
is  greater  than  ,*n  any  of  the  inferiour  cafes)  the 
greateft  magnitude  of  the  mean  arc,  or  that 
which  it  has  when  the  feptuple  arc  is  equal  to 

the  whole  circle,  is  A  or    -y    of  the    whole 

7         28 

circumference,  which  is  lefs  than  three  quadrants, 

or  •*-  or    -7T  of  the  whole  circumference. 
'    4  28 
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163*  Ih  tfce fbUowiftgodd  multiples  above  the 
fejftuple  arc,  tfrfc  jnesin  arc  ^i&?  be  greater  than 
three  quadrants : '  Thus,  for  fttftence,  in  the  cafe 
of  the  noncuple  arc;  in  whfcli  the  three  equi- 
different  arcs  are  the  quintuple,  feptuple,  ancj- 
noncuple  arcs,  'tis  evident  ttfe  greateft  magni* 
tude  of  the  febtuple,  orrmean,  ■  arc;  or  that 
which  it  has  when  the  n6ricuple  ire  is  equal  to 

a  whale  circle,  is  £.,  or  •  -7,  of;  the  whole  qir- 

9         $&      ."..'.        ?-' 

cumfcrence,  whiclj  is  greater  than  JL  or  £  , of 

the  whole  circumference,  or  three  quadrants  j 
and  fince  this  is  true  in  the  noncuple  arc,  it  fol- 
lows a  fortiori  that  it  will  be  true  in  all  higher 
multiples.    But  in  all  thefe  cafes  it  muft  be  ob- 
ferved  firft,   that -when  the  mean  arc  is  greater 
than  three  quadrants,  the  lefler  extreme  arc  muft 
be  greater  than  a  femicircle,  and  confequently 
by  Art.  96,  the  proportion  of  Prop.  6,  will  dis- 
cover the  difference,   and  not  any  more  the  fum 
of  the  fines  of  the  extreme  arcs :  For  the  greater 
Extreme  arc  being  fuppofed  never  to  exceed  a 
whole  circle,  it  follows  that  when  the  mean  arc 
is  greater  than  three  quadrants,  the  excefs  of 
the  greater  extreme  arc  above  it  muft  be  lefs 
than  a  quadrant ;  therefore  the  Excefs,  of  the 
mean  arc  above  the  lefler  extreme  arc  muft  alfb 
be  lefs  than  a  quadrant,  and  confequently  the 
lefler  extreme  arc  muft  be  greater  than  a  femi- 
circle, and  by  Art.  96,  the  proportion  of  Prop* 
0,  will  difcover  the  difference,  and  not  the  fum, 
of  the  fines  of  the  '  extreme  arcs.     Secondly,  we 
muft  obferve  that  at  the  inftant  the  mean  arc  be- 
comes  equal  to  three  quadrants,  the  fines  of  the 

two 
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two  extreme  arcs  will  become  equal  to  each  o- 
ther,  Yfoecaufe  at  that  inftant  the  two  extreme^ 
arcs  )Vill  differ  equally  from  three  quadrants^ 
and  therefore,  when  the  mean  arc  is  greater 
thaij*  three  quadrants,  the  fine  of  the  greater  ex* 
treble  arc  will  be  left  than  the  fine  of  the  leffer 
extreme  arc ;  but  when  the  meaji  arc  is  lefs  than 
three  quadrants,  and  the  lefler  extreme  arc  is 
greater  th^a-femicircle,  the^fine  of  the  greater 
extreme  arc  will  be  greater  tfcan  the  fine  of  the 
leffer  extreme  arc.,  ^  STA/r^,  ^^uft  be  obferved 
tha|  the  figns  of  the  terms'  of  ;the'  value  of  the 
fineofthp  qwntupierarcf  to  JV&  the,  quantity 

quintuple  arc  is  greater  than  a  femicircle>  but 
lefs  than  a  whole  circle,: to  what  they  were  when 
the  quintuple  arc  was  left  than  a  femicircle*  as 
was  demonstrated  in  the  cafe  of  the  quintuple 
arc ;  that  is,  in  .the  cafe  of  the .  nonctiple  arc, 
the  figns  of  the  terms  that  compofe  the  value  of 
the  fine  of  the  leffer  extreme  of  the  three  equi- 
different  arcs  .(which  are  in  this  cafe  the  quin- 
tuple, the  feptuple,  and  the  noncuple  arcs),  to 
wit,  the  quintuple  arc  become  contrary*  when 
the  Idler  extreme,  or  quintuple  arc:  is  greater 
than  a  femicircle,  .to  what  they  were  when- the 
leffer  extreme,  or  quintuple  arc  was  lefs  than  a 
femicircle.  Therefore  in  the  jpafe  of  the  qoqcu* 
pie  arc,  the  terms  of  the  value  of  the  fine  of  the 
Jeffer  extreme  arc  change  their  figns  at  the  fame 
time  that  the  fourth  term  of  the  proportion  of 
Prop.  6,  from  being  equal  to  the  Aim  of  the 
fines  of  the  extreme  arcs,  becomes  equal  to  the 
excefs  of  the  fipe  of  the  greater  extreme  arc 
above  the  fine  of  the  leffer  extreme"  arc,  the 

three 
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three  other  terms  of  that  proportion  ton  arming 
the  fame  as  before ;  m  and  thefe  two  changes  com- 
penfate  each  other,  and  make  the  figns  cf  the 
terms  of  the  value  of  the  fine  of  the  greater  ex- 
treme, or  noncuple  arc,  the  fame  as  where  the 
lefier  extreme  arc  was  lefs  than  a  femicircle : 
And  when  the  mean  arc  becomes  greater  than 
three  quadrants,  and  the  terms  of  it's  cofine 
change  their  fines,  and  confequently  the  terms 
of  the  fecond  quantity  of  the  proportion  o£Prop. 
6,  (which  is  double  of  the  cofine  of  the  mean 
arc)  change-  their  fines,  the  fourth  term  of  that 
proportion  changes  it's  fines  likewife,  and  from 
being  equal  to  the  excefs  of  th^  fine  of  *  the 
greater  extreme  arc  above  the  fine  of  the  lefler 
extreme  arc,  becomes  equal  to  the  excefs  of  the 
fine  of  the  lefier  extreme  arc  above  the  fine 
of  the  greater  extreme  arc,  the  firft  and  third 
terms  of  that  proportion  *  continuing  (lilt  the 
fame  as  before  -,  and  thefe  two  changes  com- 
penfate  each  other,  and  make  the  fines  of  the 
terms  of  the  fine  of  the  greater  extreme 
arc  the  fame  as  in  the  former  cafe.  There- 
fore when  the  noncuple  arc  is  of  any  magni- 
tude between  a  femicircle  and.  a., whole  circle, 
the  fines  of  the  terms  of  the  value  of  it's  fine 
are  contrary  to  what  thev  are  when  that  arc  is 
lefs  than  a  femicircle. T  And  from  the  reafon- 
ing  contained  in  this  *proof  'tis  evident  that  if 
the  fines  of  the  terms  that  compofe  the  value 
of  the  fines  of  multiple  arcs  change  in  the 
manner  here  defcribed  in  one  inftance,  they 
will  likewife  change  in  the  fame  manner  in  aU 
higher  inftances :  Confequently  fince  it  has  been 
ihewn  that  the  figns  of  the  terms  that  compofe  the 
value  of  the  fine  of  the  noncuple  arc  do  change 

in 
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in  this  manner*  it  follows  that  die.  figns  of  the 
terms  that  coifcpofe  'the  values  of  the  fines  of 
all  higher  multiple  arcs  do  alfo  change  in  the 
fame  manner. 

104.  The  whole  bf  the  preceding  reafoning 
upon  thefe  changes  of  the  figns  may  be  brief* 
ly  expreffed  in  Algebraic  characters  in  the  fol- 
lowing manner,  rut  x  for  the  line  of  the  mul- 
tiple, or  greater  extreme  arc,  y  for  the  line  of 
the  leffer  extreme  ate,  r  for  die  radius  of  die 
circle,  s  for  the  fine  of  die  fimplc  arc,  and  a—b 
for  die  cofinc  of  the  mean  arc  cxpreft  in  powers 

of  rand  $-,  and  let  _  x  </rrss  be  put  =  r. 

Then  'twill  be  evident  in  the  firft  place,  that 
when  the  greater  extreme  arc  is  lefs  than  a  femt- 
circle,  and  the  mean  arc  is  lefs  than  a  quadrant, 
x  will  be  greater  than  /,  and  x—y  will  be  the 
fourth  term  in  the  proportion  of  Prop.  6 j  MUo 
the  cofine  of  the  mean  arc,  not  having  yet 
changed  it's  figns,  will  be  a — b.  Therefore  in 
this  cafe  the  proportion  of  Prep.  6,  will  be  as 
follows,  r  :  z%a—b ~::  e  :  #— 7,  whence  x—jr 
2e      — _..  v* 


*  =  -p-  Xa--69  and  x  rs  —  x  *— *  -+■  /• 

Secondly  >  When  the  greater  extreme  arc  is  lefs 
than  a  femicircle,  and  the  mean  arc  is  greater 
than  a  quadrant,  y  will  be  greater  than  x>  and 
the  fourth  term  in  die  proportion  of  Prop.  6, 
will  be  y — x ;  and  in  dn9  cafe  the  cofine  of  die 
mean  arc,  having  changed  it's  figns,  will  be 
Therefore  in  this  cafe  we  have  r  ;  2  X~~ 


2* 


e  :  j~#,  whence  y~x  is  =s  —    x   b  * — * 

and 
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and  x  =  —  x  "*^3  -f.  y. 

^TbirHy^  When  the  greater  extreme  arc  is  ' 
greater  than  a  femicircle,  but  the  lefler  extreme 
arc  is  lefs  than  a  femicircle,  the  fourth  term  in 
the  proportion  of  Prop*  6,  will  be  x  -\-yt  and 
therefore  we  fhall  have  r  :  2  X  b  —  a  ::  e  : 

*H  whence  x+y  is  =  —  x  T^a,  and 
2e 


—  X  b—a—y. 

Fourthly  *  When  both  the  greater  and  the  lefler 
extreme  arcs  are  greater  than  a  femicircle,  but 
the  mfcan  arc  is  lefs  than  three  quadrants,  x  will 
be  greater  than  y>  and  the  fourth  term  in  the 
proportion  of  Prop.  6,  will  bex-—  y,  therefore 
in  this  cafe  we  fliall  have  r  ;  2  x  b —  a  ::  e  : 

2£ 

x  —  y%  whence x—  y is  =  —  x  J  — *,  and 


2e 


—  x  b  —  a  H-  y. 

Fifthly,  When  the  mean  arc  is  greater  than 
three  quadrants,  it's  cofine  will  be  changed  a  fe- 
cond  time,  and  will  therefore  be  a  <~  b  as  at  firft, 
and  y  will  be  greater  than  *,  and  confequenthr 
the  fourth  term  of  the  proportion  of  Prop.  6, 
will  be  y  —  x.    Ther?for?  r  :  2  x  a  —  b  ::  e 

zy — *,  whence  jr — #is  =  —    X     a  —  b, 

and  x  =  1L  x  fZTf+  y. 

Now  if  c— d  be  fuppofed  to  reprefent  the 
value  of  y  when  expreft  in  powers  and  multiples 
of  r  and  s,  c  being  equal  to  the  fum  of  all  the 

Q^  affirmative 
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affirmative  terms  of  that  value  when  the  lefler 

extreme  arc  is  left  than  a  femicircjc.  and  d  to 

the  fum  of  alt  the  ftegativt  terms  of  that  value, 

and  it  be  fliewn  in  the  cafe  of  the  lefler  extreme 

&fc  {as  it  has  been  /hewn  in  die  cafes  of  the 

triple,  and  quintuple  arcs)  that  when  the  lefler 

extreme  arc  is  greater  than  a  (emicircle,  the  figas 

of  the  terms  that  compofe  it's  fine  are  contrary 

to  what  they  are  when  that  arc  is  left  than  a  ie- 

micircle,  'tis  evident  that,  when  that  arc  is  greater 

than  a  femicircle,  d  will  be  greater  than  c>  and 

y  will  be  =  d  —  c.    Therefore  in  the  three  firft 

of  the  foregoing  cafes  y  Will  be  =r  *  —  J,  and 

in  the  two  laft  to  d — c.    Substitute  therefore 

c  ~  d  inftead  of  y  in  the  three  firft  values  of  *, 

and  d —  c  inftead  of  y  in  the  two  laft  values  of 

*,  and  we  (hall  have 

In  the  Firji  place,  #  =  —  x  a  —  b  -f-  y  sr 


2e 


X  a  —  b  +  c  —  4 

Secondly,  x  7=1  —   X  a~**b  +  y  zn  — 
—  $  j^.jc—d. 
Thirdly,  x  =  —   X   £  —  *  —  jr  =*  — 

Fmrtbly^  x    ^  —X  IFZa  +  v  =  — 


—  *  —  c  +  d.    And, 


r  ^  r 


£ —  * —  c  4- ,/.     That  is,  in  the  two  firil  cafes, 
in  which  the  greater  extreme,   or  multiple  arc 

is 
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£*  fo&  tkm  a  femickcle,  it's  fine  x  will  be  equal 

to  the quaswy  —  x  a~b  4-  * -*-</,  and  in 

thp  tfer«e  Utter  cafes,  io  which  the  greater  ex- 
treme, or  multiple  arc  is  greater  than  a  femi-> 
Qfcle,  but  lefs  1J13P  %  whale  circle,  it's  fine  x 

.     Off   -  

will  be  equal  to  the  quantity  —  x    b  —  *  — * 

f  ~f»  4  which  confifts  of  the  fame  terms  as  the- 
farmer  value  of  x,  only  the  fines  are  every  where 
changed. 

.  105.  Tis  evident  that  all  that  has  been  here 
laid  relates  to  even  multiples  of  a  given  arc  as 
vn$l  as  to  odd  ones,  fince  their  fines  may  be 
found  by  Prop.  6,  as  well  a$  the  fines  of  the  odd 
multiples ;  to  wit,  by  making  the  two  preceding 
even  multiples  of  the  fimple  arc  the  firft  ahd  te~ 
cond  terms  of  an  arithmetical  progreflion,.  of 
which  the  multiple  arc  whofe  fine,  is  to  be  iavef- 
tigated  is  the  third  term,  and  the  double  arc  the. 
common  difference. 

106.  If  any  one  is  defirous  of  feeing  the  two 
determinates  of  the  value  of  x  in  Art.  93,  re- 
duced to  one,  it  may  be  done  by  confidcrmg  the 
fine  of  $tn  arc  greater  than  a  femicircle  as  nega- 
tive. For  thw  by  fubftituting  —  x  inftead  of  x 
in  .the  equ^iqn  {exhibiting,  the  fecdnd  value  <?f  x> 
and  changing  the  figns  of  the  terms  of  that  y  a- 
lue  to  make  it  negative,  it  will  be  converted  into 
the  fapae  quantity  a$  the  former  value.     Thu^ 

if  in  the  equation  x  —  *.  ~~.r  -,  which  de- 
termines the  value  of  *,  when  the  triple  arc  is 
greater  thari  a  femicircle,  we  fubftitute  — x  in* 
ftead  of  x9  and  make  the  other  fide  of  the  *quar 

Qj2  tion 
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toon  negative  by  changing  the  fines  of  the  terms, 

we  fhall  have  — x  =  3rr*      **  ,  the  fame  quan- 

lity  as  when  the  triple  arc  was  lefs  than  a  femi- 
circle. 

1 07.  It  will  not  perhaps  be  amifs,  before  we 
put  an  end  to  this  corollary,  to  obferve  in  two  or 
three  inftances  taken  from  the  equation  for  the 
triple  arc,  how  perfc&ly  the  values  of  s  deter- 
mined by  it  coincide  with  thofe  before  found 
in  the  fame  cafes  jn  Part  firft. 

When  the  fimple  ace  is  half  a  quadrant,  its 
fine  is  equal  to  the  fine  of  the  triple  arc,  and  the 
equation  yrs — 45  *  r=  rrx  becomes  yrs  —  41* 
2=  rrsy  or  2rrs  — -  41'  =r  o;  whencerr  =  211, 
as  it  ought  to  be  by  EL  1.  47,  becaufe  at  that 
time  the  fine  and  cofine  are  equal. 

When  the  fimple  arc  is  60%  the  triple  arc  is  a 
femicircle,  and  x  =  o.  Therefore  the  equation 
becomes  in  this  cafe  $rrs  *- .41*  =  o  i  whence 

1  : 


rr  :  «  ::  4  :  3  ::  1 

:  •?,  and   r    :    s  ;: 
4 

V~z~,  as  in  Prop.  2. 

t  • 

When  the  fimple  art:  is  a  quadrant,  s  and  x 
become  each  of  them  equal  to  the  radius,  and 
the  equation  4* 3  —  yrs  —  rrx  becomes  4/- *  — 
yr%  -■=:  r?,  which  proves  itfelf. 

When  die  fimple  arc  is  1200,  the  triple  arc 
is  equal  to  the  -  whole  circle,  and  it's  fine  is  o. 
Therefore  the  equation  41  *  —  yrrs  =  rrx  be- 
comes in  this  cafe  45 *  . —  3rrj  =  03  whence  r 

1  :  ^r-2,  as  it  ought  to  be,  becaufe  s  is 
equal  to  the  fine  of  6o\ 

108.   COROL. 


•        mm 


&9-49- 
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108.  Corol.  5.  The  cofines  of  the  multiples 
of  a  given  arc,  or  their  relations  to  the  coiine  of 
the  given  arc  itfelf,  may  be  determined  by  the 
help  of  Coroll  4,  and  their  values,  when  the 
multiple  arc  is  greater  than  one  quadrant,  but 
left  than  three  quadrants,  will  be  expreft  by  the 
fame  quantities  a6  when  it  is  lefs  than  one  "qua- 
drant, or  greater  than  three  quadrants ;  only  the 
fines  of  die  terms  muft  every  where  be  changed. 

For  let  x  be  the  cofine  ot  the  fimple  arc,  and 
q  of  the  multiple  arc.     Then  will  **  =  rr ■— ss, 

and*  =Ty/rr — ss. 
And  for  the  double  arc  we  {hall  have  q  r= 

r»— ,2s%        rr —  2tr  +  zxx        2** — rr 

—  •    as 


r  r  r 

long  as  the  double  arc  is  lefs  than  a  quadrant, 
and  alfo  when  it  is  greater  than  three  qua- 
drants. 

.    .              2ss — rr,        2rr—.2xx  —  rr 
And  q   =: —    =  - 


t*  *  *  ■ 


:    ^      2X*f  when  the  double  arc  is  greater  than 

i  r 

one  quadrant,  but  lefs  than  three  quadrants. 

For  the  triple  arc,  when  either  lefs  than  one  qua- 

i.    drant,  or  greater  than  three  quadrants,  we  have 

m      r%~AS%        — rr—yr+txx 

I    ?  =       r>        x  %/""•-"■=  ~ ;-  - 

Am*  *^mm trrx       • 

X  x  =  — ■ —  ;  when  greater  than  one 

rr  ° 

quadrant,  but  lefs  than  three   quadrants,  q  = 

4*1  —  r% %rrx—~  ±x* 

j         rr  v  rr 

For  the  quadruple  arc;  q  is   equal  to  the 
fquare  root  of  the  difference  of  rr  and  the  fquare 

of 


n 
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1 1  o.  Corol.  •  6.  From  the  foregoing  corol- 
lary it  follows  that  the  equations  that  expreis  the    j 
relations  of  the  cofine  x  of  any  circular  arc  to    ! 
the  cofine  q  of  it's  double,  triple,  quadruple, 
and  quintuple,  are,  when   the  multiple   arch,    j 
whereof  q  is  the  cofine,  is  either  not  greater    | 
than  one  quadrant,  or  greater  than  three  qua- 
drants, thefe  that  follow,  to  wit.  j 
For  the  double  arc,  zxx  —  rr  =r  y,  tf 
For  the  triple  arc,  4.x3  —  $r,rx  —  nrq, 
For  the  quadruple  arc,  8x4—  8rjf^-r*  = 

And  for  the  quintuple  arc,  id**—  2orV 

-4-  $r*»  —  r  Y 
And  when  the  multiple  arc,  whereof  q  is  the 
cofine,  is  greater  than  one  quadrant,  but  lefs 
than  three  quadrants,  the  equations  of  the  co- 
fines  are  thefe,  to  wit. 

For  the  double  arc,  rr  —  zxx  r=  17, 
For  the  triple  arc,  $rrx  —  4**  —  rrq, 
For  the  quadruple  arc,   8r***  —  Vx*  — r4 

And  for  the  quintuple  arc,  2or**s  ~-~  i6x' 
~  —  5r*x  =  r4q. 
And  by  the  refolution  of  one  of  thefe  equa- 
tions, 'tis  evident,  we  may  find  the  cofine  x  of  the 
half,  third,  fourth,  or  fifth  part,  of  any  circular 
arch  whatfoever  whofe  cofine  q%  together  with 
the  radius  r  of  the  circle,  is  given. 

« 

11 1.  Corol.  7.  As  to  Sir  Ifaac  Neivtons  me- 
thod of  finding  thefe  equations,  it  may  be  ex- 
plained as  follows.  Let  the  given  angle,  of 
whofe  multiples  we  are  to  find  the  fines,  be  FAG 
(Fig.  56.)  Infcribe  in  this  angle  the  lines  AB, 
BC,  CD,  DE,  &c.  of  any  given  length  what- 
foever 


r 


tf. 


**j 

J4- 

B      / 

arlx          * 

C 

o  / 
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/ 

"^"^ 

F 
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foever,  fo  that  they  (hall  all  be  equal  to  each 
other.  Then  'tis  evident  that  as  the  triangles 
ABC,  BCD,  CDE,  EDF,  &c .  are  ifofceles,  -ths 
angles  at  the  bafe  of  each  of  them  will  be  equal. 
Therefore  CBD  -r  A  -f-  ACB  =  2  A  j  DCB  - 
A+ADC  —  A-+-CBD  =3Aj  EDF  =  A-4- 
AED  -A  +  DCE  =  4A  i  and  FEG  -  A  -f- 
AFE  =  A+  EDF  ~  5A  j  and  lb  on  :  Where- 
fore, drawing  BK,  CL,  DM,  EN,  &c.  perpen- 
dicular to  AC,  BDt  CE,  DF,  &£.  refpeclively, 
'tis  evident  AfC,  BL,  CM,  DN,  &c.  will  be 
the  cofihes,  and  BK,  CL,  DM,  EN,  &c.  the 
lines,  of  the'  angles  A,  2 A,  3 A,  4A,  &c.  la 
circles  whofe  radii  are  the  equal  lines  AB,  BC^, 
CD,  DE,  &c.  Put  AB  =  r,  and  AK  (the-co- 
fine  of  the  given  angle)  =  x  -,  and  from  the  fi- 
milarity  of  the  triangles .  ARK,  ACL-,  ADfifc 
AEN,  &c.  we  (hall  have  the  following  propor- 
tioos.  .  .    .."-"" 

In  He  firft  place  we  have  AB  :  AK  ::  AC  : 
AL,  or  r  :  x  ::  zx  :  AL »  whence  Alf  i$ 


2  XX 

— ,  and  confequently  BL,  the  cofitie   of  twice 

the  given  angle,   is   (=  AL— AB)   —    — • 

2**  —  rr 

• — r,  or —  j 

r 

Secondly,  We  have  AB  :  AK  ::  AO  :  AM, 

or  (becaufe  AD  is  =r  AL  -f-  LD  =*  AL  -f-  LB 

=  2AL  —  AB)  AB  :  AK  ::  2AL  —  AB  : 

AM;  that  is,  r  :  x  ::  ^L  —  r;  AM;  there- 

r 

fare  AM  is  =  T^- x,  and  CM,  the  cofine 

rr 

of  three  times  the  given  angle,  isfrr'ftM — 

R  AC 


i 


i 
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AC=rAM— 2AK)  =  i^i  —  3*,  or 

4Jy*  -—  $rrx 
rr 
Thirdly,  We  have  AB  :  AK  ::  AE  (=  2AM 

—AC)  :  ANj  that  is,  r  :  *  ::  !fl  _  4*  : 

rr  ^ 

AN;  therefore  AN  is  =  —L  -4**  ,      and 

DN,  the  cofinc  of  four  times  the  given  angle,  is 
(=AN-AD  =  *£  '=+«  =lff  +  r)  =» 

9x*  ~8x*  8**  —  Sr *x* -u  r* 

—  -*-  r,  or  *  ^r 

r>       r  r* 

Fourthly,  We  have  AB  :  AK  ::  AF  (= 
*AN  — AD)  :  AOj  thatis,  r  :  x  ::  (~ 

i— Sxx  — 4**  .   i6x4  —  izxx 

— -J-  4-r=  )  — - -1-   r  : 

*   t  v  r*  r 

AO  j  therefore  AO  is  =  2^-22*1  +  -  and 

r4        /r . 

EO,  the  cofine  of  five  times  the  given  angle,  is 

r+         rr  rr 

.      J     .  l6xf    — 20*J        f       „ 

r+         rr 

ibx*  —  2or%x'  +  cr4#      T     .     - 

4 — J —  •    In  the  fame  manner. 

we  may  find  the  cofines  of  greater  multiples. 

112.  Hence  'tis  evident  that  if  q  be  put  fuc- 
ceffively  for  the  cofines  of  the  double,  triple, 
quadruple,  and  quintuple  arcs,  the  equations 
cxprefling  the  relations  of  thefe  cofines  to  the 

cofinc 
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cofinc  x  of  the  fimplc  arc  FAG,  will  be  thefc 

chat  follow,  to  wit, 

For  the  double  arc,  2xx  ~-rr  —  rq% 
For  the  triple  arc,  4*'  —  yrrx  —  rrq,t 
For  the  quadruple  arc,  8a4  —  8r*x*  4-  r* 

And  for  the  quintuple  arc,  16  vs  —  zor%xl 
-f-  $r*x=>r4q>  which  are  exactly  the 
fame  equations  as  thofe  obtained  in  Co 
roL  6. 

113.  Thefc  equations,  'tis  evident,  are  true  as 
Ion e  as  the  cofine  q  has  any  magnitude,  or  as  long 
as  the  arc  fubtending  the  given  multiple  angle  is 
of  any  magnitude  lefs  than  a  quadrant  %  tor  fo 
long  the  radii  DE,  EF,  FG,  &c.  will  be  greater 
than  the  cofines  DM,  EN,  FO,  &c.  which  are 
the  perpendicular,  or  lcaft,  diftances  of  the  lines 
AF,  AG,  that  contain  the  angle  FAG;  and 
therefore  fo  long  may  thofe  radii  be  inferibed  in 
that  angle,  and  the  conflruftion  of, Fig.  56,  and 
the  reafonings  founded  upon  it  will  remain  the 
fame  :  Which  agrees  with  the  determinations  in 
Carol.  5,  and  6. 

114*  If  anyone  is  defirous  of  knowing  the 
equations  for  the  cofines  of  the  fextuple,  Septu- 
ple, o&uple,  and  noncuple  arcs,  the  equations 
for  the  fines  of  which  have  been  already  found 
in  Corol  j  ,  he  will  by  computing  them  by  ei- 
ther of  the  foregoing  methods,  but  mod  eafily 
by  Ifaac  New  tons  method  contained  in  this  Corol- 
lary, find  them  to  be  as  follows  5  to  wit, 
when  the  multiple  arc  is  either  lefs  than  one 
quadrant,  or  greater  than  three  quadrants,  we 
mall  have 

For  the  fextuple  arc,  32X6  — 48r*#44-i8r4** 
«— r*  =  r  *q, 

R  2  For 


H 
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For  the  feptuple  arc,     64a7  —  U2r%x'  4- 

For  the  odtuple  arc,    128** — 256r1*6  + 

i6or*A-4  —  32r6A*  -f-r8  =  r7y, 
And  for  the  noncuple  arc,  256  *'  —  576r**7 

+  432r4^5  —  *  20r6x*  -+-  gr*x  —  r*q. 
And  consequently,  when  the  multiple  arc  is 
greater  than  one  quadrant,  but  lefs  than  three 
quadrants,  we  fhall  have  • 

For  the  fextuple  arc,  r6  —  i8r4#$  -f-  48rA*4 

—  32V6  —r'q, 

For    the  feptuple  arc,    jr*x  —  $6r *x%  + 

I  nr%x5  — 64V7  =  r6y, 
For  the  o&uple  arc,  z$br*x6  -+-  $zr$x%  •— 
128*8  —  j6or*A4.«*—  r8  —  r7y, 

or  —  128?*  -H  256r*x6  — 
i6or*x*  -|-  32r6,\*  —  r8  =r7q, 
And  for  the  noncuple  arc,  tf6r*x7  -M2orV 
f—  256**  —  432r4*5  —  pr8*  =  r8£, 

or  -F-  256  :9  4-  576r*A;; 

—  432r4x5  -Jr  i2or*x3  —  9r8*  =  r8£. 

115.  CW.  8.  Sir  Ifaac  Newton  in  the  foremen- 
tioned  ProbUm  of  his  Algebra,  does  not  adually 
ccjnpute  the  cofines  of  the  double,  triple,  or 
any  following  multiple  of  the  given  angle  FAG, 
but  only  {hews  how  they  may  be  computed  by 
the  method  defcribed  in  the  laft  Corollary :  la* 
{lead  of  the  cofines  he  has  there  chofe  rather  to 
compute  the  chords  of  the  complements  of  the 
multiples  of  that  angle  (which  he  fuppofes  to  be 
fit  u  a  ted  in  the  circumference,  not  at  the  center, 
of  a  circle)  to  a  right  angle,  which  is  performed 
in  the  following  manner. 

If  AB  (Fig.  56.)  be  made  the  diameter  of  * 

circle  inftead  of  it's  radius,  BK  and  AK  will  not 

the 
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be  the  fine  and  cofine  of  the  angle  A,  or  the 
fines  of  the  angles  KAB,  ABK,  in  that  circle; 
but  they  will  be  the  chords  of  the  arches  that 
fubtend  thofe  angles,  which  will  now  be  fituated 
in  the  circumference  of  the  circle,  becaufe,  the 
angle  AKB  being  a  right  angle,  the  circle  will 
pafs  through  the  point  K.  In  Tike  manner  BL, 
CM,  DN,  EO,  &c.  will  be  the  chords  that  fub- 
tend the  angles  BCM,  CDM,  DEN,  EFO,  &c. 
fituated  in  the  circumferences  of  their  refpedtive 
circles  j  that  is,  BL,  CM,  DN,  EO,'  &c.  will 
be  the  chord  that  fubtend  the  complements  of 
2A,  3A,  4A,  5A,  &c.  fituated  in  the  circum- 
ferences of  their  refpedive  circles,  to  a  right 
angle. 

Now  let  AK  —  ,v,  as  before,  and  put  AB  =  2r. 
The  proceffes  wjll  be  as  follows. 

Firfi,  AB  :  AK  ::  AC  :  AL  *   or  ir  :  x 

::  2x  :  AL  5  therefore  AL  is  =  — ,  and  BL, 

r 

the  chord  that  fubtends  the  complement  of  2  A, 
fituated  in  the  circumference  of  a  circle  whofe 
diameter  is  BC,  to  a  right  angle,  is  =  AL — AB 

xx  xx zrr 

= 2r,  or  —*- . 

r  r 

Secondly,  AB  :  AK  ::  AD  :  AM,  or  (be- 
caufe AD  is  =  AL  +  LD  =  AL  +  LB  r-r  2AL 
— AB)AB  :  AK  ;:  2AL — AB  :  AMj  that 

is,  2r  :  x  :;  — = 2r  :  AM;  therefore  AM 

r 

xl 

is  r=  —  —  xy  and  consequently  CM,    or  the 

chord  that  fubtends  the  complement  of  3  A,  fi- 
tuated in  the  circumference  of  the  circle/ to  a 
right  angle,  is  ( —  AM  —  AC  =  AM  7-  2AK) 

■ 


1 
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I  w) 


—-  —  3#>  or  2 — 

rr  rr 

Thirdly,  AB  :  *AK  ::  AE  (=  2AM  —  AC) 

:  AN  j  or  zr  :  x  ::  —  —  4*  :  AN.  There- 

rr 

fore  AN  is  =  —    IT— 2?,    and  consequently 

DN,  the  chord  that  fubtends  the  complement  of 
4A,  fituatcd  in  the  circumference  of  the  circle, 


x4 


to  a  right  angle,  is   (=  AN — AD  =_ 

r* 

2XX      —ZXX    .     „  x  X*      —   AXX 

-*-  *•*   —  22 (-   2T, 


Pwrf^,  AB  :  AK  ::  AF  (a  2 AN— AD) 

(2X*  '     —  4JCJC 
T-      • — r~ 
r1  r 

•—  2**  .     ax4     —  6xx 

— J-  *r  =)    — +     zr    : 

AO.    Therefore  AO  is  t=  ^    =22!+*,  ad 

confequently  EO,  die  chord  that  fubtends  the 
complement  of  5  A,  fituated  in  the  circumference 
of  the  circle,  to  a  right  angle,  is  =  AO  — AE 

**    —  3*J  •       2Xl  X* 

=  -r  — ~ h  #  ~-  •+.  ax  7=2  — 

r4       rr  rr  ^  r+ 

—  $x*  xs —  trrx*  -f.  cr4# 

—  —  i-l-  cx9  or  • 

1 1 6.  Therefore  if  y  be  put  fucceffively  for  the 
chord  that  fubtends  the  complement  of  die 
doable,  triple,  quadruple,  and  quintuple,  of  the 
given  angle  A,  or  FAG,  to  a  right  angle,  the 
equations  exprcfiing  the  relations  of  thofe  chords 

to 
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to  the  chord  AK,  or  x,  that  fubtends  the  com* 
plement  ABR  of  the  fimple  angle  FAG  to  a 
*ight  angle,  will  be  as  follows. 

*•'  For  the  double  angle,  xx  —  zrr  =  rq9 
For  the  triple  angle,  xl  —  $rrx  =  rrg, 
For    the  quadruple  angle,    xl  —  4/-*** 

+  2r+  =  r'q> 
And  for  the  quintuple  angle,  x*  —  $r*xx 
-+.  $r+x  —  r+q. 
117.  If  by  the  foregoing  method  we  com- 
pute the  chords  of  the  complements  of  the  fex- 
tuple,  feptuple,  odtuple,  and  noncuple,   of  the 
riven  angle  A,  to  a  right  angle,  we  (hall  find 
tne  equations  expreffing  their  relations  to  the 
chord  x  of  die  complement  of  the  fimple  arc  A 
to  a  right  angle,  to  be  as  follows. 

For  the  fextuple  angle,  x6  .^r1*4  +gr4x% 

—  2r*  =r  r *  q% 
For  the  feptuple  angle,    x1  —7r%x'   4- 

I4r4xj  —  yr6x  =  r'q, 
For    the    o&uple  *ngle,     x*   —  8r*x* 

-H  aor**4  —  i6r *x%  -f-  ir%  =  r  7q9 
And  for  the  noncuple  angle,  x*  —  gr*x7  -f- 
2jr+x$  ^— 3or6x3  -+-  gr*x  =  r*q. 
il8#  If  the  diameter  AB  be  called  d  inftead 
of  2r,  or  if  the  chords  a  and  x  be  referred  to 

AB 
die  diameter  AB  inftead  of  the  radius  — -  or  r9 

2 

'tis  evident  the  equations  expreffing  the  relations 

of  q  and  x  to  each  other  will  be  exa&ly  like 
thofe  obtained  in  Carol.  7,  for  the  cofines  of 
multiple  arcs,  only  that  d  muft  every  where  be 
fubftituted  inftead  of  r :  For.  the  procefles  for 
finding  the  values  of  the  chords  q  will  be  in 
every  refoe&  the  famp  with  thofe  in  Corol.  7  for 
finding  tne  cofines  of  the  multiple  arcs,  except- 
ing 
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m  iffg  only  that  the  letter  d  will  every  where  be 
made  ufe  of  mftead  of  the  letter  f9  Therefore 
if  A  be  any  angle  fituated  in  the  circumference 
of  a  circle  whofe  diameter  is  d,  and  x  be  the 
chord  that .  fubterids  the  complement  6f  th*t 
angle,  fituated  likewife  in  the  circumference  of 
the  fame  circle,  to  a  right  arigfe,  and  q  be  put 
fucceffively  for  the  chord  that  fubtends  the  com- 
plement of  the  double,  triple,  quadruple,  and 
other  following  multiples,  of  that  angle,  fituat- 
ed like  wife  in  the  circumference  of  die  fame  cir- 
cle,  to  a  right  angle,  the  relations  between  x 
and  q  will  be  exprefl  by  the  following  equa- 
tions, to  wit. 

For  the  double  angle,  2xx  —  dd=zdq, 
For  the  triple  angle.  4#*  —  $ddx  =  ddq% 
For  the  quadruple  angle,  8*4  —  &/**•  -+-  d+ 

For  the  quintuple  angle,  i6#5  —  20</*xJ  + 

$d+x  z=  d+q> 
For  the  fextuple   angle>  32**  —  4$d*x*  + 

iSd+x'—d*  =:d'q, 
For  the  feptuple  angle;  64**  —  iiid1***  + 

For  the  oftuple  angle,  I28r8  —  2$6d%x€  + 

i6od*x* — $2&x%+&'z=2d?qt 
And  for  the  noncuple  angle,  356.V9  —  £76^ 

*7  H-  432</4*5  —  ilod*x*  +  gd*x  —  d%q. 
1 -1 9.  *Tis  evident  thefe  latter   equations  ifl  i 
which  the  diameter  AB  is  piit  =  d  are  rita9j 
lefs  fimple  than  thofe  obtained'  in  the  lacft  article 

AB 

by  putting  AB  —  arf  or  —    ~  r  j  and  thJsf,  I 

imagine,  is  the  reafon  why  Sir  J/adc  Newton 

%    has  thought  fit  to  exprefs  the  relations  of  q  and  * 

to  each  other  fcy  the  foraief  equations  in  wW^ 


J 
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AB  is  =  2r9  rather  than  by  the  latter  equations 
in  which  AB  is  =  d9  or  to  refer  the  chords  a 

AB 
tnd  x  to  the  radius  r,  or  — ,  rather  than  to  the 

diameter  d%  or  AB,  to  which  latter  line  it  is  moft 
ttfual,  and  would  otherwife  perhaps  be  more 
convenient,  to  compare  the  chords  of  circular 
arches. 

120.  The  equations  obtained  in  the  two  pre- 
ceding articles  may,  if  we  pleafe,  be  eafily  re* 
ferred  to  angles  fitoated  at  the  center,  and  not 
in  the  circumference,  of  a  circle,  in  the  follow- 
ing manner.  If  AB  be>  as  before,  the  diameter 
Of  a  circle,  'tis  evident  the  lines  BK  and  AK  will 
be  the  chords  of  arches  that  fubtenS  at  the  cen- 
ter of  the  circle  two  angles  that  are  refpedlvely 
double  of  KAB  and  ABK,  or  which  are  equal  to 
aA,  and  (twice  the  complement  of  A  to  a  right 
angle,  or)  the  complement  of  2  A  to  two  right  an* 
glcs.  In  like  manner  the  chords  BL,CM>DN,EO, 
w.  wilKubtend  at  the  centers  of  the  feveral  circles 
whofe  diameters  are  the  lines  BC,  CD,  DE,  EF, 
($c.  {which  are  aH  equal  to  AB)  angles  (that 
are  rcfp^Hvely  double  of  the  angles  BCM,  CDMt 
DEN,  EFO,  Cfo  or  of  die  complements  of  2A# 
3A,  4A,  5A,  6fc.  to  aright  angle,  or)  that  are 
rcfpe&vdy  equal  to  the  complents  of  4A,  6At 
8 A,  10 A,  &c.  to  ttoo  right  angles*  Therefore 
if  B  be  =r  2A,  and  confequently  2B  =r  4A* 
3B  =.-  6 A,  4B  —  «A,  *B  =  10 A,  &c. 
the  chords  AK,  BL,  CM,  DN,  EO,  &c.  will 
Aibtend  at  the  centers  of  their  feveral  circles  tha 
eomplemeftts '  olf  B,  2B,  38,  4B,  58,  &c.  to 
two  right  angles*  Therefore  if  *  be  put  for  the 
chord  that  fubtends  it  the  center  of  a  circle 
whofe  radius  is  r,  and  diameter;  d,  the  comple- 

8  ment 
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ment  of  any  propofed  angle  B  to  two  right  aagle^, 
and  q  be  put  fucceffively  for  the  chord  that  iub- 
tends  at  the  center  of  the  fame  circle  the  com- 
plements of  the  double,,  iriple,  quadruple,  quin- 
tuple, and  other  following  multiples,  of  the  an- 
gle B  to  two  right  angles,  the  equations  expre£ 
ling  the  relations  of  the  chords  q  and  x  will,  if 
we  refer  them  to  the  radius,  or  make  the  diame- 
ter equal  to  2r,  be  as  follows,  to  wit, 

For'the  double  angle,  xx —  2rr  z=z  rg3 
-      Fbrthe  triple  angle,  * ?  —  yrx  =rr  rrqy 
&c.  as  in  Art.  1 16,  and  117. 

And  if  «we  refer  the  chords  q  and  x  to  thedia- 
meter*  of  make  the  diameter  equaUo  d>  the  equa- 
tions expreffing  therelations  of  thefe  chords  will 
be  as  follows,1  to  wit, 

For  the  double  angle,  2xx — dd—  dq> 

For  the  triple  angle,  4*r  —  $ddx'.—  ddq, 
t$c.  as  in  Art.  118. 

•121.  But  thefe  different  fuppofitions  of  angles  at 
the  center,  and  angles  in  the  circumference,  of 
a  circle,  may  be  avoided  by  referring  the  chord* 
to  the  arches  they  fubtend  without  making  any 
mention  of  the  angles,  which  is .  in  general  a 
more  convenient  method  of  considering  them 
than  with  relation  to  the*  angles.-  Now  if  this 
be  done,  'twill  be  evident  that  if  x  be  the  chord 
of  the  fupplement  of  any  propofed  arc  to  a  fe- 
micide in  a  circle  whofe  radius  is.  r  and  diame- 
ter d,  and  q  be  put  fucceffively  for  the  chord  of  th* 
iupplementof  the  double,  triple,  quadruple,  quia* 
tuple,  and  other  following  multiples  of  the  pro^ 
pofed  iarc,  to  a  femicircle,  the  equations  exprei\v 
iing  the  relations  of  q  and  x  to  each  other  will,  if  ~ 
we  refer  them  to  the  radius  of  the  circle*  or  put 
the  diameter  equal  to  2r,  be  as. follows  ;  to  wit, 

For  the  double  are,,  xx—zrr  zz  rg: 

For 
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For  the  triple  arc,  #* — yrxz=zrrqf 
1§c.  zsmArt.  116,  and  117. 

And  if  we  refer  the  chords  q  and  x  to  the  dia- 
meter of  the  circle,  or  put  the  diameter  —  df 
the  equations  expreffing  the  relations  of  q  and  x 
to  each  other  will  be  as  follows  5  to  wit, 
'  For  the  double  arc,  2xx  ~ddz=z  dq9 
For  the  triple  arc,  4* l  —  $ddx  —  ddq, 
&c.  as*  in  Art.  118. 

122.  Thefe  equations,  ^"evident,  are  true  as 
lpng  as  the  chord  q  of  the  complement  of  $he 
multiple  arc  to  a  femicirele  has  any  magnitude,. 
or  as  long  as  the  multiple  arc  is  of  any  magni- 
tude lefs  than  a  femicirele ;  for  fo  long  the  dia-f 
meters  DE,  &F,  FG,  &c.  will  be  greater  .than 
the  chords  EN,  FO,  PG,  &xc.  which  are  the. 
jJeqpendicular/  ,or  leaft,  'diftane'es  of  dip  lines" 
AF,  AG,    that  contain  the  'angle  FAG;' .and" 
therefore  fo   long,  may  thojfe  ^meters  befn- 
fcribed  in  that  angle,  arid  the  cpnftrudtidh-  of 
Fjgv  56,  and  the  reafonings  found  upon  it  Will 
continue  the  fame.     Afterwards  when  the  mul- 
tiple arc  is  greater  than  a  femicircld,  but  lefs  than 
a. whole  circle,; thibfe  termf   of  the '  equations 
which  before  were  the  leffcr  and  therefore  were, 
tehfraifted  from   the  others,    will  become  tfaex 
greater,  and  c6Afequently  the  others  muft  pow. 
be  fubtrafted  from  them ;  that  is,  in  other  words, 
the[figns  of  all  the  terms  on  the  firft,  or  left-hand^ 
fidgs  of  the   equations   muft  -every   wherp    be 
^nged.     In  this  cafe  therefore,  if  .the  dUltic;^ 
tcr be  put  ~  2  rT  we  fhall  hav*j,   ,  #\ 

For  the  double  arc,  zrr  —  xx  r~  rgt  J  ^§ 

or  the  triple  atcj  t$rrx—±x>  z=z  rrqy 

For  the  quadruple  arc,  $r  \x *  —x *  —  2r  4  —  r9* q* 
.^Forthequintuplearc^r^3  — x5  — $r4x  -V.4£ 
•w<Tfo  of  the  following  equations : 

S  z  And 


*ja  ELEMENTS?/ 

And,  if  the  diameter  be  put  —  d,  we  (hall  have 
For  the  double  arc,  dd  *— *xx  ^=z  dq% 
For  the  triple  arc,  $ddx—  4**  —  <%, 
Fortheoua^      arc,  &/***  —8x+-Jh=d'g9 
For  the  quintuple  arc,  zod1**  — 1{5*5— ■? 
Sd*x  =  ** 
and  fo  of  die  following  equations. 

The  demonftration  of  tiiis  regular  change  in 
thefe  equations  will  be  given  in  the  latter  oajt  oC 
the  next  Corollary,  Art.  133,  and  Seg. 

123.  Coral.  9.  From  the  chords  of  the  com? 
plements  of  tjic  feveral  multiple  arcs  to  a  femi- 
circle  we  may  derive  the  chords  of  the  feveral 
multiple  arcs  themfelves  in  the  following  manner. 
Let  y  be  the  chord  of  die  fimple  arc,  and  let 
f  ftand  wceeffively  for  the  chord  of  the  double,' 
triple,  quadruple,  quintuple,  and  other  fpllowy 
ing  multiple  arcs  :  Then  'tis  evident  that  44  wilfc 
be  equa}  to  ft  -4-  W,  and  alio  to  yy  -4-  xx,  and 
consequently  qg  wilfbe  -=.44—*PP*  **  to  44  — yyt 
3c4  tp  ttd—yyY  or  d*  — 24xyx  rhy*,   *'  to 

%EM*  ^*  — 3^*  +  3*J4  —J'*.  *'  to: 
J^T^*.  Q*  d^-rtffy*.  -h  Wy*>  —  4<*>*  -fc. 
*•,  and*"  to  44^-yyV.  or/"  —  eV»/»  -f.  10 
/y  _  1^+  S^jr*  —  J* %  &c.  Therefore 
in  the  firil  place,  fince  2xx—4J'k  —  4q,  and 
confequently  4x*."—  4/***  -f-^4  =  <fy%  it  will 
follow  by  fubflktttjng  the  values  of  x  and  f,  that 

4  x">~—  *J*j*  -*-j*  —  4^*  x  <#  —  yy  -f-  A 
or  4V4  —  W*J *  -i-  474  —  4^4~i-  4££jh^*»  or 
0*  —  44*y*  -*-  >,  is  —  ^/  x  44— ft,  or  /♦ 
— </*^S  and  confequently  4^»jr*  — 4J*  =  /*jM, 
St&nfiiy,  Since  4.x*  —  3^  Is  =  <%,  wg 

#»lll  Mvc  »°*6  ^  *¥***  •+-  9^*  =?  <fy  *. 

was 
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ftrtk,  1.6  x  4?  rr  3^  *  •+■  3.4>1t >*  ~  ^ 

—  24i«  4-  48^*  -  244[>*  4-  &  4-.  9^y*  =5 

<f«  —;*»£.•;  or  i?—.oiT  •*  M>4  ■**  »&'  » 
>  —  i*/f ,  ap**  oi>*  —  24^.*  -fe.  i£y«.  =  i* 

>%  and  coQfequvpJjr  3^/  —  42''  =  4fr 

r#r#,  Since.  $x*  -r  W**  4r  i*  is.  -=.  <&£ 
we  fhajj  Wfi  (ifx*  —  i*8i***  4*  64^*4f*r-rr 
lbd*x*  —  i6i6**  4-  i*,  op  64*»  --  iztyotf 
4-  8oi4x*  —  lfrftx'  4-i*>  ~  4V»  <W  fc» 
ilfx  *•  —  J#?M  -M*  >*•  ~  40*  '-h.r>— 

ii%d*  x  i'  —  3<l*y*  -h  3<T*  r"  ^  ;+•  8o</* 
X  'd+T-*2d'y%  -fry*  —  i6i*  *4d-^Jy  4- is 

ra  i<  X  <#  —  JfTw  fyi*  —  25^'  -|-  38 
^4  _  256^'  -H  64**  —  1282/*  4-  3^6jf 
.—  xl+d'y*  4*  1.28^*  4-  8o*P  —  i6oJ6y%  4- 
flp^*  __  ,6</»  .+.  i6i«.y*  4-  if  —  i»"—  i'/>*» 
or  i» —  i6iy  •+"  8pi*j*  —  12SJY  +  647* 
z=z#<-*&p*%  an*  consequently  i6^*jr* — -  8ttff 

Fourthly,  Since  :&•'  -  2oi*A»  -+-  5</*xis  — 
i*f,  we  mall  have  256x,a  »—  640^ a8  -4-  40c*/* 

X*  4-  l6oi4X*  —  200i**4  -4-  2$d*Xx    =  i8f*, 

<or  25$**  •   —  fyoi4*'  4-  s6oi***  -^  2qq4<x* 

4-  2^**  ~  i'/'i  that  is,  256.  x  #*•  —  $£*• 

4.  ioj«y  -r-io?*j>6  4r  sW'-^y  °  — 64QJ?  x> 

j»  —  4^»jr*  ZT&'j*  —  Atff  4-  j'  4-  S W* 

*  4'--  3iy  4-  3i  y*  "-ft  "TjflQlC1  X." 
jir>  —  2i*/*  -+- >♦•  4-  25if  X  dd<-*?.yy,T=3  d*  x 
M  —  pf>y  pr  X56i10  tr- 12804^'  4*  2560^^^ 
— »  25l6oi*>4  4?  1280/*/*  — -  256? '  °  —  64oi««* 
4r  2$6od*y*  — *.  3840^* -4r  2$6od*y*  —640. 
i»y  4-  56oi«  °  — 1680^*  4-  i68oi4,;*  -^-  560^ 
>y«  —  2oo</ '  •  4-  4Q<id%y%  —  20oi8t *  4-  2  ri»  *i 

-  25 
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—  2$dy  =  4*  •  —  &p\  or  dl  4  —  25*/ 
2ood6y* —  $bod*y*  -h  64oi\y8  — 2567 I0  = 
^« •  _ ^^  whence  2$d%y%  —  2ood*f  -{-560 
,/y  —  64.o</y  +  2567"  =  </8^\  and  confe- 
quently  51^  —  2od*y l  -+±  1 6y s  —  i/4/>, 

124.  Therefore  if  ^  be  the  chord  of  any  arc 
in  a  circle  whofe  diameter  is  </,  and  p  be  put 
fucceffively  for  the  chord  of  the  double,  triple, 
quadruple;  and  quintuple  of  that  arc,  the  rela- 
tions between  the  chords  y  and  p  will  be  expref- 
fed  by  the  following  equations  ;  to  wit, 

For  the  double  arc  we  fhall  have  \d*yx  —  47* 

=  fp\ 

-  For  the  triple  arc,  $<bfy> —  4^  ~  ddp> 
For  the  quadruple  arc,  ibd6y%  — Sody  ■+- 

i2$dy  —  64/  r=  d6p\      '       \    _. 
And  for  the  quintuple  arc, ,  $d*y  —  %od%y %  -+-  . 
i6y5  ^zd*p. 

1 25.  And  in  the  fame  manner  that  thefe  equa- 
tions have  been  computed, .  may  the  ^quatipns 
for  the  chords  of  all  the  following  multiple  arcs 
be  derived  from  thofe  found- in  the  laft  Corollary 
fjpr  the  chords  of  thfi  complements  of  thofe,  mul- 
tiples to  a  femicircle.  -But -it  muft  beobferved 

X  •  '    »  ...» 

that  the  equations,  fo  obtained  cannot  by  this  me- 
.  tjiod  be  concluded  to  extend  further  than  to  thofe 
cafes  in  which  the  multiple  arc  is  not  greater 
than  a  femicircle  (although  in  truth  they  extend 
fikewife  to  the  other  cafe  in  "which  the  multiple 
arc  is  greater  than  a  femicircle,  but  lefs  than  a 
whole  circle,  as  will  prefently  be  fhewn),  be- 
caufe  the  method  by  which  we  obtained,  by 
means  of  Fig.  56,  the  equations  for  the  chords  of 
the.  complements  extends,  onlyto  thofe  cafes  in 
which*  the  multiple  arc  does  not  exceed  a  femi- 
drdle,  ■       -  * 

But 
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126 .But  the  equations  for  the  chords  of  multipfe 
ires  may  be  derived  immediately  from  tKe  equa- 
tipni  for  their  fines  in  the  following  manner.    If 
s  be  the  fine  of  any  circular  arc  called  A,  Sid  x 
be  put  f o{  the  fine  of  the  double,  ^triple,  qua- 
druple, or  any  other  multiple  of  the  arc  A  cal- 
led m  A,  in  a  circle  whole  radius  is  r  and  diame- 
ter d9  and  y  be  put  for  the  chord  of  2A,  and  p 
for  the  chord  of  2wA,  'tis  evident  that  d  will  be 
double  of  r,  y  of  sy  and  p  of  *,    and  confe- 
quently  dy  y>  and  p  will  be  related  to  each  other 
in  the  fame  manner  as  r,  sy  and  x,  or  the  rela- 
tions of  dy  yy  and  p  to  each  other  will  be  expref- 
fed  by  an  equation  involving  the  fame  combina- 
tions of  the  lines  dy  yy  and  p  one  with  another 
as  the  lines  r,  5,  and  #  undergo  refpettively  in 
the  equation  that  expreffes  their  mutual  relations 
to  each  other.     Therefore  if  we  put  B  =  2 A, 
and  confequeritly  mB  —  2mAy  the  relations  of 
the  chord  y  of  the  fimple  arc  B  to  the  chords  p 
of  the  feveral  fucceffive  multiples  of  the  arc  B 
denoted  by  mB}  will  be  as  follows';  to  wit,  w$ 
we  fliail  have 
For  the  double  arc,  \dxf  —  47*  —  d\p%%  " 
For  the  triple  arc,  $ddy  ~4y3  *=  ddpy 
For  the  quadruple  arc,  \6d6y*  —  8o^4y*  + 
I28</^6  —  b±y*  =d6p\  .        ' 

For  the  quintuple  arc,  $d*y —  2od%y%  +i6y5 

-d*py  '      < 

For  the  fextuple  arc,    ^6dloy%  — r  420^ 4  +■ 

\ygzd6yf  —  34564V  -+-   3Q72dzyl° 

—  10247'  *  —  ^lo/% 
For  the  feptuple  arc,  7</6y — $bd+y'i-+-ii2d*y* 

—  647?  -//</>, 
For  the  o&uple  arc,  6$dl+y%  —  1344^' l?4. 
10752*/'  °jp*r—  42240^*  7^-90  n*d6y f  • 

—  106 
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A^rS^i  *bitartftc  arc,  $*y  -*-  **#/'  4- 

itr  ff^e  *»*  toe  chords  to  the  fluids,  <* 
fobftinite  *r  ihftead  of  i  &  afl  Ac  tertas  of  the 
foragotog  equations,  they  Will  ^  hereby  ren- 
fort  fottewhit  frailer,  and  will  be  as  follows  s 
to  wit,  we  mall  have 
For  thfc  double  arc,  4ir«jr*  ■*■  J*  =  '  ^  » 
F«r  the  triple  arc,  3^  —  j>*  =  "ft 
Fdr  the  quadruple  art,    i6*6>*   —  zor*j>* 

For  the  quintuple  «c,  $r*j—yy+j*zs*  fr 
Fdtfcefetfutie  arc,  36r-;*  -.105^;  + 

Fort^'feptttple  arc,  7^ -  ifrV  +8'^ 

For  the  oftuple  arc,  6^ « *f  -  33^ '  V*  + 
67»r  *•♦••  —  *6or'y'  +  35^7' *  —  I0* 

And  for  the  uoncuple  arc,  or'jr  —  30^'  -h 

ia8.  And  here  fc  muft  be  oWerved  that,  bc- 
caufe  th*  equation  for  the  fines  s  and  *  from 
which  the  foregoing  equations  for  die  chords  y 
«d  p  are  Mm  ate  true  (by  <W.  ^  a*  long 
as  the  multiple  arc  «A  is  ot  any  magnitude  left 
San  a  fcmkSrcle,  that  is,  as  long  as  the  arc  «B 
fe  of  any  magnitude  left  than  the  whoie  circle, 
and  alfo  the  quantities  J,  J,  and \p  continue  to 
be  refp^aively  double  of  r,  *,  and  *  as -10"5*8? 
the  arc  »B  is  of  any  magnitude  lefs  than  the 
whole  circle,  it  follows  that  the  foregoing  eqm- 
X„8  for  the  Chords  of  the  multiple  arcs  (as  well 
wSi  Aofc  chords  are  referred  to  the  radmsjis 


1 
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when  they  are  referred  *  to  the  diameter,  or  as 
well  when  the  diameter  is  put  —  2r  as  when  it 
is  put  =  </;  for  'tis  evident  this,  difference  of  no- 
tation cannot  make  any  change  in  the  iigns  of 
the  terms  of  thefe  equations :)  muft  be  true  as 
long  as  «B,  or  the  multiple  arc,  is  of  any  mag- 
nitude lefe  than  the  whole  circle,  agreeably  to 
the  allertion  in  Art.  125. 

129*  Hitherto  we  have  determined  the  equa- 
tions of  the  chords  of  multiple  arcs  by  deriving 
'  them  either  from  the  equations  of  the  chords  of 
their  complements  to  a  femicircle,  or  frpm  the 
the  equations  of  the  fines  of  multiple  arcs.  But 
if  we  would  determine  them  in  a  more  immedi- 
ate manner  without  any  regard  to  the  fines,  or 
the  chords  of  the  complements  to  a  femicircle, 
we  may  obtain  them  by  the  help  of  Prop.  4,  and 
io,  in  the  following  manner. 

In  Fig.  9,  let  the  diameter  AM  of  the  circle 
ABC,  whofe  center  is  O,  be  put  —  d%  the  chord 
of  the  fimple  arc  AB  ^?  y,  and  the  chords  AC, 
AD,  AE,  AF,  &c.  of  the  double,  triple,  qua- 
druple, quintuple,  and  other  following  multiple 
arcs  be  fucceflively  reprefented  by  p.  Draw  the 
chord  BM ,and  from  the  center  O  draw  OQ per- 
pendicular to  the  chord  AB,  and  meeting  it  in 
point  Q^  Then  Vis  evident  the  triangles  ABM, 
AQO  will  be  fjmilar,  and  confequemly  AM  will 
be  to  BM  as  AO  to  OQ,  and  AM  :  2BM  ::  AO 
:  20Q^  But,  by  Prop?^  Corol.  1,  AO  :  zO<\^ 
::  AB  :  AC,  beciufe  OQJs  the  cofine  of  halt 
the :arc  AB*  therefore  AM  :  2BM  ::  AB  : 
•AC,    Therefore  

in  the  firft  place  we  have  d  :  2^/dJ—yy  :: 
y  :  AC  j  confequently  AC,  or  the  chord  of  the 

T  double 
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double  arc  AC,  is  =  2*.<S"jz#. 

Secondly,  By  Prop.  10,  we  have  AB  :  AC  :: 
AC  :  AB  4-  AD,  and  confequently  AM  :  2BM 
::  AC  :  AB  -h  AD,  that  is  /:  2^/dd—yy  ; 

:  tyXi/Zl—  %■  .  y  +  AD.  therefore jr-h  AD 
is  :=  ££j!!_r22L,  and  AD  or  the  chord  of  the 
triple  arc  AD,-  is  =;  ii^'^1   —  y  = 

Thirdly;  By  Pr#.  10,  we  have  AB  :  AC  :: 
AD  :  AC  4-  AE,  and  confequently  AM  :-gBM 
;:  AD  :  AC  +  AEtthat  is,  d  :  ty/dd  —  yy 


r      at?   •    iy^/dd—yy  .         td*y —  Syj 
fore  AE  -t-  ^ Y-. — &-  is  —  — w — *-     X 

</dd—  yyt  and  AE,  or  the  .chord  of  the  qua- 

j      1  at?    •   *      6</*y — 8*J  _ 

druple  arc  AE,  is  (=  — f  ^  x  s/dd—yy 

-»*</*=& -*&££.  x  ^z^ 

y/dd^yy? 

Fourthly,  By  Prop.  10,  we. have  AB  :  AC 
::  AE  :  AD  -+-AF,  and  confequently  AM  : 
2BM  ::  AE  :  AD  -J-  AF,  that  is,  d:  zjdd—fl 

'     <  AF 
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Afr}  therefore  — ^U"-4^  "  +  AF  is.  = 
8</*y— i6y»     -  -r, 

—  >— -    x  dd— yy  = 

~~  d*~^^     *  and  AF»  or  the  chord 

of  the  quintuple  arc  AF,  is    (  =r 
8J*y  —  24d*y>  +  i6y*     —-3^  +  4^* 

5<fty —  2p</^«  -fr.  i6y»  ' 

Fj#^,  By  Prop.  io,  we  have  AB  :  AC  :: 
AF  :  AE  +  AG,  and  confequently"  AM  "1 
2BM  ::  AF  :  AE  +  AG  1  that  is,  4 :  zdd  ^~yy 
..  5<fry— gQ</V  -t-i6y«     4^*— 8r» 

^*  •        4*^  x 

^/dd'^y  4.  AG  j  therefore  AG "±rfj  "tL.%.* 

^<&—-yy»  and  AG,  or  the  chord  of  the  fe*» 
tuple  arc  AG,  i.  (=  iStLZ^L±J3li 

j$ -X  y/da—yy. 

T  2  $/*/*£, 


« • 
1      •  » 
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Sixthly*  By  Prop,  w,  wc  have  AB  :  AC  :: 
AG  :  AF  -j-  AP,  and  confequently  AM  :  2BM 

::  AG  :  AF  +  APj  thatis,  d  :  z^/dd—yy n 

^y-zoff  +  ibf  +  Apj  lbm&n  ^p 
18  __ 


i2^-76</y  -naMy-fr^   ^  AP> 

d 

or  the  chord  of  die  feptuple  arc  AP,  Is  = 
iid*y  —  ']bd*y%  +  128/7*  —64?' 

* 

~Sd*y+2ad*y* —  i6y* 

=  izd'y—jbd'y'  -f-  \z%d%y%  —  64yy 

—  5</*»  4-  204/y  —  i6d*y* 

""   ~~~ "2* 

=  7</*jr—  56^'  H-  nafy  —  64;' 

<r — : — 

SrutntMy,  By  Prqp.  10,  we  hare  AB  :  AC 
::  AP  :  AG  -f-  AR,  and  confequently  AM  : 
aBM  ::  AP  :  Ap  +  ARj  that  is,  d  :  z</ 

therefore  AR+6*>-*2$'  +  ™'    X 
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•J  dd — yy~'\$  -= 

and  consequently  AR,  or  the  chord  of  the  oc- 
tuple arc  AR,  is.       . 

=            —  J7  —        - 

__ —  td*y  ■+•  32</y  —  32}1 

x  •*— XT  ; —  d* 

x  </M—yy  •= 

Eight  b/y,  By  Pr#.  10,  we  have  AB  :  AC 
::  AR  :  AP  -+-  AT,  and  consequently  AM  ; 
aBM  :  AR :  AP  +  AT  j  that  is,  d :  z\/dd—yy 

Sd6y  «->  8od*y*  -f-  iqtd'y* '—  ia8yf 

x  i/dd—p  1 

7d?y-s6*y*  +  "**y'-*V'     +    AT-. 

therefore  AT  -+- 

7^  —  56<ftr»  -h  1  izd*y*  —  %'  .      , 

. a* 

X  <fc_  yy  r=z 

and  confequently  AT,  or  the  chord  of  the  noi>- 

cuplc 
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cuple  arc  AT,  is  (= 

d* 
~  7Jgjr  -4-  $6d*y*  —  i  \2.dxy*  4-  64-y7 

i6</'j     i7&/y  -f.  544^V  — 64o</*,>*  -f.  256?' 

4.—      : 

—  7</»y  .4.  $6<f6j>»  —  1  izd+y*  «4-  64^  » 

28  = 

o</'.y~  i2od*y%  +432^'  —  576^  .4-  2  j6>» 

«' 
.  In  the  fame  manner  may  be  found  the  chords 
of  the  arcs  AZ  and  AX,  and  of  all  the  follow- 
ing multiples  of  the  ate  AB. 

130.  Henee  'tis  evident  that  the  equations  for 
the  chords  of  the  multiple  arcs  AC,  AD,  AE, 
&c.  as  far  as  the  noncuple  arc  AT,  are  as  fol- 
lows, to  wit,  ^ 
:  For  the  double  arc,  tyXy/dd  —  yy  —  dp, 

™,  &xy — v*  =  d*p% 

For  the  triple  arc,  $d*y  -.47  »  =  </'/, 
For  the  quadruple  arc,  $<fy--4y*  x  ^/dd^yy 
b  d>p, 

or,  164*7*  ^- 8oV*y*  *|-  i28i*y« 

For  the  quintuple  arc,  sd+y—2Qdtyi  4-  167  s 
=  dy, 

For  the  fextuple  arc,  6d*y  —  %zikyi  4-  $zy* 
X  SdF-yy  -  d*pt 

or,  &dx*y*  —  4*oiy  -f*  i79*ty*  '— 
3456*7'  -i-  %97$fy  —  10447  "  = 

For  the  feptuple  arc,.  7*ty—  56V*/*  -f-  1 12 

For 
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For  the  ofluple  arc3 


%J*y~$od*y*+i<)2dxy'~  izXy1  X  sldd—yy—dip% 

or,  64^t4jra  — i344^f74  +  loys^d'Y 
—  4224oi,jrl  -+•  901  I2^y  ■  •  —  106496 
<*V  +65536^^  —  163847"  = 

And  for  the  noncuplc  arc,  gd*y  -?■  uod*y* 

all   which  equations  are  the  fame  with  thofe 
found  by  other  methods  in  Art.  124,  and  126* 

131.  And  here  we  muft  obferve  that  becaufe 
the  4th  and  icth  Propofitiom  and  the  ift  Co- 
rollary to  the  4th  Proportions  by  the  help  of 
which  the  foregoing  equations  have  been  juft 
now  obtained,  are  true  as  long  as  the  multiple 
arc  is  of  any  magnitude  whatsoever  lefs  than  the 
whole  circle,  it  follows  that  the  foregoing  equa- 
tions are  true  as  Well  when  the  multiple  arc  is 
greater  than  a  femicircle,  but  lefs  than  a  whole 
circle,  as  when  it  is  lefs  than  a  femicircle,  or  as 
long  as  the  multiple  arc  is  of  any  magnitude 
whatibever  lefs  than  the  whole  circle,  agreeably 
to  what  was  proved  in  Art.  1  ztf ,  and  auerted  in 
Art.  125. 

132.  From  this  laft  method  of  obtaining  of 
the  equations  of  the  chords  of  multiple  arcs, 
which  is  certainly  the  moft  genuine  and  natural 
way  of  obtaining  them,  it  is  eafy  to  perceive  by 
what  means  it  comes  to  pafs  that  the  equations 
for  the  chords  of  the  even  multiples  of  a  given 
arc  rife  to  a  greater  number  of  dimenfions  than 
thofe  for  the  chords  of  it's  odd  multiples.  For 
'tis  evident  that,  as  the  chords  of  all  the  multi- 
ple arcs  are* obtained  by  making  ufe  of  a  propor- 
tion in  which  d  and  2^/dd —  yy  are  the  firft  and 

-  fecond  terms,  and  the  chord  of  the  next  lefler 

multiple 
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multiple  arc  is  the  third  term,  there  will  always 
be  in  the  computing  of  every  new  chord  a  mul- 
tiplication of  the  preceding  chord  by  the  irra- 
tional quantity  </dd — yy ;  and  confequently  the 
value  of  the  chord  of  die  double  arc  will  be  ir- 
rational }  that  of  the  chord  of  the  triple  arc,  on 
account  of  the  fecond  multiplication  by  ^/dd-^yy 
which  upon  the  whole  produces  a  multiplication 
by  the  rational  quantity  dd—yy>  will  be  rational; 
that  of  the  chord  of  the  quadruple  arc,  on  ac- 
count of  the  third  multiplication  by  y/dd — yy 
which  upon  the  whole  produces  a  multiplication 

by  the  irrational  quantity  dd  — yy  X  </dd  —yy> 
will  be  irrational ;  and  for  the  lame  reafon  die 
values  of  the  chords  of  the  quintuple,  fcxtuple, 
fcptuple,  and  all  the  following  multiple  arcs,  will 
be  alternately  rational  and  irrational.  Confe- 
quently if  we  would  take  away  the  irrationality 
of  the  values  of  thefe  chords  of  the  even  multi- 
ples, and  exprefs  their  relations  to  the  chord  of 
the  fimple  arc  by  equations  confiding  of  a  finite 
number  of  rational  terms,  we  mult  fquare  the 
expreffions  of  their  values,  and  thereby  raife 
the  dimenfions  of  the  feyeral  terms  to  double 
of  what  they  were  before,  or  to  double  the 
number  of  times  the  multiple  arc  contains  the 
fimple  one. 

133.  Having  thus  found  the  equations  for 
the  chords  of  multiple  arcs  by  two  different  me* 
thods  both  independent  of  the  equations  for  the 
chords  of  their  fupplements  to  a  femicircle,  and 
having  fhewn  that  thefe  equations  undergo  no 
change,  but  continue  to  be  the  fame  as  long  as 
the  multiple  arc  is  of  any  magnitude  lefs  than 
the  whole  circle  we  may  now  derive  the  equa- 
tions for  the  chords  of  their  fupplements  to  a  fe- 
micircle 
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taucircle  from  the  equations  for  the  chords  of  the 
multiple  ares  themielvcs,  and  demonftrate  what 
was  afferted  in  art.  122,  concerning  the  change 
of  the  figns  pf  their  terms  when  the  multiple 
Arc  becomes  greater  than  a  femicircle,  in  the 
following  manner. 

Let  d  Jbe  put  for  the  diameter  of  the  circle, 
*  for  the  chord  of  the  iuppletnent  of  the  fimple 
arc  to  a  femicircle,  and  q  for  the  chord  of  the 
fupplement  of  the  multiple  arc  to*  a  femicircle , 
and  it  is  evident,  we  (hall  have  dd-yy-{-Xi9  and 
and  likewife  dd  -=  pp  H-  qq,  and  confequently 
/p  =  dd—qq,  and  j;  —  dd—xx,y*  —  ^/-Jlfi|* 

=  ^*  —2rfVp* -+•*♦,  jr*  =  dd-xx\3-J6-r3<l**% 

+  3^.  x4  _*«,  j«  =" d/-xxp  —  ^8   —  4^6** 

4-£</*x*  —  t&xt-t-v'ty**  -  dd-xxf  -dl°  — 

$£x%+  *o<Tx4  — -io^V  +  s^1*1  —  *IO>  ^# 
Therefore, 

In  the  firft  place,  fince  4^* — 4)'4 19  =  tfk^V 
it  will  follow  by  fubftituting  ad — qq  for  pp>  and 

44 — **  for  jpjt.  that  4*/*  x  2/-**— 4  X  d+—2dxx% 


+  ***  or  4^*  —  4^  **— Vj+W1^- 4-4»  or 
4*/x**~4*4,is  —  dx%dd~~ qh  or  d*—dzq\ 
and  confequently  ^* — 4^*x*-|-4*4  is  =  </*  £*• 
Therefore  the  fquare  root  of  the  quantity  d*  — 
4i/*x*-{-4v4is  mdfo '  But  the  fquare  root  of  i4  — 
4</z#*-f-4x*  is  either  2x%  —  d\  or  d% — zx*y  ac- 
cording as  i\-x  is  greater  or  lefs  than  dd: 
Therefore  either  2 xx  —  dd>  or  dd —ix c  Is— dq*> 
according  as  ?xx  is  greater  or  lefs  than  dd.  Now 
txx  is  greater  than  dd  as  leng  as  the  double  arc 
is*lefs  than  a  femicircle,  and  lefs  than  dd  when 
the* double  arc  is  greater  than  a  femicircle,  but 
lefs  than  the  whole  circle,  as  may  be  thus  demon- 
ftrated.  Since  the  fquare  root  of  the  quantity 
4/*— 4</\.*4-4**  is  either  zxx  —  dd,  of  dd  —  2Xx 

V  and 


:1 
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and  the  quantity  d* — 4</atf*H-4v4  is  always  equai 
to  d  *q%>  and  confequently  its  fquare  root  is  r=  dq, 
it  follows,  that  when  dq  is  —  0,  that  is,  when 
the  double  arc  i£  equal  to  a  femicircle,  (for  ia 
that  cafe  y,  or  the  chord  of  the  fupplement  of 
the  double  arc  to  a  femicircle,  is  —  0,  and  con 
fequently  dq  is  0),  one  of  the  two  quantities  2xx 
dd,  and  dd* —  2  x *,  will  be  =  0,  and  confequently 
2*v  will  be  —  dd.  Therefore  while  the  double  arc 
is  lefs  than  a  femicircle,  and  confequently  the  chord 
y  of  the  fimple  arc  is  lefs,  and  the  chord  x  of  the 
fupplement  of  the  iimple  arc  to  a  femicircle  is 
greater,  than  when  the  double  arc  is  equal  to  a 
lemicircle,  2:x  will  be  greater  than  dd\  and 
when  the  double  arc  is  greater  than  a  femicircle, 
but  lefs  than  the  whole  circle,  and  confequently 
the  chord  v  of  the  fimple  arc  is  greater,  and  the 
chord  x  of  the  fupplement  of  the  fimple  arc  to  a 
femicircle  is  lefs,  than  when  the  double  arc  is 
equal  to  a  femicircle,  2xx  will  be  lefs  than  dd. 
Therefore  as  long  as  the  double  arc  is  lefs  than 
a  femicircle,  we  (hall  have  2xx  —  dd—  dq,  and 
when  the  double  arc  is  greater  than  a  femicircle, 
but  lefs  than  the  whole  circle,  we  (hall  have 
4d  —  2A-*  —  dq* 

,  Secondly,  Since  $d%y  —  4y5  is  —  dp,  and  con- 
fequently gd+yx  —  24*/  y+  -4-  i6y6  is  =  d+px, 
it  will  follow,  by  fubftituting  dd  —  xx  for  yy, 

and  dd  —  qq  sfor  pp,  that  9  d+  x  dd — *x— 24*** 
yi  d+—2dxx2-\^x+  -f- 

16  x  d'J — id*,:1  -ir^d1**  —  a6,  or  gd6 — gd* 
xx —  24^  ' +48^*x  —  24*/*  x4  +  16  d*  — 
4$d+xz>-{-4$d%.K*  ~~  i6v6,  or  d*  —  9^* 


Z\d7x%  —  i6x6,  is  r=id*  X  dd-~  qq,  or  d'* 
—  d+q%,  and  confequently  gd*xx  —  2$d*x* 
lb  x6  zz:  dAqx.    Therefore  the  fquare  root 

of 


PtANE  TRIGONOMETRY.     147 

•f  the  quantity  gd*x*  —  2^dxx+  -f-  i6#6  is  rr 
^■yr  But  the  fquare  root  of  gd+xx  —  24^***  -+• 
i6#6  is  either  4**  —  3d*x,  or  3*/'* — .  4*',  ac- 
cording as  4Xl  is  greater  or  lefs  than  $dx  x: 
Therefore  either^' —  3</V,  or  ?>d%x—  4.x*  will 
be  —  dxqt   according   as  4**  is  greater  or  lefs 
than  3^/**.     Now   4*'  is  greater  than  ^dxx  as 
long  as  the  triple  arc  is  lefs  than  a  femicircle,  and 
lefs  than  ^dd*  when  the  triple  arc  is  greater  than 
a  femicircle,  but  lefs  than  the  whole  circle,  as 
may  be  thus  demonftrated.  Since  the  fquare  root 
of  the  quantity  gd*x%  —  24</**4  -+-  i6x6  is  ei- 
ther 4V5 —  3<***>  or  3^;. — 4*1,  and  the  quan- 
tity gd4  x%  —  2^.d% a4  -+-  i6x6  is  always  tqualto 
d4qxy  andconfequently  its  fquare  root  is  —  dxqy  it- 
follows,  that  when  dzq  is   :—  0,  that  is,    when 
the  triple  arcrs  equal  to  a  femicircle,  (for  in  that 
.  cafe  q,  or  the  chord  of  the  fupplement  of  the 
triple  arc  to  a  femicircle,  is   —  0,    and  confe^ 
quently  dxq  is  —  0)  one  of  the  two  quantities  4*  * 
— 3</*.vand  3d* x — 4vJ,  will  be  —  *,  and  con- 
fequently  4**  will  be  =  3</**,  and  4**  —  $dd. 
Therefore  while  the  triple  arc  is  lefs  than  a  fe- 
micircle, and  confequently  the  chord  y  of  the 
fimpie  arc  is  lefs,  and  the  chord  x  of  the  fupple- 
ment of  the  fimple  arc  to  a  femicircle  is  greater, 
than  when  the  triple  arc  is  equal  to  a  femicircle, 
4##  will  be  greater  than  3^/,  and  4.x1  than  ^ddx\ 
and  when  the  triple  arc  is  greater  than  a  femicircle, 
but  lefs  than  the  whole  circle,  and  confequently 
the  chord  y  of  the  fimple  arcis  greater,  and  the 
chord  x  of  the  fupplement  of  the  fimple  arc  to  a 
femicircle  is  lefs,  than  when   the  triple  arc  is 
equal  to  a  femicircle^  4**  will  be  lefs  than  ^dd% 
and  4*3  than  $dxx.     Therefore  as  long  as  the 
triple  arc  is  lefs  than  a  femicircle,  we  (hall  have 

V  2  4*» 


f 
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4**  — 3V1*  =  dxqy  and  when  the  triple  arc  if 
greater  than  a  femicircle,  but  left. than  the  whole 
circle,  we  fhall  have' 3 J** — 4..*  --  d*q.   • 
[  Thirdly,    Since  i6i*j?* — 8e</+j+  -f.  iz%d*y< 

!  — 64/*  is  -    d6p\  it  will  fellow  by  fubftitu- 

tinc:  <£/  —  xx  for  jy,  and  dd  —  qq  for  fpt  that 

16  ^6  X  dd—xx —  Sod*  x  <?*~^-  2</*x*  -4-  *♦ 
4-_i£8</_x_</6'  — 3</+..*+3^'a+  — *«  —  64  x 

J8  —  4d6x l  4-  6</+* 4  —  4^** «,  "-jl"  * 8 ,   or  1 6d  * 
;     v  — j6^*'        Sod*  4-  160  </«*•* —  8cJ***4- 

I2.8^8  —  38^**  4-  384^**  —  i2%d%x6  — 
$4</J  +  2564  6x*  —  384^*..*  4-  2$6d'x6  - 
64a8,  or  ibd6x*  —  80 J**4  4-  i2$d%x6  —  64**, 

is  —  ^  x  ^ — ££,  or  a*  —  d6qz>    and  confe- 
quently  that  d*  —  ibd6xz-+-Zod*x+ —  I2%d*x* 
4-  64.  x%   is   —   d6q%.     .Therefore   the   fquare 
foot  of  the  quantity  d*  —  i6d6x*-±-$od+x+  — 
ilSd*x6  -+-  64.x8  is  —  </3#.       But  the  fquare 
root  of  d%  —  \6d6x*  •+.   8c</4*4  — -,  i2$d%x6  + 
64**  is  either  8*4  —  8^*'  -+■  </4,  or  8</***  — 
8#4  —  */4,  according  as  8#4   r+-  y+  h  greater 
Of  kfe  than  8^V;\    Therefore   either    o#4  — * 
&/V  +  <*4,  or  8^**—  8*4  -  4/*,  will  be  - 
4*q*  according  as  8#4  4-  </4   is  greater  or  lefs 
than  2d*x\    Now  2d4  -+-  ^4  is  greater  than 
$</*#'  as  long  as  the  quadruple  arc  is  lefs  than  a 
femicircle,  and  lefs  than  8*/ax*  when  the  qua- 
druple arc  is  greater  than  a  femicircle,  but  left 
than  the  whole  circle ;  as  may  be  thus  demon- 
strated.    Since  the  fquare  root  of  the  quantity 
d%  —  i6</5*a  H-  8o//4*4  —   ia8</^6  4-  64.x8  is 
cither  8x*  —  8<^xa  -+.  d\  or  8<Tx*  —  8x4  — 
</4,    and   the  quantity  </8  —  j6^6a*  -f-  8o</+*4 
—  I28i\\d  +  64**  is  always  equal  to  d'g*>  and 
and  confequently  its   fquare  root  is  —  d*qf    it 
*  "      j,  that  when  </'0  is  —  0,  that  is>  when 

&9 
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die  quadruple  arc  is  equal  to  a  femicircle  (for 
in  that  cafe  q,  oc  the  chord  erf  the  fupplement 
of  the  quadruple  arc  to  a  femicir clc,  is  ~~  0,  and 
consequently  d*q  is  —  0)  one  of  the  two  quan- 
tities, 8.v4  —  8</\v?  -+-J*  and  SJ***  ~  S*+  — 
4/* ,  will  be  —  0,   and  confequently   8x+  -+-  */* 
will  be  —  $dzx*.     But  when  tne  quadruple  arc, 
and    confequently   the  iimple  arc,  is  infinitely 
final! ,  the  chord  x  of  the  fupplement  of  the 
fimple  arc  to  a  femicircle  will  be  rr  dy  and  con* 
fequently  8x+  will   be    —  Sd\    W~S  —  8i% 
and  8*  +  4-  d*  -  9*/+ $    therefore  in  this  cafe  the 
quantity  $\+  -f-  ^+  will  be  greater  than  %dxx%% 
and   the  excefs  will  be    -  d*.     Since  therefore 
the  quantity  8x4  -f~  </4  is  greater  than  the  quan^ 
tity  id1'xx  when  the  quadruple .  arc  is  infinitely 
fmall,  and  equal  to  it  when  the  quadruple  ar<e 
is  equal  to  a  femicircle,  it  follows  that  the  quan- 
tity 8*4  -+■  d4  muft  have  been  greater  thaq  the 
quantity  $dzx*  all  the  time  the  quadruple  arc  h 
increafing  from  0  to  a  femicircle :  For  as  during 
that  time  x   decreafes  .continually  (from   being 
equal  to  the  diameter  of  the  circle  till  it  become*  - 
the  chord  of  three  half- quadrants)  by  infinitely 
fmall  degrees,  'tis  evident  the  quantities  8x4-ht 
and  Sdzx*  will  decreafe  alfo  at  the  fame  time 
by  infinitely  fmall  degrees,  and  therefore  it  is  - 
impoffible  \the  quantity  8  ♦ 4  -+-  d*  fhould   from 
being  greater,    become  lefs  than   the   quantity 
%dxxz  before  it  firft  becomes  equal  to  it,  that  ia, 
before  the  quadruple  arc  becomes  equal  to  a  fe-  ' 
micircle.     Again,    when  the  quadruple  arc    is 
equal  to  a  whole  circle,  the  chord  x  become** 
the  chord  of   a  quadrant,    and    confequently 

*ais  =  ~\  **  -  d-'  Bdxx%  =  V»   8*4   =5 
?  4 

2# 
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2</%  and  2x+  -+-  d+  =  3J*;  therefore  at  this 
time  %d*x%  is  greater  than  8**  -f-  ^*,  and 
the  excefs  is  =  d*.  But  it  has  been  before 
fliewn  that  when  the  quadruple  arc  is  equal  to  a 
femicircle,  the  quantity  &/***  is  —  8**  -j-  */4 : 
Therefore  it  follows  that  during  all  the  time  of 
the  increafe  of  the  quadruple  arc  from  a  femi- 
circle to  a  whole  circle,  or,  if  we  fuppofe,  (which 
will  amount  to  the  fame  thing,)  the  quadruple  arc 
to  decreafe  from  a  whole  circle  to  a  femicircle,  it 
will  follow  that  during  the  whole  time  of  this 
decreafe,  the  quantity  od*x%  will  be  greater  than 
8#*  -f.  d4.  For  as  during  the  time  of  that  de- 
creafe of  the  quadruple  arc,  the  chord  x  increafes 
continually  (from  being  the  chord  of  a  quadrant 
till  it  becomes  equal  tq  the  chord  of  three  half- 
quadrants)  by  infinitely  faiall  degrees,  it  is  evi- 
dent the  quantities  8x4  -+.  d*  and  tid*x*  will  in- 
creafe alfo  at  the  fame  time  by  infinitely  fmail 
degrees,  and  therefore  it  will  be  impofiible  for 
the  quantity  8</ax*  from  being  greater  to  become 
lefs  than  the  quantity  8a;4  4-  d*  before  it  firft 
becomes  equal  to  it ;  that  is,  before  the  quadru- 
ple arc  becomes  equal  to  a  femicircle.  There- 
fore as  long  as  the  quadruple  arc  is  lefs  than  a 
femicircle,  the  equation  exprefling  the  relation 
of  x  and  q  will  be  8x4  —  $d*S  -+-  d*  —  d*qf 
and  when  the  quadruple  arc  is  greater  than  a  fe- 
micircle, but  lefs  than  the  whole  circle,  that 
equation  will  be  %d*x%  —  8x4  —  ^/4  —  d*q. 
Fourthly,  Since  $d*y  —  2odzyi  -f-  i6y5  is  ■=: 
d*p,  and  confequentiy  2$d*yz  —  20od6y*  -t- 
S6od*y6  —  640/^*  +  2$6y10  —  d'p\  it  wiU 
follow  by  fubflituting  dd  —  xx  for  yy  and  dd  — 

qq  for  pp%  that  2j</8  x  dd—x%  —  lood*    x 

d> 
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2d%x%  -t-*4  -+-  560*/*  x 


a6  —  3*/1  x*  +  3*/1*4  —  x*  —  640^*  x 
dl^^^d6x% "-+-  6d+x*  —  yixx*+ '  x s 

4-256_x L__ 

i/,#  —  5*/***  -j-io</*#4 — iod*x6-{-$d%x*  —  x,#, 


or  25*/'  °  —  25^*  *  —  200^'  •  -+-  4oo</8#*  —  200 
</«x*-f-56o</1  ° — 1 68o</8* x  4. 1 6%od6x*—$bod+x  « 
—640^' °  +2560^*^*—  3840^6x4-|-  ztfod+x*  — 
640^^*  +256^'°  —  i2  8o</8**  ■+■  2560J***  — 
2$6od+x6  -+-  i28o</**8  —  256*'*,  or  </,c  — 
2$d*x%  -+-  2Qod6x+  —  56o^6H-64o^gx8  — 256 

*'  ° ,  is  —  d*  X  Jd — qq,  or  </'  °  — ^8?*,  and  confe- 
qucntly  2$d%xx  —  200<i6x4  +  $6od*x6  —  640^* 
*•  +  256*'°   is  —  </8y  \     Therefore  the  fquare 
root  of  the  quantity  2$d%x%  —  2ood6x*  -f-  56a 
d****  _  640*/***  -f-  256^  °  is  equal  to  </4y.    But 
the  fquare  root  of  2§dzx*  —  2ood6x  -j-  560  d4x* 
6400* x*  -f-  256  *,D  is  either  j6*5  —  2odtxi  -^  • 
5</4#,  ot2odxxl  —  16*5 — $d*xy   according  as 
i6x5  -f-  yi+x  is  greater  or  lefs  than    20/f  #5- 
Therefore  either   j6\5  —  2od1\*  -f-  5*/+*,    or 
2odxx*  —  16*5  — $d+xy  is  equal  to d4q,  accords 
ing  as    1 6xs  -f-  sd+x,  is  greater   or  lefs   than 
2odxx\     Now    i6x*  ■+-  5</4x  is    greater  than 
2odxx*  as  Ipng  as  the  quintuple  arc  is  lefs  than  a 
femicircle,  and  lefs  than  2odxx *  when  the  quin- 
tuple arc  is  greater  than  a  fetaiicircle,  but  lefs 
than  a  whole   circle  -7  as  may  be   thus  demon- 
ftrated.     Since  the  fquare  root  of  the  quantity 
2$d*xl  —  20od6x+  -f-  560^* x6  —  640^  x9  -f- 
256**°  is   either  i6x5 — 2odzx*    -+-  $d4x,    or 
2od'txl  —  i6x5  —  5</4*,  and  this  fquare  root  is 
always  equal  to  d4q,  it  follows  that  when  d*q  is 
rr  0,  that  is,  when  the  quintuple  arc  is  equal  to 
a  femicircle,  (for  in  that  cafe  y,  or  the  chord  of 
the  fupplement  of  the  quintuple  arc  to  a  femi- 
circle, 


1 


t$±  ELEMENTS    hf 

circle,  is  ='0,  and  confequentiy  d*q  is  —  0)  one 
of  the  two  quantities  16 ;5  —  2odxxl  «+-  S^x 
and  2odzxz  -*-  i6#5 —  r*/4*  will  be  —  0,  and 
confequentiy  i6*5  -+-  5</+x  will  be  zzr  2odxx*. 
•But  when  the  quintuple  arc,  and  confequentiy 
the  fimple  arc,  is  infinitely  fmall,  the  chord  x  of 
the  fupplement  of  the  fimple  .arc  to  a  femicircle 
will  be  —  d>  and  confequentiy  \t'1  will  be  — 
ltd5 y  2odxxl  =  2oi5,  5</+#  —  5</5  and  >6x* 
-\~  $d*x  —  2ids.  Therefore  in  this  cafe  the 
quantity  i6x5  -+•  5^4#  will  be  greater  than 
2.od*x 5,  and  the  excefs  will  be  =  d5.  Since 
therefore  the  quantity  i6xs  -h  $d+x  is  grea- 
ter than  the  quantity  zod%xl  when  the  quin- 
tuple arc  is  infinitely  fmall,  and  equal  to  it  when 
the  quintuple  arc  is  equal  to  a  femicircle,  ft  fol- 
lows that  the  quantity  i6x*  -+-  $ii+x  muft  have 
been  greater  than  the  quantity  2odzxl  all  the 
time  the  quintuple  arc  is  increafing  from  0  to  a 
femicircle :  For  as  x  during  that  time  decreafes 
continually  (from  being  equal  to  the  diameter 
of  the  circle  till  it  becomes  the  chord  of  four 
fifths  of  a  femicircle)  by  infinitely  fmall  degrees, 
it  is  evident  the  quantities  i6*5  -f-  sd+x  and  20 
dxxl  will  decreafe  alfo  at  the  fame  time  by  infi- 
nitely fmall  degrees,  and  therefore  ic  is  impof- 
fible  the  quantity  i6a5  -f-  td+x  fhould  from  be- 
ing greater  become  lefs  than  the  quantity  2cdx*§ 
before  it  firft  becomes  equal  to  it,  that  is,  before 
the  quintuple  arc  becofnes  equal  to  a  femicircle. 
Again,  when  the  quintupie  arc  is  equal  to  a 
whole  circle,  the  chord  x  becomes  the  chord  of 
three  fifths  of  a  femicircle,  and  is  therefore  equal 

to ^-2_  x  dy  as  may  be  (hewn  in  the  foilow- 

4 
ing  manner.     When  the  quintuple  ate  is  equal 
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to  a  femicircle,  we  have  i6#J  —  20</**J  -t-cd+x 
=  #,  or  16*1  •+■  $d+x  —  2od*x3,  and  confe- 
quently  16*+  -f-  5</4  =  20</**»,  and  2od'xx  — , 

i6**  =  sJ*>  ™d  —7 **  =  yp  and  (fub- 

tra&ing  both  fides  of  the  equation  from-^-^ 

-V—- h**=4—  *    Therefore  one  of 

°4      .    4                      °4            25</*        r^*» 
the  fquare  roots  of  the  quantity  -v - — — 

-+-*4,    that    is,     one    of  the   two    quantities. 

^ ^andx*—  4—»  muftbe  =:  v~  X*/*;  but 

the  former  of  thefc  quantities,  to  wit,-^ x% 

cannot  be  equal  to^.  %d\   becaufe  that  would 

make  x*  =  ^        X  </V  whkh  being  lefs  than 
(£p/4  x  *,  or  ^  x*.  or.yf,    and 

a:*,  becaufe  xl  in  the  prefent  cafe  is   the  chord 

of  four  fifths  of  a  femicircle  or  eight  fifths  of  a 

quadrant,  and  therefore  muft  be  greater  than  the 

dx 
chord  of  a  quadrant,  or  than  — '  Therefore  **"— 

2 

*C  is  -  •i  x  d\  and  *•  =  5  V5     x   ,,. . 

that  is,  the  chord  of  the  fupplement  of  the  fifth 
part  of  a  femicircle  to  a  femicircle  is  —  5  Tr  $ 

*X  </*}   confequently  by   the  equation  for   the 

X  chord 
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chord  of  the  fupplement  of  a  double  arc  found 

in  the  firft  cafe  of  this  article,  to  wit,  2xx  —  dd 

=  dq,  or  q  —  — d9     it  follows  that    the 

chord  of  the  fupplement  of  two  fifth  parts  of  a 
femicircle,  or  cine  fifth  part  of  a  whole  circle,  to  a 

femicircle  is  =5-±^£  *d—d—  ii*^  x  4 — 

,  4  4 

Aa       i-t-»/c 

—  =  —■--  X</*    Therefore  the  value  of  x 
4  4 

when  the  quintuple  arc  is  equal  to  a  whole  circle, 


»-*V5 


is ^-    X  </j   therefore  in  this  cafe  x%  is  =r 

4 

3±v^5.   x</%  **  =  7^VS  ■  x  d\    *©**% 
8  32 

=  L5±S>/5  x  *?  l6„  =  Zi^X  x  ,4j  ^ 

*  s        2  2  2 

X **4,  which  is  lefs  than  ■  5.    5v,5  x d*>  becaufc 

2 

the  excefs  of  1 7  above  1 5,  to  wit,  2,  is  lcfi  than 
the  excefs  of  $</$  above  3^5,  to  wit,  2^/5. 
Therefore  when  the  quintuple  arc  is  equal  to  a 
whole  circle,  2od*x*  is  greater  than  i6#4  -+.  5^, 
and  confequently  2od*x*  is  greater  than  i6x*  -f- 
5^+a  •  But  it  has  been  before  fhewn  that  when 
the  quintuple  arc  is  equal  to  a  femicircle,  the 
the  quantity  2od*x3  is  —  16  x*  -f-  $d*x:  there- 
fore it  follows  that  during  all  the  time  of  the  in- 
creafe  of  the  quintuple  arc  from  a  femicdrQle  to  a  ' 
whole  circle,  or,  if  we  fuppofe  the  quintuple  to 
decreafe  from  a  whole  circle  to  a  femicircle,  it 
will  follow  that  during  the  whole  time  of  this  de- 
creafe 
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ercafe  the  quantity  zodtxi  will  be  greater  than. 
i6x*  -+-  5*/**.  For  as,  during  the  time  of  that 
decreafe  of  the  quintuple  arc,  the  chord  x  in- 
creafes  continuall/  (from  being  the  chord  of  three 
fifths  of  a  femicircle  till  it  becomes  equal  *  to  the 
chord  pf  four  fifths  of  a  femicircle)  by  infinitely 
fmall  degrees,  it  is  evident  the  quantities  ibx*  -f- 
5^4^r  and  2oi*x*  will  increafe  alfo  at  the  fame 
time  by  infinitely  frtiall  degrees  •,  and  therefore  it 
will  be  impofiible  for  the  quantity  2od*xl  from 
beinj;  greater  to  become  lefs  than1  the  quantity 
i6a  *  ■+•  $d*x  before  it  firft  becomes  equal  to  it, 
that  is,  before  the  quintuple  arc  becomes  equal 
to  a  femicircle.  Therefore  as  long  as  the  quin- 
tuple arc  is  lefs  than  a  femicircle,  the  equation 
exprefling  the  relation  of  x  and  q  will  be  i6xs  — 
2cd*x*  -+-  $d+x  =  d+g,  and  when  the  quintuple 
arc  Is  greater  than  a  femicircle,  but  lefs  than  a 
whole  circle,  the  equation  will  be  2odxx*  —  i6x* 
-w  $d*x  =  d+q. 

134.  It  appears  therefore,  that  in  the  equa- 
tions that  exprefs  the  relations  of  the  chord  of 
the  fupplement  of  a  fingle  arc  to  the  chord  of 
the  fupplement  of  its  doable,  triple,  quadruple, 
and  quintuple,  the  figns  of  the  terms  on  the 
left-hand  fides  of  the  equations,  or  of  the  terms 
that  involve  the  letter  x,  are  oppofite,  when  the 
multiple  arc  is  greater  than  a  femicircle,  but  lefs 
than  a  whole  circle,  to  what  they  are  when  the 
multiple  arc  is  lefs  than  a  femicircle ;  and  the 
fame  may  be  fliewn  in  all  higher  multiples. 

135.  The  general  reafon  of  this  change  is 
that  the  increments  or  decrements  of  the  affirma- 
tive terms,  or  terms ,  marked  with  the  fign  -f-> 
do  not  become  equal  to  the  contemporary  incre- 

X  2  ments 
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paents  or  decrements  of  the  negative  termsi  qr 
terms  marked  with  the  fign  — ,  at  the  fame  in- 
itant  of  time  that  the  affirmative  terms  them-* 
felves  become  equal  to  the  negative  terms,  which 
they  muft  neceffarily  do  if  the  affirmative  terms 
after  having  bccoine,  from  being  greater  than 
the  negative  terms,  equal  to  them,  become  again 
immediately  greater.     Thus,    for   iqitance,  in 
the  equation  i£x*  — 2odxx*  -f-  $d*?c  =  d+q,  'tis 
evident  that  if  the  decrements  of  the  quanity 
1 6*s  4-  $d+x,  which,  during  the  whole  time  of 
the  increafeof  the  quintuple  arc  from  o  to  a  fe-r 
micircle,  muft  have  been  greater  than  the  con- 
temporary decrements  c?f  the  quantity    2od*x3 
(becaufe  the   quantity  i6y*  -f-  5</+„vis  at  firft, 
when  the  quintuple  arc  is  infinitely  fmall,  greater 
than  the  quaptity  2odxxi  .by  an  excefs  equal  to 
ds>  and,  when  the  quintuple  arc  is  equal  to  a 
femicircle,  is  equal  to   2odxxl ,  fo  that,  during 
the  increafe  of  the  quintuple  arc  from  o  to  a  fe- 
micircle,   the  excefs    of    i6a5  -+-  $d4x   abovp 
2od*x J  will  have  decreafed  continually  from  d* 
to  o\  and  confequently  the  decrements  of  the 
quantity  i6as  -f-  S^x  mu^  during  all  that  time 
have  been  greater  than  the  contemporary  decre-: 
ments  of  the  quantity  2od%x\)  I  fay,  if  the  de- 
crements of  i6\5  -f-  $d*x  continue  ftill  to  be 
greater  than    the  contemporary   decrements  of 
2odzx*  after  the  quantity  1 6* r +5^**  is  become 
equal  to  2o*/xx3,  'tis  evident  the  quantity  j6*5-+- 
$d*x  will  become  lefs  than  2odxxl ;  that  is,  un- 
less the    decrement  of  i6#s  -f-  $d*x    becomes 
equal  to  the  contemporary  decrement  of  2od\xl 
at  the  inftant  the  quantities    i6*s  -+-  $d+x  and 
2odxx*    themfelves  become  equal  to  each  other, 
the  quantity  16*?  +  $d*x  will  become  lefs  than 

2Qd*. 
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tod* x>  i  for  if,   immediately  after  the  quantity 
Kjx*  _f.  $d*x  becomes   equal  to    2od  #',    the 

decrement   of    i6x*  H-  $***>    inftcad  of  conr 
tinuing   greater,    becomes  lefs  than   the   con- 
temporary decrement    of  2odxx\    (as  it  muft 
do  to  make  16*5  -+-  Sd+x,    after  haying  been 
equal,  be  again  greater  than  2odxxi)  it  muft,  at 
the  inftant  the  quantity  16*1  +  $d*x  is  equal   to 
2odxx*i   be  exactly  equal  to  the  decrement  of 
2od%x'i  becaufe  till  that  inftant  it  has  been  always 
greater  than  that  decrement.      Now  that  the 
contemporary  decrements  of  the  quantities  i6xJ 
-4-e^xand  2«dx'x* cannot  become  equal  to  each 
other  at  the  inftant  tljofe  quantities  themfelves 
become  equal,  may  be  fhewn  in  the  following 
manner.     Put    x  (or  the  letter  x  with  a  point 
placed  over  it)  for  the  decrement  by  which  the 
chord  *  is  diminished  in  a  very  fmall  portion  of 
time }  and  'tis  evident  the  decrement  of  $*** in 
that  time  will  be  $d*xt  that  of  x}  in  the  fame 
time  will   be  (  =  .<'  — I*-**'     or)     nearly 
3#'je,  and  that  of  xi  will  be  (=x5  —  !*— x\ 
or)  nearly  5x 4*  }     therefore  the  decrements  of 
i6x'  and  2odxx*  will  be  nearly  equal  to  5X  ibx*x 
and  3  x  2od*x*'Xi  andconfequently  the  decrement 
of  the  fum  of  the  affirmative  terms  1 6* J  and  ^dAx 
is  5  x  i6x*.v-f-  sd*x.    Now  5  X  ioW+-5</** 
cannot  be  equal  to  3  X  2odxxxx  at  the  fame  in- 
ftant of  time   that    16  '.'   4-  $d*x  is  equal  to 
2odxx3,  becaufe  in  that  cafe  it  would  follow  that 
5  x  16** -f-  $d*  was  equal  to  3  X  2odxx*  at 
the  fame  time  that    16.4  -+-   $d*   is   equal  to 
2od*x\  which  is  evidently  impoflible,  becaufe 
the  former  of  thefe  equations,  to  wit,  5  x  i6r4-+- 
$d*  —  3  x  2Qdxxx,  is  derived  from  the  latter 
''  •  of 
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of  them,  to  wit,  16*4  •+-  $dA  —  2od*x%,  by  mul- 
tiplying its  feveral  terms  hot  by  the  fame  nam- 
'  ber  (which  would  be  necefiary  to  pfeferve  the 
equality  .of  it's  oppofite  fides)  but  by  fhes  feveral 
indexes  of  the  powers  of  x  in  the  original  quan- 
tity i6x*  —  2od%xl  4-  5*/4x.  And  the  lame  rea- 
fonings,  'tis  eafy  to  perceive,  may  be  applied  to 
the  equations  for  the  chords  of  the  fuppletfients 
of  all  higher  multiple  arcs,  as  well  as  to  that  of 
the  quintuple  arc. 

136.  Cord.  10.  From  the  foregoing  corollaries 
in  general,  and  particularly  from  the  laft  article  of 
the  foregoing  corollary,  we  may  conclude  that 
whenever  any  quantity  as  z,  that  becomes  firft 
by  a  gradual  decreafe  equal  to  0,  and  then  in- 
creafes  to  a  certain  magnitude,  then  decreafes 
again  to  0,  and  afterwards  increafes  a  fecond 
time,  and  fo  on  for  any  number  of  times,  is  ih 
all  thefe  variations  of  it's  magnitude  fo  related  to 
two  other  quantities  x  and  y  that  it  may  always 
be  deriv'd  from  them  by  the  ±amfc  conltructions, 
and  confequently  is  always  equal  to  a  quantity 
confifting  of  the  fame  number  of  terms  involv- 
ing in  them  the  fame  powers  and  multiples  of  x 
andji  but  only  differently  connected  together 
by  the  figns  -+-  and  — ,  I  fay,  when  this  happens, 
we  may  conclude  that  the  figns  of  the  terms  of 
the  valtie  of  the  quantity  z  are  changed  into 
their  contraries  every  time  that  quantity  becomes 
eqtfai  to  0.  And  by  the  help  of  this  rule  we  may 
extend  all  the  foregoing  articles,  concerning  the 
methods  of  finding  the  chords,  fines,  &c.  of 
multiple  arches,  to  the  cafes  of  arches  greater 
than  a  whole  circle,  and  equal  to  any  Number 
of  whole  circles,  and  any  part  of  a  circle,  what- 
soever 
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fbever:  Thus,  for  inftance,  we  may  conclude 
that  the  figns  of  the  terms  that  compofe  the 
value  of  tjie  chord  of  any  multiple  of  a  given 
arc  are  contrary,  when  that  multiple  arc  is  grea- 
ter than  a  whole  circle,  but  lefs  than  two  whole 
circles,  to  what  they  are  when  the  multiple  arc  is 
lefs  than  a  whole  circle ;  and  when  the  multiple 
arc  is  greater  than  two  whole  circles,  but  lefs 
than  three  whole  circles,  thofe  figns  become 
again  the  fame  as  they  were  at  firft.  But  we 
fliall  enlarge  no  farther  upon  this  fubjefo 

137.  Carol.  1 1  •  'Tis  eafy  to  perceive  that  by  this 
and  the  foregoing  proportion  we  are  enabled  to 
defcribe  any  regular  polygon  in  or  about  a  circle, 
or  to  find  the  proportion  of  a  fidp  of  any  regular 
polygon  infcribed  in,  or  circumfcribed  about,  a 
circle,  to  the  diameter  of  the  circle.  For  by 
making  the  multiple  arc  equal  to  a  whole  circle, 
the  chord  of  the  fimple  arc  becomes  a  fide  of  a 
regular  polygon,  infcribed  in  the  circle,  confid- 
ing of  the  fame  number  of  fides  as  there  are 
parts  in  the  multiple  arc  equal  to  the  fimple  arc : 
And  by  making  the  multiple  arc  equal  to  a  femi- 
circle,  the  tangent  of  the  fimple  arc  becomes 
equal  to  half  the  fide  of  a  regular  polygon,  cir- 
cumfcribed about  the  circle,  confifting  of  the 
fame  number  of  fides  as  there  are  parts  in  the 
multiple  arc  equal  to  the  fimple  arc.  Thus  if  I 
would  find  the  length  of  a  fide  of  t  regular  po- 
lygon of  eleven  fides  infcribed  in  a  circle,  Imuft 
find  the  equation  that  exprefles  the  relation  of 
the  chords/*' and:  j'  tr  :..  ^arcs  whereof  one  is  to 
the  other  in  the  proportion  of  eleven  to  one,  and 
making  the  multiple  arc  equal  to  a  whole  circle, 
and  confequently  its  chord  p  —  0,  I  mud  refblve 

the 
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the  equation  that  refults  from  that  fuppofition, 
and  the  value  of  the  chord  y  thereby  obtained 
will,  'tis  evident,  be  the  length  of  a  fide  of  a 
regular  polygon  of  eleven  fides  infcribed  in  the 
circle.  In  like  manner,  if  I  would  find  the 
length  of  a  fide  of  a  regular  polygon  of  eleven 
fides  circumfcribed  about  a  circle,  I  muft  find  the 
equation  thaf  expreffes  the  relation  of  the  tan- 
gents of  two  arcs  whereof  the  one  is  ta  the 
other  in  the  proportion  of  eleven  to  one,  and 
making  the  multiple  arc  equal  to  a  femicircle, 
and  confequently  it's  tangent  =  0,  I  muft  refolve 
the  equation  that  refults  from  that  fuppofition, 
and  the  value  of  the  tangent  of  the  fimple  arc 
thereby  obtained  will,  it  is  evident,  be  half  the 
length  of  a  fide  of  a  regular  polygon  of  eleven 
fides  circumfcribed  about  the  circle. 


138.  In  Fig.  $j.  the  line  CF  exhibits  all  the  fe- 
cants  of  the  arcs  in  the  progreflion  io°,  200,  300, 
&c.  to  fevcnty  degrees,  together  with  the  fecant 
of  7 50 ;  and  is  therefore  cali'd  the  line  of  fecants. 
for  a  like  redfon,  CB  is  call'd  the  line  of  fines ;  AB 
the  line  of  chords,  and  AE  the  line  of  tangents. 

From  the  infpeftion  of  this  figure  it  appears 
that  the  difference  of  the  fines  of  two  arcs  de~ 
creafes  as  thofe  arcs  increafe,  provided  their  dif- 
ference continues  the  fame,  as  was  demonflrated 
Prop.  23.  CoroL  1.  but  that  the  difference  of  their 
tangents,  and  like  wife  of  their  fecants  increafes 
at  the  fame  time ;  and  that  at  laft  when  the  arcs 
are  very  large,  as  for  inftance  75  or  80  degrees 
thefe  differences  increafe  exceeding  faft ;  info- 
much  that  an  arc  may  be  afligned,  fb  large,  or 
fo  near  to  a  right  angle,  that  if  it  be  increafed 
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by  any  addition  ever  fo  {mail,  the  increment  of 
the  fecant  or  tangent  fhall  exceed  any  propofed 
length,  ever  fo  great.  And  thus  we  have  a  po- 
pular, but  convincing,  proof  of  feveral  things 
that  have  been  made  out  in  a  more  methodical 
manner  in  the  preceding  proportions:  for  re- 
prefentations  of  this  kind  that  enable  us  to  form 
clear  conceptions  of  the  feveral  pofitions,  mag- 
nitudes, and  variations  of  lines  in  our  imagination, 
are  frequently  little  inferior  in  evidence  to  the 
more  regular  and  precife  reafonings  that  are  ad- 
dreffed  to  the  underftanding,  at  leaft  they  are 
very  fit  to  accompany  and  illuftiratethem ;  and  they 
have  moreover  this  peculiar  advantage,  that  they 
greatly  affift  the  memory  in  recollc&ing  the  pro- 
portions that  have  before  been  demonftrated 
concerning  them,  whenever  there  is  occalion. 

139.  Hitherto  we  have  fuppofed  the  fines,  and 
tangents,  and  other  lines  that  relate  to  the  mea- 
furing  of  angles,  to  belong  to  the  fame  circle,  we 
will  therefore  add  one  very  eafy  propofitiori  con- 
cerning the  relation  of  the  fines  of  different 
angles  when  taken  in  different  circles ;  which 
with  a  moft  curious  and  ufeful  theorem  of  G*- 
tiltds  concerning  the  locus  of  the  vertices  of  any 
number  of  triangles  conftituted  upon  the  fame 
bafe,  and  having  their  fides  in  the  fame  ratio, 
and  a  celebrated  propofition  of  Archimedes  con- 
cerning the  magnitude  of  the  area  of  a  circle, 
frail  conclude  this  fecond  part  of  thefe  ele- 
ments. 

PROP.  27.    A  Theorem. 

1 40.  The  ratio  of  the  fines  of  two  different  angles 
ttieafured  in  different  circles  is  compounded  of 

Y  the- 
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the  ratio  of  the  femidiameters  of*  the  circfetf,  ind 
the  ratio  of  the  fines  of  the  fanie  angles  taken  in 
the  fame  circle. 

Let  BCA,  BCD  (%.  58.)  be  the  two  artgles; 
I  foy,  FE  the  fine  of  BCA  in  the  circle  FK  is  to 
BD  the  fine  of  BCD  in  the  circle  BL  in  a  ratio 
compounded  of  the  ratios  of  FC  to  BC,  and 
BA  to  BD. 

For  fince  FE,  BA  are  (by  the  definition  of  a 
fine)  both  perpendicular  to  CG  they  roufi:  be  pa- 
rallel to  each  other.  Therefore  the  triangles  FCE, 
BCA  muft  be  fimilar,  and  FE  :  BA :  :  FC  : 
IIC.  But  FE  is  to  BD  in  a  ratio  Compounded  of 
the  ratios  of  FE  to  BA,  and  BA  to  BD.  There- 
fore the  ratio  of  FE,  BD  is  compounded  of  the 
ratios  of  FC,  BC,  and  BA,  BD.  QgD. 

\\\.CcroL  1.  Hence  the  ratio  of  the  fines  BA, 
BD,  af~the  angles  BfC A,  BCD,  meafured  in  the 
fame  circle,  is  compounded  of  the  dire&  ratio 
of  FE,  BD.the  fines  of  thofe  angles  meafured 
by  unequal  circles,  and  the  in verfe  ratio  of  FC, 
BC,  the  radii  of  thofe  circles. 

Put  the  verfed  fine  DM  —  z;  EG  =  x.  FC 
—  Ki  andBC  =  r.  By  Prop.  18,  the  fine  BD 
is  a  mean  proportional  between  DM  and  2  CM 
—DM  1  whence  BD?  -  2  CM  x  DM  —  D% 
~  zrz  —  zz.  For  the  fame  reafon,  FE?  — 
zRx  —  xx.   And  by  this  corollary,  BA  :  BD  : ;  . 

FE     BD                          .                  ^/iRx—xx 
PP  :  pp  ;  therefore  B A  is  to  BD  as  ^ —  ~ 

to  ^2rz  -" zz.  Let  the  angle  BCD  inftead  of 

Being  lefs  than  BCA,  be  fo  much  greater  than 
it,  that  it's  verfed  fine  DM  fhail  equal  EG  the 

verfed 
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verfed  fine  of  BCA  in  the  greater  circle,  or  that 
*  fhall  =  X;    and  the  expreffion  »/2r*  ~  zz 


y/zrx  —  xx, 


will  be  changed  into  ^ 9  and  the  ratio 

&f  BA    to  BD  will  be  the  fame  as  that  of 

*  *   ^  , to  *■— — . .  This  cafe  occurs  w 

R  r 

Hei/bams    leftures    on    Natural    Philofophyy 
lc£L   9. 

143,  Cwol.  2.  By  this  figure  it  appears  that  the 
Arches  FG,  BM,  fubtending  different  angles 
BCA,  BCD  at  the  center  c  of  the  unequal  circles 
FK,  BL,  are  in  a  compound  ratio  of  the  radii 
FC,  BC,  and  of  the  Angles  they  fubtend,  or 
the  Arches  BO,  BM  in  the  fame  circle.  For 
the  rfrtiQ  of  FG  to  BM  is  equal  to  the  ratios  of 
FG  to  BO,  and  BO  to  BM ;  that  is,  of  FC  to 
BC  and  BO  to  BM. 

Hence  the  arches  BO,  BM,    or  the  angles. 
BCA,  BCD,  are  to  each  other  in  the  ratio  of 

i—  to  - — }  that  is,  if  the  angles  are  fmall,  as 

FC      BC  ■**■ 

chord  FG  „    chord  BM  •      ,      rt-    :r  „ 

— jpg to  — BC nearly.    Or,    if  FG, 

BM  be  fuppofpd  to  reprefent  two  Objefis  feen 
by  an  eye  at  C,  their  apparent  diameters  (for  fo 
the  angles  they  fubtend  at  the  eye  are  caft'd) 
will  be  very  nearly  in  a  ratio  compounded  of  the 
vtirelt  ratio  of  the  real  diameters  FG,  BM,  and 
the  invtrfc  ratio  of  their  diftances  FC,  BC  from 
the  eye. 

Y  a  PROP. 


n 
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PROP.    28. 

143.  If  a  right  line  AB  (Fig.  59  and  60)  be  di- 
vided into  two  unequal  fegments  AC,  CB,  whereof 
AC  is  the  greater,  that  are  to  each  other  in  any 
£ropofed  ratio  whatfoever,  and  from  the  extre- 
mities A,  B,  be  drawn  two  lines,  as  AK,  KB, 
or  AF,  FB,  in  the  fame  proportion  as  AC,  BCt 
meeting  each  other  in  K  or  F  j  the  iever^  in- 
terferons K,  F,  and  C  will  be  fituated  uT  the 
circumference  of  a  circle,  whofe  femidiameter 
is  determined  by  the  following  conftrudtion. 

Conjlruttion. 

Take  CP  =CB5  and  fay  as  AP  :  CB  ::  CB 

•  BD  -,  and  D  will  be  the  center,  and  DC  die 
radius  of  the  circle  in  which  the  points  K,  F, 
&c.  are  fituated. 

Demonftration. 

m 

Firft  of  all  we  will  (hew  that  the  point  E, 
which  is  the  laft  interferon  of  the  lines  drawn 
from  A,  B,  when  the  angle' at  A  is  diminHhed 
ad  infinitum,  lies  in  the  circumference  oi  this 
circle.  Since  AP  :  BC ::  BC  :  BD,  it  follows  com- 
ponent that,  AC  :  CB  ::  CD  ;  BD.  But  by 
the  fuppofition,  AE  :  BE  ::  AC  :  BC.  There- 
fore AE  :  BE  ::  CD  :  BD  :  and  dividends 
AB  :  BE  ::  CB  :  BD  and  permutando,  and 
again  dividend**,  AC  :  CB  ::  DE  :  BD.  there- 
fore DE  :  BD  ::  CD  :  BD.  confequentl/ 
JDE  r=  CD,  and  E  is  in  the  circumference  of 
the  circle.  Now  take  any  other  point  as  R  j  and 

producing 
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producing  RB  till  it  meets  the  circle  in  S,  join 
S,  D.  then  we  (hall  have  AR  :  BR  ::  AC  : 
CB  ::  CD  :  BD  ::  SD  :  BD.  therefore  (by 
EL  6,  7)  ABR,  SBD  are  fimilar  triangles  $  for 
AR  is  greater  than  BR,  becaufe  AC  is  greater 
than  CB  5  therefore  ang.  ABR  is  greater  than 
BAR,  which  of  confequence  muft  be  acute  5  an4 
BSD  is  left  than  a  right  angle $  becaufe  it  ftands 
upon  the  line  BD,  which  is  lef$  than  the  whole 
diameter  CE.  Therefore  SB  :  BD  ::  AB  ;  BR; 
whence  SB  x  BR  =  AB  X  BD  -  CB  x  BE, 
becaufe  BE  :  BD  ::  AB ;  CB  by  what  was 
proved  before.  Therefore  (by  the  converfc  of 
EL  3.  35.)  the  point  R  is  in  the  circumference  of 
the  circle.  QED. 

Nbti >,  The  converfe  of  El  3.  35  is  almoft  felf- 
evident:  however,  to  make  every  thing  as  clear 
as  poffible,  let  R  be  fuppofed  not  to  be  in  the 
circumference  of  the  circle ;  but  let  SB  cut  tfee 
circle  in  T  or  V ;  then  by  this  proportion  of  £*- 
clidy  SBx  BT,  or  SB  x  BV  wUl  be  r^  CB  x  BE, 
that  is,  to  AB  X  BD ;  but  it  has  been  proved 
that  SB  XBR  =  AB  x  BD;  |herefore  SB  x  BR 
n=  SB  x  BT,  or  SB  x  BV,  and  BR  =  BT,  or 
BV,  a  greater  to  a  lefs,  or  a  lefe  to  a  greater, 
which  isimpoffible  * 

'Tie  evident  that  what  has  been  proved  of  the 
points  E  and  R  is  equally  true  of  all  the  other 
points  K,  F,  I,  H,  G,  &*, 

144.  CoroL  1.  When  the  line  AB  is  bifetted,  or 
yrhen  the  point  C  coincides  with  the  middle 
point  O,  the  radius  DC  is  infinite,  and  the  cir- 
cumference of  the  circle  becomes  a  right  line 

perpen- 


.  1 
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perpendicular  to  AB  in  O,  as  injfg.  61.  fibr  then 
CB  or  CP  beiijg  equal  to  AC,  AP  becomes  =  p% 
and  of  confequenee  BD  the  fourth  t?rm  in  the 
proportion  AP:  CB::CB  :£D,  mpft  be  infi- 
nite. Or  it  may  be  proved  from  this  lonfidei*- 
tion ;  A<? :  CB  ::  CD  :  BD,  and  AC  =  CB; 
therefore  CD  =  BD.  Now  the  op|y  cafe  in 
which  the  ratio  of  CD  to  BD  can  be  a  ratio  of 
equality,  is  when  they  are  both  infinite,  and  the 
ratio  of  their  difference  CB  to  either  pf  them  is 
an  infinitely  great  ratio  of  minority. 

*Tis  evident  without  confidering  the  construc- 
tion of  the  circle,  that  CLKi  ought  to  be  a  right 
line  perpendicular  to  AB.  For  fince  AC  ~  CB, 
it  follows  that  AL  =  LB,  AK  =  KB,  AI  =  IB. 
Therefore,  joining  IC,  the  angles  ACI,  BCI, 
will  be  equal  (by  £/•  i.  8.)  and  confequently  right 
ones.  For  the  fame  reafons  joining  KC,  and  LC, 
each  of  thefe  lines  will  be  perpendicular  to  AB 
inC.  therefore  IC,  KC,  LC,  coincide;  or.  the 
line  joining  the  vertices  L,  K,  I,  is  a  right  line 
perpendicular  to  AB  in  C. 

i 45.  Cord.  2 .  If  C  be  taken  nearer  and  nearer  to 
B,  the  circle  will  continually  grow  lefs  and  lefs, 
and  at  laft  when  C  and  B  coincide  will  vantfh  en- 
tirely :  for  in  this  cafe  CB  decreafes  and  AP  in- 
creafes  j  therefore  the  ratio  of  AP  to  CB,  and 
confequently  of  CB  to  BD,  increafes;  therefore 
BD  decreafes  as  well  as  CB.  consequently  the  ra- 
dius CD,  or  CB  +  BD,  decreafes.  When 
CB  =  o+  BD  will  —  o%  and  CD,  and  confequent- 
ly  the  circle  of  which  it  is  the  radium  will 
vanUh . 

146.  Gh 


r 
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146.  Corol.  3.  If  a  right  line  AB  is  divided  in- 
to Weo  fegments  AC,  CB,  that  are  to  each  other 
in  any  propofed  ratio  whatfoever,  and  (taking 
CP  —  CB,  and  making  AP  ;  CB  ::  CB  :  BDj  a 
'circle  be  dcfcribed  with  the  center  D,  and  radius 
DC ;  the  ratio  of  any  two  lines  AK,  KB,  or  AF, 
£B,  or  AI,  IB,  drawn  from  any  point  K,  F,  or 
I,  in  the  circumference  of  the  circle  to  A,  B,  the 
extremities  of  the  given  line,  will  be  the  fame 
with  that  of  the  fegments  of  AC,   CB. 

Previoufly  to  the  following  propofition,  it  wiH 
be  convenient  to  make  the  following  obferya- 
tions. 

Obf.  t.  The  area  of  a  regular  polygon,  as 
BDFHKMOQB,  (fig.  62.)  circumfcribed  about 
a  circle,  is  equal  to  a  right-angled  triangle,  whofe 
bafe  is  equal  to  the  perimeter  of  the  polygon, 
and  altitude  to  the  radius  of  the  circle.  For  by 
drawing  the  lines  HR,  KR,  MR,  &c.  from  the 
fcveral  angles  of  the  polygon  to  the  center  of  the 
circle,  the  polygon  may  be  divided  into  the  fereril 
triangles  HRK,  KRM,  &c.  which  have  the  fides 
of  the  polygon  for  their  bafes,  and  the  radius  of 
the  circle  for  their  common  perpendicular  alti- 
tude, and  therefore  (1>y  J5/.  6.  1.)  it  is  equal  to  a 
triangle  whofe  bafe  is  equal  to  the  fum  of  all 
thefe  bafes,  or  of  all  the  fides  of  the  polygon, 
and  whofe  perpendicular  altitude  is  equal  to  the 
radius  of  the  circle,  or  to  a  right-angled  triangle 
whoie  bale  is  the  perimeter  of  the  polygon,  and 
height  the  radius  of  the  circle* 

06/ 
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Obf.  2/  The  area  of  a  regular  polygon,  as 
bdfbkmoqb,  (fig.  62.)  infcribedin  a  circle,  is  equal 
to  a  right-angled  triangle  whofe  bafe  is  equal  to 
the  perimeter  of  the  polygon,  and  altitude  to  Ri, 
or  the  cofine  of  half  the  arch  kb  fubtended  by  one 
of  the  fides  of  the  polygon.  For  the  infcribed 
polygon  bdfbkmoqb  may  be  divided  into  the  fe- 
veral  triangles  bRk,  kR.m,  &c.  whofe  bafes  are 
the  fides  of  the  polygon,  and  their  .common  alti- 
tude equal  to  R/. 

Obf.  3*  If  a  regular  polygon  be  circumfcribed 
about  a  circle,  the  number  of  its  fides  may  be  fo 
far  increafed  that  the  area  of  the  polygon  {hall 
exceed  the  area  of  the  circle  by  an  excefs  that  is 
lefs  than  any  affign'd  area  whatfoever.  For  if 
BDFHKMOQft  {Jig.  62.)  is  a  regular  polygon 
circumfcribed  about  the  circle  RAEIN,  and 
bdfbkmoqb  a  polygon  fimilar  to  the  former  in- 
fcribed in  that  circle,  the  proportion  of  the  for- 
mer polygon'  to  the  latter  will  (by  EL  6.  20.)  be 
equal  to  that  of  (KHy  to  kbq9  or  Klq  to  kiq,  or) 
RIy  to  R/y,  or  of  the  fquare  of  the  radius  to  the 
fquare  of  the  cofine  of  half  the  arch  fubtended  by 
a  fide  of  the  infcribed  polygon,  which  proportion, 
*tis  evident,  may,  by  increafing  the  number  of 
fides  in  the  polygons,  be  made  to  approach  as 
near  as  we  pleafe  to  a  ratio  of  equality  *  there* 
fore  by  increafing  the  number  of  fides  in  the  po* 
lygcns  the  circumfcribed  polygon  may  be  made 
to  exceed  the  infcribed  polygon  by  as  fmall  a 
quantity  as  we  pleafe,  and  confequently,  a  for* 
tiori,  it  may  be  made  to  exceed  the  circle,  which 
is  always  greater  than  the  infcribed  polygon,  by 

an 
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an  excels  that  is  lefs  than:  any  affigned  area  what- 
soever. 

PRO  P.    29. 

,  148.  The  area  of  every  circle  is  equal  to  a 
right-lined  triangle  whofe  bafe  is  the  circumfe- 
rence of  the  circle,  and  altitude  the  radius. 

Let  AEIN  (fig.  62.)  be  a  circle  whofe  center  is 
R,  and  radius  AR  j  and  STV  (fig.  63.^  a  right- 
angled  triangle  whofe  bafe  TV  is  equal  to  the 
circumference  of  the  circle  AEIN,  and  altitude 
TS  to  the  radius  AR.  I  fay-,  the  area  of  the 
circle  AEIN  is  equal  to  the  triangle  STV.  For 
if  they  are  not  equal,  let  us  fifft  luppofe  the  tri- 
angle to  be  the  greater,  and  the  difference  to  be 
equal  to  the  fpace  X.  About  the  circle  AEIN 
circumfcribe  the  regular  polygon  BDFHK 
MOQB,  the  number  of  whofe  fides  is  fo  great 
that  the  excefs  of  it's  area  above  the  area  of  the 
circle  AEIN  (hall  be  lefs  than  the  fpace  X;  which* 
by  Obf.  3.  it  is poffible  to  do;  and,  it  is  evident, 
the  circumfcribed  polygon  BDFHKMOQB  will 
be  lefs  than  the  triangle  STV.  But,  by  Qbfi  1.  the 
circumfcribed  polygon  is  equal  to  a  right-angled 
triangle,  whole  bale  is  equal  to  the  perimeter  of 
the  polygon,  and  altitude  to  the  radius  of  the 
circle :  therefore  this  triangle  is  lefs  than  the  tri- 
angle STV.  But,  becaufe  by  the  lemma  in  Art. 
31,  the  perimeter  of  the  circumfcribed  polygon 
is  greater  than  the  circumference  of  the  circle, 
and  confequently  the  bafe  of  the  former  triangle 
is  greater  than  the  bafe  of  the  latter  triangle,  and 
their  altitudes  are  equa),  it  follows  that  the  for- 
mer triangle  mull  be  greater  than  the  latter :  but 
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it  has  been  been  before  fhewn  to  be  lefs  than 
latter  triangle:  therefore  it  is  botfr  greater- 
lefs  than  the  latter  triangle  at  the  fame  tii 
which  is  impoffible ;  therefore  the  triangle  S' 
is  not  greater  than  the  circle  AEIN.  QEP. 
Secondly,  Let  the  triangle  ST  V  be  fuppofed  to 
'  lefs  than  the  circle  AEIN,  and  let  the.  difference 
equal  to  X.  Infcribe  in  the  circle  AEIN  the  regu] 
polygon  bdjhkmoqby  the  number  of  whofe  fides  is 
great  that  the  excefs  by  which  the  circle  AE^ 
exceeds  its  area  fhall  be  lefs  tha.  :*c  fpace 
which,  it  appears  from  EL  12.  2.  is  poffible  to 
done :  and  it  is  evident  the  inferibed  polygc 
bdfhkmoqb  will  be  greater  than  the  triangle  ST1 
But,  by  Obf.  2.  the  polygon  bdfhkmoqb  is  equal  to 
a  right-angled  triangle  whofe  bafe  is  equal  to  the 
perimeter  of  the  polygon,  and  its  altitude  to  the 
eofine  R/ ;  therefore  this  triangle  is  greater  than; 
the  triangle  STV.  But  it  is  alfo  evidently  lefs 
than  the  triangle  STV,  becaufe  its  bafex  being 
equal  to  the  perimeter  of  the  inferibed  polygon,  is 
lefs  than  the  bafe  of  the  triangle  STV,  which  is 
equal  to  the  circumference  of  the  circle,  and  its 
altitude  Ri  is  alfo  lefs  than  the  altitude  of  the 
triangle  STM,  or  than  the  radius  of  the  cirJe: 
therefore  it  is  both  lefs  and  greater  than  the  tri- 
angle STV,  at  the  fame 'time;  which  is  impof- 
fible. Therefore  the  triangle  STV  is  not  lefs  than 
the  circle  AEIN.  But  it  was  before  fhewn  that 
it  was  not  greater  than  that  circle;  therefore  it  is 
equal  to  it,    QED. 

119.  Note j  If  we  make  ufe  of  the  concifer, 
though  lefs  accurate,  language  of  infinitely  fmall 
qu  unities,    the  demonflration  of  the  *  foregoing 

propo- 
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proportion  may-  be  reduced  to  this ;  that  if  the 
number  of  the  fides  of  a  regular  polygon  circum- 
fcribed  about  a  circle  be  increas'd,  and  confe-  * 
quently,  their  magnitude  diminifh'd,  ad  infinitum, 
die  perimeter  and  area  of  the  polygon  will  coincide 
with  the  circumference  and  area  of  the  circle  re- 
fpedtively  ;  and  confequently  by  Obf.  i .  the  area  of 
the  circle  will  be  equal  to  a  right-angled  triangle, 
whofe  bafe  is  equal  tQ  the  circumference,  and  its 
altitude  to  the  radius,  of  the  circle.  A  like  de- 
monflratioi.;;  fi.this  pjr;opofitioh  might  be  deduced 
jrom  the  con  fideration  of  the  infcribed  polygons, 
by  the  help  of  Obf  2. 

150.  CoroL  1.  Hence  'tis  evident  that  the  area 
of  a  circle  is  equal  to  a  re&angle  contained  under 
its  femicircumference  and,  radius  or,  femidia- 
meter. 

151.  CoroL  2.  Hence  it  appears  like  wife  that 
to  fquare  the  circle,  or  to  find  the  proportion  of 
its  area  to  the  fquare  of  the  diameter  in  num- 
bers, it  is  neceflary  firft  to  know  the  proportion 
of  the  diameter  to  the  circumference ;  that  is  the 
quadrature  of  the  circle,  and  the  finding  the  pro- 
portion of  the  diameter  to  the  circumference  in 
numbers,  are  one  and  the  fame  problem,  or  are 
mutually  dependant  upon  each  other.  'Tis  com- 
monly faid  that  the  diameter  an  J  circumference 
of  a  circle  ^re  incommenfurable  to  each  other, 
and  confequently  that  an  accurate  quadrature  of 
the  circle  is  impoffible  :  but  this  I  have  never  feen 
demonftrated,  though  it  feems  probable  from 
this  confideration,  fuggefted  by  Dr.  Barrow,  to 
wit,  c<  That  the  fides  of  regular  polygons  in- 
u  fcribed  in,   and  circumfcribed  about,  a  circle 

Z  2  "  grow 
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*'  grow  more  and  more  involved  with  furd  quan* 
«c  tities,  or  quantities  incommenfurable  to  the, 
cc  diameter,  as  their  number  is  increafed  / 
whence  it  feems  reafonable  to  contefture  that  the 
circumference  of  the  circle,  which  is  the  laft 
valufe  of  the  perimeters,  or  fums  of  die  fides,  of 
the  circumfcrib'd  and  infcrib'd  polygons  when 
the  number  of  their  fides  is  infinite,  fhould  be 
infinitely  involved  with  furd  quantities,  and  there- 
fore be  incommenfurable  to  the  diameter.  How- 
ever the  proportion  of  the  diameter  to  the  circum^ 
ference  of  a  circle  has  been  expreffed  in  numbers 
to  a  prodigious  degree  of  exa&nefs  by  feveral  au- 
thors, and  particularly  by  Mr,  Eu/ery  who  in  his 
treatife  of  infinite  fejiefes,  as  has  carried  his  number; 
to  upwards  of  an  hundred  and  twenty  places  of 
decimal  figures.  Some  of  the  moft  convenient 
piethods  of  computing  thefe  numbers  will  be 
|hewn  in  Part  3.  of  thef?  £/»  ($**? j. 

% 

152.  CoroU  3.  Frpm  this  propofitipn  Galfkohaf 
deduced  the  follpwing  curious  property  of  the  cir- 
cle, to  wit,  that  its  area  is  greater  than  the  area 
of  any  regular  polygon  of  equal  perimeter  with 
itfelf.  This  he  depionftratej  by  fhewing  that  the 
area  of  a  circle  is  a  mean  proportional, bpt ween 
the  area  of  any  regular  polygon  whofe  perimeter 
is  equal  to  its  circumference,  and  the  area  of  a 
polygon  fimijar  to  the  former,  circumfcribed 
kbout  the  circle,  in  the  following  manner.  Let 
£  (fig-  64.)  be  any  regular  pplygon  whofe  peri- 
jneter  is  equal  to  the  circumference  of  the  circle 
AEIN  {fig.  62V)  and  BDFHKMOQB  be  a  poly- 
gon fimuar  to  tne  polygon  P  circumfcribed  abouf 
that  circle.     Then,  fince  the  area  pf  the  tircum3 
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fcribed  polygon  is  equal  to  a  right-angled  triangle, 
whofe  bafe  is  equal  to  it's  perimeter  and  altitude 
to  the  radius  of  the  circle,  and  the  area  of  the  circle 
is  equal  to  a  right-angled  triangle,  whofe  bafe  is 
equal  to  its  circumference  and  altitude  to  its  ra- 
dius, it  follows  (by  EL  6.  i .)  that  the  area  of  die 
circumfcribed  polygon  is  to  the  area  of  the  circle 
as  the  bafe  of  the  former  triangle  is  to  the  bafe  of 
the  latter  triangle,  that  is,  as  the  perimeter  of  the 
circumfcribed  polygon  is  to  the  circumference  of 
the  circle,  and  therefore  as  the  perimeter  of  the 
circumfcribed  polygon  to  the  perimeter  of  the 
polygon  P.  But  becaufe  the  polygon  P  is  fimilar 
to  the  circumfcribed  polygon,  their  proportion  to 
each  other  will  be  duplicate  of1  the  proportion  of 
their  perimeters.  Therefore  the  proportion  of 
the  circumfcribed  polygon  to  die,  polygon  P  is  du- 
plicate of  its' proportion  to  the  circle  AEIN  $  and 
confequently '  that  circle  will  be  a  mean  propor- 
tional between  the  polygon  circumfcribed  about  it 
and  the  polygon  P.  And  therefore,  as  the  cir- 
cumfcribed polygon  is  always  greater  than  the 
circle,'  whatever  be  the  number  of  the  fides,  it 
follows  that  the  circle  will  always  be  greater  than 
the  polygon  P,  which  is  ifoperimetral  to  it,  of 
what  number  of  fides  foever  that  polygon  confifts. 
QED. 

153.  Galileo  demonstrates  further  that  of  two 
regular  polygons  circumfcribed  about  a  circle, 
that  which  has  the  greater  number  of  fides  is  the 
lefTer ;  and  from  thence  he  deduces  a  proof,  that 
of  two  regular  polygons  that  are  ifoperimetrai  to 
each  other,  that  which  has  the  greater  number 
pf  fides  is  the  greater. 
*  "  154.  The 
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154.  The  former  of  thefe  particulars  be  de- 

monftrates  in  the  following  manner.    Let  AD 

be  half  the  fide  of  any  regular  polygon  circum- 

fcribed  about  the   circle  AOF  (fig.6$.)   whofe 

center  is  O,  and  AC  half  the  fide  of  any  other 

regular  polygon  confifting  of  a  greater  number 

of  fides  than  the  former,  circumfcribed  about  the 

fame  circle,  and  let  n  be  the  number  of  fides  in 

the  former  ; polygon,  and  m  the  number  of  fides 

in  the  latter  polygon.     Draw   the  fecants   OC, 

OD,  cutting  the  circle  AOF  in  G  and  F  5  and 

with  O  as  a  center  and  OC  as  a  radius  defcribe 

the  circular  arch  ICE  cutting  OA  (produced)  in  I 

and  OD  in  E.     Then  'tis  evident  that  AC  will 

be  lefs  than  AD,  and  confequently  OC,  or  OE, 

than  OD,  and  the  triangle  DOC  will  be  —  the 

fedtor  EOC  -f-  the   fpace  CED.    therefore  the 

proportion  of  the  triangle  DOC  to  the  triangle 

COA  is  the  fame  with  that  of  the  fum  of  the 

fedtorEOC  and  fpace  CED  to  the  triangle  COA; 

and  therefore,  as  the  fedtor  COI  is  greater  than 

the  triangle  COA,  the  proportion  of  the  triangle 

DOC  to  the  triangle  COA  will  be  the  fame  with 

the  proportion  of  the  fum  of  the  fedtor  EOC,  the 

fpace  CED,  and  fome  third  quantity  as  yy  to  the 

fedtor  COI ;  that  is,  DOC  is  to  COA  as  the  fe&or 

EOC  increas'd  by  the  quantity  DCE  -f-  y  to  the 

iedtor  COI.     But  the  fedtor  EOC  is  to  the  fetfor 

COI  in  the  fame  proportion  as  the  fedtor  FOG  is 

to  the  fedtor  GO  A $  therefore  the  quantity  EOC 

.4-  DCE  -+-  y  \s  to  the  fedtor  COI  as  the  fedtor 

FOG  increas'd  by  fome  quantity  which  call  z,  to 

the  fedtor  GOA.  therefore  the  triangle  DOC  is 

to  the  triangle   COA  as  FOG .+-  z  is  to  GOA 

Therefore,   €omponendo,  we  have  DO  A  :  COA 

::  FOA 
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FOA-h*  :  GOA;  and,  permutando>  DOA 
:  FOA  4-  z  ::  COA  :  GOA.  Therefore  DOA 
is  to  FOA  alone  as  COA  increas'd  by  fome  quan- 
tity, which  call  v,  to  GOA.  Therefore  zn  times 
the  triangle  DOA,  or  the  area  of  the  whole  po- 
lygon of  which  AD  is  half  a  fide,  is  to  zn  times 
the  fedtor  FO A,  or  the  area  of  the  whole  circle 
AOF,  as  zm  times  the  quantity  COA  -+-  v,  that 
is,  as  zm  times  the  triangle,  COA  increased  by  ztft 
times  v9  is  to  zm  times  the  fedtor  GOA,  or  the 
area  of  the  whole  circle  AOF.  therefore  the  area 
of  the  polygon  of  which  AD  is  half  a  fide  is  equal 
to  the  area  of  the  polygon  of  which  AC  is  half  a 
fide  increafed  by  the  quantity  zm  x  v,  or  is  grea-  . 
tcr  than  that  polygon.  QgD. 

» 

Note,  This  property  of  the  circumfcribed  po- 
lygons might  alfo  have  been  deduced  from  Art. 
147.  Obf.  3.  as  the  reader  will  eafily  perceive. 

155.  The  fecond  of  the  foregoing  particulars, 
to  wit,  <c  that,  if  there  be  two  regular  polygons 
<c  whofe  perimeters  are  equal  to  each  other,  that 
"  which  has  the  greater  number  of  fides  will  be 
<:  greater  than  the  other,"  may  be  eafily  deduced, 
from  the  foregoing  articles  in  the  following  man  - 
ner. 

Let  there  be  any  two  ifoperimetral  polygons 
which  call  A  and  B ;  and  of  thefe  polygons  let 
A  be  that  which  has  the  greater  number  of  fides, 
we  are  to  (hew  that  the  polygon  A  is  greater  than 
the  polygon  B.  Let  AOF  {fig.  65.)  be  a  circle 
whofe  circumference  is  equal  to  the  perimeter  of 
either  of  thefe  polygons,  and  AOC  and  AOD 
two  polygons,  refpedtively  fimilar  to  the  poly- 
gons 
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gons  A  and  B,  circumfcribed  about  the  circle 
AOF.  Then,  fince  by  Art.  152,  the  circle  AOF 
is  a  mean  proportional  between  the  circum- 
fcribed polygon  AOC  and  the  polygon  A,  and 
aifo  between  the  circumfcribed  polygon  AOD 
and  the  polygon  B ;  and,  by  Art.  154,  the  cir- 
cumfcribed polygon  AOC  is  lefs  than  the  circum- 
fcribed polygon  AOD ;  it  follows  the  polygon 
A  will  be  greater  than  the  polygon  B.  QED. 
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PART  the   THIRD; 


Concerning  the  fluxions  of  fines,  tangents,  Jecants^ 

wrfed fines  a  fid  chords. 

E  T  the  arc'RL  of  the  femicircle 
RLC  (^g-.  66,)  be  conceived  to 
be  generated  by  the  motion  of  a 
point  moving  from  R  to  L  round 
the  centef  C  with  an  uniform 
velocity,  4b  as  to  defcribe  equal  arches  in  equal 
times.    Draw  the  radius  O  at  right  angles  to 
CR  i  the  tangent  RG,  and  the  line  KN,  each  of 
an  indefinite  length ;  and  the  line  MF  equal  to 
RL  the  diameter  of  the  circle.     And  let  the  five 
lines  O,    RC,  MF,  RG,  and  KN,  be  all  fup- 
pofed  to  have  begun  to  be  generated  at  the  fame 
inftant  of  time  as  the  arch  RL,  by  the  motion  of 
as  many  points  moving  from  C  towards  r,  from 
R  towards  C,  from  M  towards  F,  from  R  to* 
Wards  G,  and  from  K  towards  N,  with  fuch  ve- 
locities that  at  every  following  inftant  of  time  the 
generated  portion  of  Cr  fhall  be  equal  to  the  fine 
of  the  arc  generated  at  that  inftant,  the  generated 
portion  of  RC  to  its  verfed  fine,  that  of  MF  to 
its  chord,  that  of  RG  to  its  tangent,  and  that  of 

A  a  KN 
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KNtoits  fecant.  Thus  when  the  point  Rhai 
defcribed  the  arch  RA,  the  firft  point  fliall  have 
defcribed  the  line  Cfi  equal  to  DA  its  fine  ;  the 
fccond  point  (hall  have  defcribed  RD  its  verfed 
line ;  the  third  point  fh^ll  have  defcribed  the  line 
'  MH  equal  to  R  A  its  chord  j  the  fourth  point  fliall 
have  defcribed  RP  its  tangent ;  and  the  fifth  point 
(half  Have  defcribed  Ihe  line  Ky  equal  to  its  fecant 
CP ;  when  the  point  R  has  defcribed  the  arch 
Ra>  the  other  points  fhail  have  defcribed  the 
lines  C*,  RB,  Mh>  RT,  and  Ka,  which  are 
refpe&ively  equal  to  its  fine,  verfed  fine,  chord, 
tangent,  and  fecant.  Thefe  lines,  it  muft  be 
obfeyved,  do  not  all  continue  to  increafe  till' the 
arch  becomes  a  femicircle ;  but  fome  of  them,  to 
wit,  the  fine,  tangent,  and  fecant,  arrive  at  their 
limit,  or  at  their  greateft  magnitude,  when  the 
arch  RA  becomes  equal  to  a  quadrant. 

157.  Now  it  is  evident  that,  the  arch  being 
fuppofed  to  increafe  with  an  uniform  velocity,  the 
velocities  with  which  ail  the  other  lines  are  ge- 
nerated will  not  be  uniform,  but  continually  va- 
rying in  every  inftant  of  time.  Thus  the  tangent 
and  fecant  flow  with  velocities  that  are  continually 
iacreafing,  and  the  fine  with  a  velocity  that  is 
continually  decreafing*  Confequently  the  velo- 
cities of  thefe  feveral  lines  at  any  propofed  inftant 
of  time  are  not  proportional  to  the  increments 
they  receive  in  any  finite  time  whatfoever  begin- 
ning at  that  inftant. 

158.  Neverthelefs  by  continually  diminifhing 
thefe  increments  we  may  make  their  proportions 
approach  continually  nearer  and  nearer  to  thofe  of 
their  velocities  in  the  firft  inftant  of  their  genera- 
lien ;  for  thefe  velocities  are  accurately  propoi- 
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portional  to  the  lines  that  would  be  generated  hy 
thera  in  any  given  time,  if  the  velocities  had  con- 
tinued  uniform  during  that  time;  and  the  left 
thefe  increments  are  taken,  the  lefs  will  be  th$ 
difference  of  the  velocities  in  each  of  them  at  th$ 
beginning  and  end  of  the  time  in  which  they  are 
described,  or  the  nearer  will  they  approach  to  be- 
ing defcribed  with  uniform  velocities.     And  as 
this  diminution  of  the  increments  may  be  con- 
tinued ad  infinitum,  and  the  difference  of  the  ve- 
locities in  each  increment  at  the  beginning  and 
end  of  the  time  of  its  defcription  be  thereby  di- 
minifhed  ad  infinitum  likewife,  it  follows  that  the 
proportion  of  thefe  feveral  increments   to  each 
other  may  be  made  to  approach  infinitely  near  t(f 
the  ratio  of  the  velocities  at  the  beginning  of  the 
time  of  their  defcription,  that  is,  fo  near  a)  to 
differ  from  it  by  lefs  than  any  afligned  proportion. 
whatibever. 

1 59,  Therefore  the  ratio  of  the  velocities  of 
thefe  feveral  lines  at  any  afligned  inftant  of  time 
is  equal  to  the  limit  of  the  ratio  of  the  contem- 
porary increments  that  begin  to  be  generated  at 
that  inftant,  or  to  that  ratio  to  which  their  pro- 
portion may  by  diminishing  them  continually  be 
made  to  approach  fo  near  that  its  difference  there- 
from (hall  be  lefs  than  any  afligned  proportion 
whatfbever*  This  limit  is  frequently  call'd  the 
ultimate  ratio  of "the  increments,  becaufe  it  is  the 
proportion  they  bear  to  each  othea  in  the  /^.in- 
ftant of  their  exiftence,  juft  as,  by  the  diminu- 
tion afbrefaid,  they  are  reduced  to  a  flate  of  eva- 
nefcence,  or  are  paffing  into  nothing.  But  as 
this  conception  is.fomewhat  fubtle,  the  reader 
vill  do  well,  as  often  as  the  phrafe,  ultimate  ratty 
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occurs,   to  carty  in  his  mind  the  idea  of  the 
limit  above  defined* 

1 60.  To  illuftrate  what  has  here  been  faid  con- 
cerning thefe  increments  in  general,  we  will  con- 
fider  particularly  the  increments .  PT  and  £*  of 
die  tangent  and  fine.  Now  'tis  evident  that  as 
PT  and  £*  may  be  diminifh'd  ad  infinitum*  the 

.  difference  of  the  velocities  in  P  and  T,  and  alio 
that  of  the  velocities  in  £  and  *,  may  thereby  be 
diminifhed  ad  infinitum  like  wife,  and  be  made  to 
bear  to  the  velocities  in  P  and  £  rdpe&ively  a  lefs 
than  any  affigned  proportion  whatfoever 5  fo  that 
thefe  increments  may  be  made  to  approach  as  near 
as  we  pleafe  to  being  defcribed  with  uniform  ve- 
locities. Confequently  their  ratio  to  each  other 
maybe  made  to  approach  as  near  as  we  pleafe  to 
the  ratio  of  the  velocities  inP  and  £.  Whence  'tis 
evident  that  the  ratio  of  the  velocities  in  P  and  £ 
is  equal  to  the  limit  of  the  ratio  of  the  increments 
PT  and  £*.  For  the  fame  realbn  the  ratio  of  the 
velocities  in  P  and  A,  and  that  of  the  velocities 
in  £  and  A,  are  refpeftively  equal  to  the  limits  of 
the  ratios  of  PT  to  Aa,  and  £*  to  Aa. 

161.  The  fame  is  evidently  true  of  any  other 
lines  whatfoever,  belonging  to  any  other  figure 
befides  a  circle,  that  are  generated  by  the  motion 
of  points  in  the  manner  above-defcribed ;  to  wit,  that 
the  proportion  which  the  velocities  of  the  points 
that  generate  any  two  of  them  bear  to  each  other 
at  any  affigned  inftant  of  time  is  equal  to  the  li- 
mit of  the  ratio  of  the  contemporary  increments 
that  begin  to  be  generated  at  that  inftant. 

Quantities  generated  in  this  manner  are  com- 
monly call'd  fluents,  that  is,  flowing  or  variable 
Quantities;   and  the  velocities    wherewith  they 
ow  are  call'd  their  jtuxiom. 
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,  To  determine  the  proportions  of  thefe  fluxion*; 
or  velocities,  in  all  the  lines  defcribed  in  the  pre- 
ceding articles,  and  to  exprefs  them  in  known 
finite  terms  is  die  defign  of  the  following  propo* 
fition  ;  in  the  Carol.  1 1  to  which  it  muft  be  ob- 
ferved  that  by  the  velocities  of  the  fine,  chord, 
and  fecant,  are  meant  the  velocities  of  the  point! 
that  generate  the  lines  O,  MF,  KN,  refpe&vet 
ly  equal  to  them. 

P  R  O  P.  30.    A  Theorem. 

162.  The  fluxion  of  the  tangent  of  any  arc  it 
to  the  fluxion  of  the  arc  itfelf,  as  the  fquare  of 
the  fecant  of  that  arc  to  the  fquare  of  the  radius. 

The  ratio  of  the  velocities  in  the  points  P  and 
A  (fig.  66.)  of  any  tangent  and  arc  RP  and  RA 
is,  as  has  been  before  obferv'd,  equal  to  the  limit 
to  which  the  ratio  of  the  contemporary  incre- 
ments PT  and  ha  approaches  as  thofe  increments 
are  continually  diminiflrtL  With  the  center  C 
and  radius  CP  defcribe  the  circular  arc  PV  cut- 
ting CT  in  V.  Then  it  muft  be  obferv'd  that 
fince  the  ratio  of  PT  to  Aa  is  always  equal  to  the 
fum  of  the  ratios  of  PT  to  PV  and  PV  to  A* 
during  the  whole  time  of  the  diminution  of  thofe 
increments,  the  limit  of  the  ratio  of  PT  to  A*  muft 
equal  to  the  fum  of  the  limits  of  the  other  two 
ratios.  Now  by  diminifhing  PT  'tis  evident  that 
the  mixtilihear  triangle  TVr  approaches  to  a  ftate 
of  fimilitude  and  equality  with  a  rectilinear  tp~ 
angle  formed  by  drawing  a  right  line  from  P  per- 
pendicular to  CT  1  and  as  this  diminution  may 
be  continued  ad  infinitum*  this  approach  may  be 
continued  ad  infinitum  likewifc    Conlcquently 
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the  Sixths  of  die  ratios  of  the  fides  of  the  mixtHIncar 
triangle  are  equal  to  the  limits  of  the  ratios  of 
the  corresponding  fides  of  the  redilinear  trir 
angle,  or  of  me  triangle  .CRT,  which  is 
fimilar  to  it;  therefore  the  limit  of  the  rati* 
of  PT  to  PV  is  equal  to  the  limit  of  the  rath 
«rf  CT  to  CR ;  that  is,  to  the  ratio  of  CP  to 
CR.  But  the  ratio  of  PV  to  Aa  is  alwa/s 
equal  to  the  ratio  of  CP  to  CR,  they  being 
fimilar  arches  of  the  circles  defcribed  with 
thofe  radii;  therefore  its  limit  is  equal  to  the 
fame.  Confequently,  the  fum  of  the  limits 
,of  the  ratios  of  PT  to  PV  and  PV  to  Aa, 
or  the  limit  of  the  ratio  of  PT  to  Aay  is  equal  to 
twice  the  ratio  of  CP  to  CR;  that  is,  the  ratio  of 
the  velocities  in  P  and  A,  or  of  the  fluxions  of  the 
tangent  and  arc,  is  equal  to  that  of  the  {quare  of 
the  fecant  CP  to  the  fquare  of  the  cadi  us  CR. 

QiD. 

This  demonstration  may  be  expreis'd  more 
briefly,  though  with  lefs  precifenefs,  in  the  fol- 
lowing manner* 

The  ratio  of  the  fluxions  of  the  tangent  and 
aire  is,  by  what  has  been  before  obferved,  eqiud 
to  the  ultimate  ratio  of  the  contemporary  incre- 
ments PT,  Aa.  With  the  center  C,  and  radios 
CP  deicribe  the  circular  arc  PV  cutting  CT  in  V. 
Now  'tis  evident  that,  when  PT  is  infinitely  di- 
minished, CT  coincides  with  CP,  the  arc  PV 
ixnncides  with  its  fine,  or  with  a  line  drawn  from 
P  perpendicular  to  CT,  and  confequently  the  tri- 
angle TPV  becomes  a  re&ilinear  and  re<3angular 
triangle  fimilar  to  CTR ;  therefore  PT  is  -to  PV 
as  CT,  or  CP,  to  CR.     But  PV  is  to  Aa  as  CP 

to  CR,  they  being  fimilar  arches  of  the  circles 

defcribed 
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defcribed  with  thofe  radii.    Therefore  enaquo 
PT :  ha ;:  CP?  :  CR^.    QED. 

163.  By  comparing  thefe  two  demonftrationg, 
or  rather  thefe  two  ways  of  expreffing  the  fame 
demonftration,  together,  and  by  attentively  con- 
sidering what  has  been  faid  in  Art.  158,  iro,  and 
j 60,  'tis  prefumed  that  the  fenfe  in  which  the 
phrafes,  "  ultimate  ratio,  ultimate  coincidence 
tl  of  a  curve  with  a  right  line,  ultimate  Jimili- 
u  tude  of  a  mixtilinear  to  a  rectilinear  area,  and 
"  the  like"  are  to.be  underftood,  will  be  fuffi- 
ciently  evident :  for  which  reafon  I  thought  It  un* 
neceffary  to  obferve  the  fame  caution  in  expref- 
fing the  demon  ft  rations  of  the  following  Ccroi* 
lanes,  as  in  the  firft  demonftration  of  the  pro- 
ceeding theorem,  and  accordingly  have  exprcfied 
them  in  the  fame  loofe  manner  as  the  latter  of  the 
foregoing  demonftrations ;  apprehending  that  the 
long  circumlocutions  neceffary  to  exprefs  them 
accurately  would  only  'tend  to  perplex  and  em- 
barrafs  the  fentences,  and  thereby  render  the 
connexion  between  the  feveral  fteps  of  each  de* 
monftration  lefs  eafily  perceptible. 

Corol.  1 .  Hence  the  tangent  of  any  arc  is  grcar 
ter  than  the  arc  itfelf,  as  was  before  (hewn  in 
Art.  32. 

For  'tis  evident  that  the  velocity  of  the,  point  0 

that  generates  the  tangent  equals  at  firft,  and  ever  - ' 

after  exceeds,  the  velocity  of  the  point  that  gene* 
rates  the  arc. 

164.  Corol.  2.  The  velocity  of  the  arc  is  to  the  ] 

velocity  of  the  fine,  as  the  fecant%  is  to  the  radium, 
•r  the  radius  to  the  cofine,  % 

For  m\ 
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For  the  proportion  of  thefe  velocities  is  equal 
to  the  ultimate  ratio  of  Aa  to  G*  or  ba.  Now 
the  triangle  Aba  is  ultimately  fimilar  to ,  CPR, 
becaufeCRP,  Aba,  are  right  angles,  and  PCR 
(z=  CAb  —  CAa  —  aAb  —  (El.  3.  18.)  a  right 
angle—  aAb)  =  (EL  1. 32.)  baA.  therefore  Aa ; 
ba  .:  CP  :  CR  ::  CA  :  CD. 

Carol.  3.  The  fluxion  of  the  tangent  is  to  the 
fluxion  of  the  fine  as  the  cube  of  the  fecant  to 
the  cube  of  the  radius.  For,  by  the  proportion, 
PT  :  Aa  ;:  CP?  :  CR?;  and  by  Corol.  2. 
Aa  ;  ba  ::  CP  :  CR.  therefore  ex  aquo,  PT  : 
ba  ;:  CP'  ;  CR*. 

For  inftance,  the  fecant  of  6o*  is  double  of  the 
radius :  therefore  the  velocity  of  the  point  that 
generates  the  tangent  is  to  the  velocity  of  that 
which  generates  the  arc,  at  the  inftant  that  the 
arc  of  60*  is  compleatly  defcrib'd,  as  4  to  1 ;  and 
to  the  velocity  of  the  fine  at  that  inftant  as  8  to  1 : 
fo  that,  if  thefe  velocities  were  all  to  continue 
uniform,  the  point  that  defcribes  the  tangent 
would  run  over  a  foace  of  8  inches,  and  the  point 
that  defcribes  the  fine  a  fpace  of  1  inch,  while  the 
point  that  defcribes  the  arch  generated  a  line  2 
inches  long. 

165.  Corol  4:  The  fluxion  of  the  fecant  is  to 
the  fluxion  of  the  arc  as  the  re&angle  under  the 
fecant  and  tangent  to  the  fquare  of  the  radius* 
For  thefe  fluxions  are  in  the  ultimate  proportion 
of  y  A  to  Aa,  or  of  VT  to  Aa.  But  VT  is 
to  A*  in  a  compound  ratio  of  VT  to  PT,  and 
PT  to  Aa  *  that  is,  of  RP  to  CP,  and  CP?  to. 
CR? }  that  is,  in  the  ratio  of  CP?  X  RP  to  CR? 

&  CP,  or  of  CP  x  RPto  CR?. 

166.  Coral. 
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Co'rol:  .5.  The  fluxion  of  the  tangent  is  to  the 
fluxion  of  the  fecant  as  the  fecatlt  is  to  the  tan- 
gent.    For  PT  :  VT  i:  CP  :  RP; 

166;  CorOl.  6.  The  fluxion  of  the  ait  is  to  the 
fluxion  of  the  verfed  iine  us  the  fecant  to  the  tan- 
gent, df  is  the  radius  to  the  fine.  For  when  the 
arc  is  of  any  magnitude  as  RA  lefs  than  a  qua- 
drant, tfi^;  tridngle  Aba  is  ultimately  fimilar  tcf 
CRP,  hy.CtyA',  and  in  Kke  manner  when  the 
arc  is  of  4ny  ttiagnitude  as  RrE  (fig  66.)  great et 
thao/d  (juaflrabt,  the,  triapgle  Eze  forrti'.d  by  the 
iifferpiit6i5' .pf  the  ardi,  fine,  and  verfed  fine,  Is 
ttltiihatei^firfiilir  to  Hie  triangle  CLp  fbrm'd  by 
the  radfii^  'jfcttgent,  'itid  fecant  of  Rf?,  or  to  the 
triang[ltf^^  formed  by  the  radius,  fine,  and  co- 
firife  of  \hi  fetoe  atchV  Therefore  Aa .  :  Ab  ^ 
pv  \i  i%':;RP  ::  it  A  :.  AD ,  and  Ee  ;  ze  ^ 
$0  ;i  C^/-  t£>  ::  dE  t.teS.  that  is,  (by  Art.. 

\S9\  fy?  '**$9>  *°C  ^  yfclticides  of  the  arch  and 
▼tried  fitfe  is  during  the  defcription  df  the  whole 
fitnicifcVe1  ebtiil  to  thte  ratio  of  the  fecant*  uritf 
Mhgent:  (it  Ailius  and  fine. 

;  x'67;  ;Cofak  j.t  The'fJuxSbn  df  thfc  tot  is  to  the* 
fluxion  btih6  chord  as  the  chord  to  me  fine,  bt 
4s  the  diirtfetex'  to  die  chord* of  <he  ftrpplethent  td 
i  ffeixiicihcle.  .In  fig.  bj.  let  the  archts  RA,  RE, 
tile  f6nrier  of  which  is  lefs,  and  the  Tatter,  greater 
than  a  4^^raht,  be  intfeafed  by  the  differences 
Aa,  Ee.  Draw  the  lines  AD,  ES,~  die  chord* 
&A,  Ra,  RE*  Re ;  and  the  chords  AL,  EL,  of  the 
.  &pj$leniefcb  of  RA,  RE;  to  a  femicircle  >  and  fup- 
pofe  the  increments  ka,  E>,  to  be  dlniiriifhed  ah 
infinitum.   'Tis  evident  that  each  of  the  triangleJ 

B  b  AR/} 
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AR/i  ER#  becomes  ultimately  ifofceles  j  becaufe, 
when  the  angle  AR/~vani  dies,  the  angle  AfR  be- 
comes the  complement  of /AR  to  two  right  angles, 
and  therefore  squal  to^AR  which  is  itfelf  a  right 
angle  by  EI.  3.  %\.    And  for  the  fame  reafon, 
when  the  angle  ERg  vanifhes,  the  angle  EgR 
becomes  equal  to ^ER.  therefore  RA  is  ultimately 
equal  to  R/,  and  RE  to  Rg  -,  and/i,  gfy  are  ul- 
timately equal  to  the  differences  of  tKe  chords 
A,  Ra,  and  RE,  R*,  or  to  HA,  ?pT  the  diffe- 
rences of  the  lines  MH,  M£,  and  MP,  M^,  relpcc- 
tively  equal  to  thofe  chords.     Now  becaufe  the 
arches  Aa,  Ee  coincide   ultimately  with   their 
chords,   the  mixtilinear  triangles  A/a,  and  Ege> 
will  coincide  ultimately  with  the  re&ilincar  tri- 
angles form'd  by  the  lines  Af+  fa>  and  the  chord 
of  a  A,  and  Ej,  ge9  and  the  chord!  ,of  E*;  and 
therefore  become  ultimately  (imilar  to  the  triangles 
L/Ry  and  LgR,  in  which  the  ang^L/^R,  and 
l^R,  are  equal  to  Ajay  Ege%  becaufe  vertical 
to  them,    and  the  angles  RL/,  KLg  are  equal 
to  faA*    geE,    becaufe  .  they    ftand  t  upon   the 
fame  arches   RA,  RE.      Therefore  ultimately, 
Aa  :  fa  =Hb  ::  RL  :  If,  and  Ee  :  ge  => 
Vp  :;    RL    :   Lg>    or    (becaufe   hf    is    ulti- 
mately equal  to  LA,  and  Lg  =  LE)  Aa  :  Hb  :: 
RL  :  LA,  and  Ee  :  ?p  ::  RL  ;  LE;  that  is, 
(by  Art.  159,)  the  ratio  of  the  velocities  of  the 
arch  and  chord  is  during  the  defcription  of  the 
whole  femicircle  equal  to  the  ratio  of  the  diameter 
to  the  chord  of  the  fupplement,  or  (becaufe  the 
triangles  RLA,  RDA,  andlikewife  the  triangles 
RLE,  RSE,    are  fimilar,  whence  RL  :  LA  :: 
RA  :  AD,  and  RL  :  LE  ::  RE  :  ES)  to  the 
ratio  of  the  chord  to  the  fine. 

*'■■    :  168.  c*r*L 
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1 68.  CoroL  8.  Hence  the  fluxion  of  the  verfed  fine 
is  to  the  fluxion  of  the  chord  as  twice  the  chord  is 
to  the  diameter.  For  the  fluxion  of  the  verfed  fine 
being  to  that  of  the  arc  as  the  fine  to  the  radius,  and 
the  fluxion  of  the  arc  to  that  of  the  chord  as  the 
chord  to  the  fine,  it  follows  that  the  fluxion  of  the 
verfed  fine  is  to  the  fluxion  of  the  chord  as  the 
Te&angle  under  the  fine  and  chord  to  the  rect- 
angle under  the  radius  and  fine,  or  as  the  chord 
to  the  radius,  or  twice  the  chord  to  the  dia- 
meter. 

169.  As  the  verfed  fine  is  always  a  third  pro~ 
4>ortional  to  the  diameter  and  chord,  this  corol- 
lary is  a  dempnftration  of  the  following  theorem. 

If  two  variable  lines  begin  to  be  generated 
from  nothing  at  the  fame  inftant  of  time,  and 
continue  to  increafe  together  till  the  firft  of  theth 
becomes  equal  to  a  certain  given  line,  and  their 
relation  during  the  whole  time  of  their  genera- 
tion be  fuch  that  the  fecond  variable  line  is  al- 
ways a  third  proportional  to  the  forefaid  given 
Kne,  and  the  firfl:  variable  line*  the  velocity  ok 
the  point  that  generates  the  fecond  variable  line 
will  always  be  to  the  velocity  of  the  point  that 
generates  the  firft  variable  line  as  twice  the  firft 
variable  line  to  th4  given  line. 

-  j  7<>rThi$  theorem  is  true  as  well  when  the  va- 
riable lines  increafe  ad  infinitum  >  as  when  they  are 
foppofed  to  increafe  only  till  they  become  equal. 
to  a  given  line, '  as  may  be  fhewh  by  the  cbntem-' 
plation  of  a  few  very  ficflple :  properties  of  the- 
parabola.  "   •  •<  ■  ^ 

Let  DC*  {fig.  68.)  be  a  parabola,  whdfe  fo- 
cus is  B,  vertex.  P,  and  principal  parameter 'A  Br 
From  any  two  points  C,  r,  that  are  fituated  nesr  to 

B  b  2  czcb 
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f  ach  other  in  the  perimeter  of  the  parabola,  draw 
the  ordinates  CP,  cp  to  the  axis  DP ;  and  from 
%  C  (the  point  neareft  to  the  vertex  Q)  draw  Ce  pa? 
rallel  to  the  axis' cutting  cp  in  e,  and  the  tapgent 
GG  cutting  the  axis  in  Q.     Conceive  this  para- 
bola to  have  been  generated  by  the  mptipn  of  the 
prdinate  CP  moving  frona  the  vertex  D  parallel  to 
itfelf  upon  the  axis  PP,  and  at*  the  temfc  time 
increafing  in  length  in  fucfa  a  manner  that  its' ex- 
tremity C  fljaiji  generate  the  parabolic  curve  DCc: 
and  let  CS.  be  a  line  genera$e4  hy  thp  rnoftpn  of 
the  point  S,  and  always  equal  to  CP*     Then  'tijs 
evident  thp  ordinate  CP,  frn'd  abfci£  J>P,  or  the 
line  CS,  and  the  abfeifs  PP,  will  he  two  fuch 
variable  lines  as  were  dpfcribed  in  the  theoreta  ; 
for  they  botfr  begin  to  b^geflerated  from  nothing 
at  the  fam©A  ipftant  pf  tim?,    «id  the  latter  i; 
(by  Sim/on*  Conip  Sections,  ,B.  i.  Prop.  12.)  al-> 
lyays  a  third  proportional  Jo  the  pararmeter  AB 
apd  the  former,  of  tKpnj.*  Now  the  velocity  witfy 
jyhich  CP  moves  forwards  parallel  to  itfelf*  of 
the  velocity  pf  the  ppint  P  that  generates  the  b- 
fcifs  DP,  is  to  the  velocity  with  which  the  1  ne 
CP  increafes  in  length,  or  tQ  the  velocity  of  &P 
point  S  that  generate*  the  lipe  CS,  wbifib  is  4k 

ways  equal  to  CP,  ip  the  ultimate  rath,  of  the 

contemporary  increments  P/,  and  §f,  of  C*  9nd 

<x  %  th^t  &  (bew^ufe  the  tfiangle  Cce  becomes 
ultimately  flmilv  to4  <J]CP)  as  GP  tQ  GP,%  or 

$>Y  Sitfijbfr  P;  ..,Prctt>,  ^o,)  as  2  D£to..CR,  or 
z  CP  tp  AB>  v  4ft4  this  J*«q»afy. trot  whether 
CP.  ajyl  J)£  t>e  kfs ,;  or  greater  thaft  AB. 

171.  From  this  theorem  it  follows  e  CMtvtrji> 
thgk  wfte#eyer,  fb/  c&nftferirig  the  velocities  of 
tyW>  yafiahte   JfUS*  tj»t  ;bi)tft  tjegfo  to  bq  gene- 

r  -  rated 


Plane   TRIGONOMETRY.    189 

rated  from  nothing  at  the  fame  inftant  of  time,  ■ 
»nd  afterwards  in'creafe  together,  we  find  that 
the  velocity  of  the  fecond  is*  to  the  velocity  o$ 
the  firflf  during  the  whole  time  of  their  genera- 
tion as  twice  the  firft  is  to  a  certain  given  line, 
we  may  conclude  that  the  fecond  variable  line  \l 
a  third  proportional  to  the  given  line  and  to  the 
firfl;  variable  one. 

172.  This  conyerfe  and  the  preceding  the- 
orem are  fo  clofely  and  fo  evidently  connected, 
that  when  either  of  them  has  been'  demonstrated 
jt  feems  qeecjlefs  to  dempnftrate  the  other*  But 
forpe  are  of  opinion  that  the  more  elegant  me-r 
thod  would  be  to  demonftrate  the  converfel  and 
deduce  the  theorem  from  it  ;  becaufe  this  is  the 
order  in  which  they  naturally  occur  to  us  in  th^ 
folution  of  mathematical  problems,  it  peing 
ufually  neceflary  for  that  purpofe,  not  froip  thg 
fcnowlcdgp  of  the  relations  of  the  quantities' con-* 
cerned  in  them  to  determine  the  relations  of  fchek 
fluxions,  but  from  the  relations  of  the  fluxions 
to  determine  thofe  of  the  quantities  generated  by 
them.  Which  of  thefe  ftiethods  of'demonftra* 
tion  is  the  eafier  I  will  not  pretend  to  determine; 
although  thp  fpfnjer,  to  #it,  t|iat  J>y  jriiicj*  fhe 
Wlatjops  pf  the  flfixipns  ar§  4#errnincd  from  th* 
tS^9^  ^  ^  quantities,  items  ft  feprfo,  »M» 
perftjipsfpr  that  reafon,  has  generally  feeim|pad<5 
ufe  of  by  moft  writers  on  fluxions :  but  it  is  cerfajgi 
$#  fcqth  ipprfipfls  gre  equally  achate  9X^0. 

.  ?73-  AT-  $-  Uifo&o,  as  ofteo  &  \yp  feayfi  k& 
f&a&P  to  ponjidef  the  velocity  tfith  yhitfj  a  lip* 
ISCWafe?  Sfeen  th?  tin*  itfelf  ^cpfltii^alljr  ?*#- 

in 
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*  in  the  circle,  and  the  ordinate  to  the  axis  In  the 
parabola,  in  which  cafes  the  points  that  generate 
thefe  lines  have  a  complicated  ijiotion  $  we  havp 
drawn  lines,  giyen  in  pofition  which  we  have  fup- 
pofed  to  be  generated  by  the  motion  of  points 
moving  with  Tuch  velocities  that  the  portion*  ge- 
nerated by  them  in  any  afligned  times  whatfoever 
/hall  always  be  refpe&ively  equal  to  fucb 'portions 
of  the  lines  they  re  prefect  as  are  generated  in  the 
fame  times  j  and  w?  defined  the  velocities  with 
which*  the  lines  that  vary  their  pofition  increafc 
to  be  the  velocities  of  the  points  that  generate 
the  lines  refp.edively  equal  to  them.  In  the  fol- 
lowing propositions  the  fame  things  are  to  be  un~ 
derftood  as  before  concerning  the  velocities  of 
any  lines  that  vary  their  pofition  while  they  are 
increafing  in  length,  and  the  fame  lines  are  fup- 
pofed  to  be  drawn  refpe&ively  equal  tcf  them'} 

<  put  it  is  thought  unficceflary  actually  to  defcrib? 
them. 

Scholium, 

'  r 

174,  From  die  preceding  corallaries  it  may 
not  be  amifs  to  decluce  a ;  few  obfervations  con- 
cerning :  the  variations  of  the  -  velocities  of  •  the 
points  that  generate  the  lines  belonging  to  a 
circle. 

Andfirfl,  'tis  evident  that  the  ratio  of  the  ve- 
locities of  the  points  that  generate  the  tangent 
and  arc  is  at  the  firft  inftant  of  their  eeneratio* 
a  ratio  of  equality,  and  afterwards  increafes  *d 
infinitum  >  as  the  arc  increafes  or  approaches  to  a 
quadrant,  fo  that  if  any  rath>  how  great  foever 

be 
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be  ^flVznfd,  the  arc  may  be  taken  fo  near  to  a 
quadrant  that  this  ratio  (hall  exceed  it. 

Secondly  1  The  ratio  of  the  velocities  of  the 
points  that  generate  the  arc  and  fine,  is  at  firft  a 
ratio  of  equality,  and  afterwards  increafes  ad  in- 
finitum, as  the  arc  approaches  nearer  and  nearer 
to  a  quadrant,  fo  tnat  if  any  ratio"  how  great 
foever  be  afligned,  the  arc  may  be  taken  fo  near 
to  a  quadrant,  that  this  ratio  fhall  exceed  it. 

Tbird/y,  The  ratio  of  the  velocities  of  tfce 
points  that  generate  the  fecant  and  arc  is  in  the 
firft  inftant  of  their  generation  an  infinitely  great 
ratio  of  minority,  anci  afterwards*  decfeafes  ad 
infinitum,  as  the  arc  increafes,  fo  as  to  bccbmtf'i 
ratio  of  equality  when  the-afq  has  attained  a  cer- 
tain magnitude  j  to  wit,  fuch  a  magnitude  that 
the  redtraAgfej under  the'  fecant  and  tangent  (hall 
be  equal  to  the  fquareof  the  radius,  whidh  will  be? 
found  to  be  380  j  /:  After  this  it  becomes  -rf 
ratio  of  the  contrary  kind;  or  zratiatjf  majority, 
and  increafes  aid  infinitum  as  the  arc  approach** 
nearer  and  nearer  to  ^  quadraht;  fo  that,  if  any 
ratio,  how  great  foever  be  afligned,  the  arc  may 
be  taken  fo  near  to  a  quadrant  that  this  ratid 
&all  exceed  it;        ,        '  -  --  l'""\    :   '•' 

Fourthly  >  The  ratio  of  the  velocities  of  t\it 
points  that  generate  the  arc  and  verfed 'fine  is  ih 
the  firft  inftant  of  their'  generation  air  infinitely 
great  ratio  of  majority,  and  afterwai'cfs  decreaie*} 
*d  infinitum  as  the  arc  approaches  nearer  and 
nearer  to  a  quadrant,  fo  as  to  become  a  ratio  of 
equality  when  the  arc  becomes  equal  to  a  qua* 
drant;  then  it  increafes  again  as  the- arc  ffoift 
being  a  quadrant  approaches  nearer  and  nearer  td 
*  tenoucircle,  and  becomes  an  infinitely  great  ra* 
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}io  of  majority  when  the  arc  is  equdl  to  a  fenii* 
circle. 

Fifthly.  ^The  tatio  of  the  velocities  of  the 
points  that  generate  the  arc  and  chord  is  in  the 
firft  inftant  of  their  generation  a  ratio  of  equality, 
and  afterwards  increafes  ad  infinitum  as  the  arc 
approaches :- nearer  and  nearer  to  a  femicircle,  fd 
that,  ja^2njratia9  how  great  foever  be  affigned, 
tjhje  arc  may  bet  taken  fo  near  to  a  femicircle,-  that 
thi$  ratio  fliall.  exceed  it« 

-.  The  tru&  of 'thiefe  bbfervatibils  will  bd  evi- 
$ent  by  conndering  that  the  ratios  of  the  velo- 
cities mentioned  in  them  are  refpe&iveTy  equal  to 
the  ratios  of r  die  fquare  of  the  fecant  to  the  fquare 
of  the  radius,  the  fecant  to.  tlie  radius,  the  red- 
apgle  under  the  tangent  and  fecant  to  the  fquare 
of  the  radius,  the  radius .  to  the  fine,  and  the 
diameter  to  the.  chord  of  the  fupplemetit  of  the 
a?c  to*  a  femidircle,  by  Art.  102,  164,  165,"  i664 
267;  which  ratios  vary  in  the  manlier  described 
in  thefe  bbfervatiops.       .  f 

175.  From  ihe  preceding  bbferyatidhs  it  fi 
evident;  that  if  the  arc  he  fuppofecL  as  above* 
to  be  defcribed  with  in  uniform  velocity,  tW 
velpcities  wherewith  the  other  lines  are  defcribed 
wiljvarym  the  fo^owing  manner. 
,  Pirft, .The  velocity  of  the  tapgeht  will  be  at 
nrft  equal  to  that  of  the  arc,  arid  afterward!  will 
increafe  ad  infinitum  as  the  arc  approaches  to  i 
^iadrintA  fo  that  if  any  velocity,  now  great  fo- 
ever be  affigned,  the  arc  may  be  taken  fo  near  to 
a  quadrant  that  the  velocity  of  the  tangent  £hall 
exceed  it. 

. ,  Secondly,  The  velc>city  of  the  fine  will  be  at 
firft' cqull  to  that  of  the  arc,  and  afterwards  will 

deer  cafe  > 
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decreafe  ad  infinitum  as  the  afc  approaches  to  a 
quadrant,  fo  that  if  any  velocity,  how  fmall  fb-* 
ever  be  affign'd,  the  arc  maybe  taken  fo  near  to 
a  quadrant,  that  the  velocity  of  the  fine  fhall  be 
exceeded  by  it. 

Thirdly,  The  velocity  of  the  fecant  will  be  at 
firft  infinitely  fmall, x  or  (to  exprefs  this  more 
cautioufly)  if  any  velocity,  how  fmall  foever,  be 
affign'd,  the  arc  may  be  taken,  fo  fmall  that  the 
velocity  of  .the  fecant  (hall  be  exceeded  by  it  j  af- 
terwards this  velocity  will  increafe  ad  infinitum 
as  the  arc  approaches  to  a  quadrant,  fo  that  if  any 
velocity,  how  great  foever,  be  affign'd,  the  arc 
may  he  taken  fo  near  to  a  quadrant  that  the  ve- 
locity of  the  fecant  fhall  exceed  it. 

Fourthly,  The  velocity  of  the  verfed-  fine  will 
be  at  firft  infinitely  fmall,  or,  if  any  velocity, 
how  fmall  foever,  be  affign'd,  the  arc  may  be 
taken  lo  fmall,  that  the  velocity  of  the  verfed  fine 
fhall  be  exceeded  by  it ;  at ter wards  it  will  in- 
creafe as  the  arc  approaches  to  a  quadrant,  and 
be  exactly  equal  to  the.  velocity  of  the  arc  when 
the  arc  is  become  a  quadrant ;  then  it  decreafea 
again  ad  infinitum  as  the  arc  increafes  from  no- 
thing to  a  femicircle,  fo  that  if  any  velocity,  how 
fmall  foever  be  atligned,  the  arc  may  be  taken  fo 
near  to  a  femicircle  that  the  velocity  of  the  verfed 
fine  fhall  be  exceeded  by  it. 

Fifthly,  The  velocity  of  the  chord  will  be  at 
firft  equal  to  that  of  the  arc,  fine,  or^  tangent, 
and  afterwards  will  decreafe  ad  infinitum  as  the 
arc  increafes  from  nothing  to  a  femicircle,  fo 
that  if  any  velocity,  how  fmall  foever  be  af- 
%n*d,  the  arc  may  be  taken  fo  near  to  a  femi- 
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circle,  thai;  the  velocity  of  the  chord  ihall  be  ex- 
ceeded by  it. 

t 

176.  Note,  Although  in  the  preceding  propo- 
fition  and  corollaries  the  arc  has  been  fuppofed  to 
have  been  generated  by  a  point  moving  with  an 
uniform  velocity,  yet  this  fuppofition  was  by  no 
means  neceflary.  For  the  proportions  of  thefluxions 
of  the  arcs,  fines,  verfed  fines,  chords,  tangents, 
and  fecants,  will  be  juft  the  fame  whether  we 
fuppofe  the  arch  to  have  been  generated  with  an 
uniform  velocity  or  not;  beca^fe  they  are  the 
iame  with  the  ultimate  ratios  of  the  conLempo- 
rany  increments  of  thofe  lines,  which  ultimate 
ratios  cannot  be  at  all  affe&ed  by  fuch  a  fuppo- 
tion.  But,  as  that  fuppofition  feem'd  to  be  the 
moil  natural  and.  convenient,  and  the  fitteft  to 
convey  clear  notions  of  the  relative  magnitudes 
of  thofe  feveral  lines,  it  was  therefore  thought 
proper  to  make  ufe  of  it. 

177.  The  preceding  articles  afford  a  good  op- 
potunity  of  preventing  a  miftake  which  Beginners 
fometimes  fall  into  concerning  the  limits  of  the 
fatks  of  variable  quantities.  They  are  apt 
to  imagine  that  when  two  quantities  either 
increafe  or  decreafe  together  ad  infinitum ,  the 
limit  to  which  their  proportion  approaches 
muft  be  a  ratio  of  equality.  Now,  though  this 
be  fometimes  the  cafe,  yet  it  is  far  from  being 
generally  truer  For  it  often  happens  that  the 
ratid  of  two  quantities  that  increafe  or  decreafe 
together  ad  infinitumy  either  increafes  ad  infi- 
nitum; or  approaches  to  fome  fix'd  ratio,  dif- 
ferent from  a  ratio  of  equality,  as  its  limit ;  or 

elfe 
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elfe  continues  always  the  fame  during  all  the  va- 
riations of  the  quantities  themfelves.  Of  fome  of 
thefe  cafes  the  laft  propofition  and  its  corollaries 
afford  us  proper  inftances. 

The  ratio  of  the  abfcifs  of  the  axis  of  a  para- 
bola to  the  ordinate  to  the  axis  (^being  equal  to 
that  of  the  ordinate  to  the  parameter)  increafes 
ad  infinitunfy  as  the  abfcifs  and  ordinate  either  in- 
creefe  or  decreafe  ad  infinitum,  as  the  abfcifs  and 
ordinate  either  increafe  or  decreafe  ad  infinitum,* 

The  ratio  of  the  tangents  of  fimilar  arcs  of 
two  concentric  circles  continues  always  equal  to 
the  fameinvM-rWe  ratio  of  the  radii  of  thofe 
circles}  as  thofe  tangents  either  increafe,  or  de- 
creafe, ad  infinitum,  by  increafing  the  arc  to  a 
quadrant,  or  diminifhing  it  to  nothing. 

As  to  the  ratio  of  the  fecant  and  tangent  of  a 
circular  arc,  it  does  indeed  approach  as  the  arc 
increafes  to  a  ratio  of  equality  as  its  limit,  as  is 
evident  by  confidering  that  it  is  always  equal  to: 
the  ratio  of  the  radius  and  fine.  But  the  reafon 
of  this  is  not  that  they  both  increafe  indefinitely 
as  the  arc  approaches  to  a  quadrant,  but  becaufe 
the  tangent,  which  is  the iefler  of  the  two,  al- 
ways receives  greater  increments  than  the  fecant, 
by  Prop.  30.  CoroL  5.  In  like  manner  the  ratio 
of  the  tangent  an!  fine  of  a  circular  arc  ap- 
proaches, as  the  arc  decreafes,  to  a  ratio  of  e- 
quality  as  it's  limit,  not  fimply,  becaufe  they' 
both  decreafe,  but  becaufe  during  their  decreafe, 
the  tangent,  which  is  the  greater,  lofes  much 
greater  decrements  than  the  fine :  I  fay,  much 
greater ;  becaufe  if  the  decrements  of  the  tan- 
gent exceeded  thofe  of  the  fine  only  in  the  pro- 
portion of  the  tangent  to  the  fine,  the  ratio  of 

C  c  2  thefe 
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thefe  lines  would  continue,  the  fame  during  the 
whole  time  of  their  decreafe.  But  this  is  not  the  . 
cafe  -,  for  the  fmali  decrements  of  the  tangent  and 
fine  are  to  each  other  in  the  triplicate  ratio  of  the 
tangent  and  fine  themfelves,  the  latter  ratio  being 
equal  to  that  of  the  fecant  to  the  radius,  and  the 
former  (by  Prop.  30.  Cera/.  3.)   to  that  of  the 
cube  of  the  fecant  ta  the  cuhe  of  the   radius. 
And  in  general,  the  caufe  upon  which  the  mag- 
nitude ot  the  ratio  of  two  quantities  that  vary 
ad  infinitum y  and  of  the  limit  of  this  ratip,  de- 
pends, is  not  fimply  the  indefinite  increafe  or  de- 
creafe of  ,the  quantities  themfelves,  but  the  pro- 
portion bf  their  contemporary  increments  or  de- 
crements. 

.   The  ufual  concife  manner  of  exprefiiftg  the 
foregoing  inftances  is  this :  The  abfcifs  and  ordi- 
nate to  the  axis  of  a  parabola  become  infinite  in 
an  infinite  ratio  of  majority,  and  vanilbr  in  an 
infinite  ratio  of  minority.    The  tangepts  of  firai- 
lar  arcs  of  two  concentric  circles  Become  infinite 
in  the  ratio  of  the  radii  of  thofe  circles,  and  like- 
wife  vanifh  in  the  fame  ratio.     The  fecant  and 
tangent  of  a  circular  arc  become  infinite  in  a  ratio 
qjf  equality.    Other  inftances  may  be  taken,  from 
the  tangent  and  arc,  which  vanifh  iii  a  ratio  of 
equality  3  the  arc  and  chord,  which  Vanifh  like- 
wife  in   a  ratio  of  equality;   the  arc  and  fine, 
which  vanifh  in  a  ratio  of  equality  ;  the  arc  and 
yerfed  fine,  which  vanifh  in  an  infinite  ratio  of 
majority ;    and  the  arc  and  variable  part  of  the 
io?ant,  or  excefs  of  the  fecant  above  the  radius, 
which  vanifh  likewife  in  an  infinite  ratio  of  ma- 
jority. 

178,  Corel, 
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178*  Coro/.g.  If  there  be  two  arcs,  AO,  AP, 
(fig .  69.)  whofe  difference  OP  is  equal  to  RS  the 
difference  of  two  greater  arcs  AR,  AS  ;  the  ratio 
of  the  tangents  of  the  two  greater  arcs  will  riot 
always  be  greater  than  the  ratio  of  the  tafrgehts 
of  the  two  lefler,  but  lefs  in  fome  cafes  and  greater 
in  others,     Thefe  cafes  are  thus  determined. 

Firji,  If  the  greater  of  the  two  lefler  arcs  as 
much  exceeds  45  °,  as  the  lefler  falls  fhort  of  it> 
or,  in  other  words,  if  one  of  the  lefler  arcs  is  the 
complement  of  the  other  to  a  quadrant ;  the  ratio 
of  the  greater  tangents,  will  be  greater  than  the 
ratio  of  the  lefler  tangents. 

And  if  the  greater  of  the  two  lefler  arcs  does 
more  exceed  450  than  the  lefler  falls  fhort  of  it ; 
like  wife,  if  both  the  lefler  arcs  exceed  45  ° ;  or, 
(to  comprehend  both  thefe  cafes  in  one  expref- 
fion)  if  the  funi  of  the  two  leffer  arcs  be  greater 
than  a  quadrant;  the  ratio  of  the  greater  tan- 
gents will  be  greater  than  the  ratio  of  the  lefler 
tangents:  ' 

Secondly \  If  the  greater  of  the  two  greater  arcs 
as  much  exceeds  45°,  as  the  lefler  falls  fhort  of 
it,  or  if  one  of  the  greater  arcs  is  the  com- 
plement of  the  other  to  a  quadrant ;  the  ratio  of 
the  greater  tangents  will  be  lefs  than  the  ratio  of 
the  IelTer  tangents. 

And  if  the  greater  of  the  two  greater  arcs  does 
lefs  exceed  450  than  the  lefler  falls  fhort  of  it;, 
likewife,  if  both  the  greater  arcs  are  lefs  than 
45° ;  or  (to  comprehend  both  thele  cafes  iii  one 
expreflion)  if  the  fum  of  the  two  greater  arcs  is. 
lefs  than  a  quadrant;  the  ratio  of  the  greater 
tangents  will  be  lefs  than  the  rafh  of  the  leflec 
tangents. 

Thirdly ; 
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Thirdly,  If  the  two  lefler  arcs  are  as  much 
Ids*  than  450  as  the  two  greater  arcs  are  greater 
than  450  s  that  is,  if  the  firft  or  lead  arc  is  the 
complement  of  the  fourth  or  greateft,  and  (con- 
sequently) the.fecond  arc  of  the  third,-  to  a  qua- 
drant ;  the  ratio  of  the  two  greater  tangents  will 
be  equal  to  the' ratio  of  the  two  lefler. 

If  the  two  lefler  arcs  be  greater  than  the  com- 
plements of  the  two  greater  5  the  ratio  of  the 
greater  tangents  will  be  greater  than  the  ratio  of 
the  lefler  tangents. 

And  if  the  two  lefler  arcs  be  lefs  than  the 
complements  of  the  two  greater ;  the  ratio  of  the 
greater  tangents  will  be  lefs  than  the  ratio  of  the 
lefler. 

179.  Thefe  determinations  may  be  proved  di- 
jftin&ly  as  follows  : 

1 .  Firft,  Let  Ab,  Ad,  Af,  Aa,  (fig.  69.)  be  four 
arcs,  of  which  the  two  latter  are  the  greater ; 
let  the  difference  bd  be  equal  to  the  difference  fa ; 
and  let  Ab  be  as  much  lefs  as  Ad  is  greater  than 
the  arc  At  of  450.  I  fay,  AL  is  to  AK  in  a 
greater  proportion  than  AH  to  AG. 

This  will  be  evident,  if  we  can  fhew  that  HL 
is  to  GK  in  a  greater  proportion  than  A  H  to  AG* 
Now  let  th«  whole  quadrantal  arc  be  fuppofed  to 
have  been  generated  by  an  uniform  motion,  as 
in  Art.  156.  Then  fince  the  velocity  with  which 
HL  begins  to  be  defcribed,  or  which  it  has  in  the 
point  H,  is  to  the  velocity  of  the  arc  as  CHq  to 
CAq,  by  Art.  162;  and  the  velocity  of  the  arc 
is  to  the  velocity  with  which  GK  begins  to  be 
defcribed,  or  which  it  has  in  the  point  G,  as 
CAq  to  CGq  j  it  follows  that  the  velocity  of  HL 

in 


Plane  TRIGONOMETRY.      199 

in  H  is  to  the  velocity  of  GK  in  G  as  CH^ 
to  CGq.  And  the  fucceeding  velocities  of  HL 
are  greater  than  the  correfponding  velocities  of 
GK  in  the  proportion  of  the  fquares  of  the 
intermediate  fecants  between  CH  and  CL  to  the 
fquares  of  the  intermediate  fecants  between  CG 
andCK.  Now,  if  the  velocity  of  HL  was  everywhere 
throughout  its  generation  in  the  fame  ratio  to 
the  correfponding  velocity  of  GK  as  it  is  at  firft ; 
'tis  evident,  the  fpace  HL  would  be  to  the  ipacfe 
GK  in  the  ratio  of  thefe  firft  velocities,  or  of 
CHq  to  CGq.  But  bfccaufe  (by  Prop.  24.  Co- 
roL  3.)  the  ratio  of  the  velocities,  or  fquares  of 
the  fecants,  is  continually  increafing,  the  ipaces 
defcribed  by  them,  to  wit,  HL  and  GK,  muft 
be  to  each  other  in  a  greater  ratio  than  that  of 
the  firft  velocities,  or  of  CH^  to  CGq.  But  (by 
Prop.  16.J  CHq  :  CGq  ::  Cg*  :  Cbiy  that  is, 
(becaufc  the  arches  Aby  Tdy  and  Ady  Tby  and 
confequently  their  fines  gby  Cby  and  bdy  Cgy  are 
equgl)  ::  Cg-  x  bd  :  Cb  X  gb  \\  (by  Prop.  17.) 
AH  :  AG.  Therefore  HL  is  to  GK  in  a  greater 
proportion  than  AH  to  AG.    QED. 

If  Kb  and  Ad  be  increafed  fo,  that  the  point 
b  (hall  either  be  nearer  to  /  than  it  was  before, 
or  than  </is  to  t ;  or,  that  it  fhall  pafs  through  / 
and  lie  oh  the  fame  fide  of  it  as  d\  the  fines  bd% 
gb  will  be  increafed,  and  at  the  fame  time  Cg, 
Cb  will  be  diminifhed.  Therefore  (Prop.  24. 
Coroll.  2.)  the  ratio  of  Cgy  Cb  will  be  greater 
than  the  ratio  o(  bd,  gb.  Therefore  the  ratio  of 
Cgq  to  Cfri,  or  of  CHq  to  CGq,  will  be  greater 
than  that  of  Cg  x  bd  to  Cb  x  gb,  or  of  AH 
to  AG.  therefore  d  fortiori  the  ratio,  of  HL  to 
GK  (which  now  as  before  muft  be  greater  than 

that 
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that  of  QHq  to  CGg)  will  be  greater  than  thp 
ratio  of  AH  to  AG.  consequently  AL  will  be  to 
AK  in  a  greater  proportion  thgn  AU  to  AG. 
QED. 

Secondly y  Let  the  two  lefler  &rcs  fc.e  AR,  AS, 
and  the  two  greater  Ab9  A^,  of  whiclj  Ak  is  as 
much  lefs  as  Ad  is  greater  thau  450.  I  &y,  AH 
is  to  AG  in  a  lefs  proportion  than  AF  to  AB. 
This  will  be  evident  if  we  can  fhew  t^ht^t  FH  is 
to  EG  in  a  lefs  proportion  than  AH  to  AG.  For 
if  this  be  true,  there  is  a  certain  quantity  which 
being  added  to  FH  will  make  it  bear  the  fame 
proportion  to  JEG  as  AH  does  to  AG.  I/et  that 
quantity  be  #.  "Then  fince  AH  :  AG  :;  FH 
-t-x  :  EG,  it  follows  (EL$.  19.)  jthaf  AF  —  x 
:  AE  ::  AH  :  AG.  Therefore  AH  is"  to  AG 
in  a  lefs  ratio  than  AF  to  AE. 

Now  becaufe  the  ratio  of  the  vplqcifics  with 
which  FH,  EG  are  defcribed  (being  that  of  the 
fquares  of  thefecants)  is  continually  increasing,  the 
lines  themfelves  rouft  be  in  a  lefs  ratio' than  their 
laft  or  greateft  velocities :  that  is,  FH  is  to  EG 
in  a  lefs  ratio  than  CH?  to  CGq,  of  Cg*  to  Cb\ 
or  (becaufe  Cg  —  bd>  and  Cb  —  gb)  than  Cg  x 
bd  to  Cb  x  gb,  or  (by  Prop.  17.)  th^n  AH  to 
AG.    QED. 

If  the  arcs  Ab,  Ad  be  diminished j  fo  that  the 
point  d  fhall  either  be  npajrer  to  /  than  it  was 
before,  or  than  b  is  to  t ;  or  that  it  fliail  pafs 
through  t  and  lie  on  the  fajne  fide  of  it  as  b ;  the 
fines  hdy  gb  .will  be  diminished,  and  C&,  Cb  in- 
creafed.  Therefore  (by  Prop.  24.  CoroJ.  2.)  the 
ratio  of  bd  to  gb  will  be  greater  than  that  of  Cg  to 
%o  Cb.    Therefore  the  ratio  CHq  to  CGy,,  or  of 

Cg*  to  GK  wilj  be  lefs  thm  tk*  ratio  of  Cg  x 
--•■'-■--■■  -  hiy 
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bdto:Cb  X  gb,  or  of  AH  to  AG.    T&ereforet 
njortiori  the  r j/w  of  FH  to  EG  (which  now  aS . 
before  muft  be  Ids  than  that  of  CHy .  to  CGty) 
will  be  lefs  than  that  of , AH  to  AG.  eonfequent-t 
ly  AH  will  be  to  AG  in  a  left  proportion  than 
AFto  AE.lQEa   ..    .1 

ttirdly,. bet  thettwo.Joflbr.arcl;be.  AQ,  AP; 
and  the  iwogr  eater  A^iA^r  ^nd  let  A<!)  =  Tyk, 
and  AP  nrTfc.  .  I  fay#c  the*  rrfjp  of  the.  tangents  < 
of  Ay, A u,  will  be  equal  to:the**rtfft».o£  the  tan- 
gents Of  AT,/  At),     .'.  f :  ;  i  /        I 

PorO=  QV;  ty-.rsPM;.  ry  =  CV;  and 
/f>  2=  CMi !  Therefore  ky.  .x  G^  .:. .^ii.  x  Cr  ;:•> 
CV  x'PM^CM  >t  QV*  and  fhy  Brty.-ij.) 
Tangj  Ay-  :  Tangj  A»o;:  Tang;  AP  :  Tang; 

Or  it  wfiylbe  deduced  f dam  ^r/#  64*  for  Tang; 
Ap  :  Tztiffi  Av>::  ctfE>t  IAm  :  raT  3  A^  by  that 
article. .  But  toT  *  ?  Aw  'a*  Tang ;.  ifr'  3=3  Tang; 
AP ;'  and  aT ;  Ay  .t^  .TiHgf  j  Ty  «  Tang ;  AO> 
Therefore  Tang  j  Ay  :;Tang>;  Aw  r:  Tang>  AP : , 

Taiigj  'A©4  ^i^BIX<  «.'i    v-  r:   .        ,;:,',:  I 

If  tbe  twoieflTer/amrjbA  AR;  AS,  -greater  than 
AO,  AP,  the .  compteinenb  of  thev-two' greater  7 
arcs  Ay,   Av;  the   ratio  of  the  tangents  of  Ayi* 
Av,  will  be  greater  than  tht  ratio  6f  the;tangefits 
of  AS,  ARwi'  For  the  rath  of  the  tangents  of 
AP,  AOifrgfestter  than  that  of  the  tangents  of 
AS,  AR,*Jfo  long  ai  AS,  AR>  are  either  both' 
lefs  than  45?,  or  if  one  of  them  exceeds  and  the 
othci1  falls  (fedrt  of  45V  theiexcefs  of  the  greater 
above  450  i*  equal  to,  or  lefs  than,  *  the  defett  of 
the  lefler 'helot*  450,  by  what  has  been  fliewn  in  % 
the  fecortd  pit  t  of  this  CeraUary.     But  the  ratio  * 
of  the  tangents  of  Ay,  Ai>,  is  equal  to  that  of 
the  tangents    of  AP,    AO;    consequently  it  is 

D  d  greater 
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greater  than  that  of  the  tangents  of  AS,  AR  In 
.  the  cfcfete  juft  now  mentioned,  -    . 

'If  the  arcs  AS,  AR  are  ^either  both,  greater 
than  45  V  or  one  greater  and  the  other  lefs,  and 
the  excefs  of  the  greater*  above  450  be  greater 
than  the  defed  of  the  lefler  below  it, alien*  by 
ttie  firft  part  of  this  Csrokar^  the  ratio  .of  the 
tangents  of  Ay,  Av,  will  be.  greater  than  the 
ratto  of  the  tangent  &  of  AS,  AR.  .  QED. 
*  In  like  manner  it.  may  be  fhewn,  th?t  if  the 
two  lefler  arcs  be  lefs  than  AO,  AP,  the  com- 
plements of  the  two  greatef  arcs  Ay,  Av;    the 
ratio  of  the  tangents  of  A/,  Av  will  be  lefs  than 
the  ratio  of  the  tangents  of  the  lefler  arcs.  QJED. 
.  180.  The  demoiiftration  here  given  of  this  Ctf- 
rollary  is,  I  am  fenfible,  extremely  tedious,  and . 
fomewhat  iiKflrdd:  j  and  accordingly  I  fhould  not 
have  made'ufe  of  ithad  I  jiot  been  uqable,  after, 
the  mofl  diligent  endeavours,  to  find  j  a^fimpler 
arid  more  elegant  method  of  proving  it*  that  was 
equally  regular  and  accurate  >  for  it  MS>uld  hard- 
ly have  been  fufficiently  fo  to  make  «fe  of  the 
foUowing  cqniidCTations^^hich  are  the.  only,  ave- 
nues I  know:  .of  to  the.  difcoroy  of.  tb$ .  truth 
of  it. 

The  ratio  of  the  tangents  of  two  arcs  whole 
difference  is  given,  is  equal  to  that  of  tbe'reAangle 
under  the  fine  of  the  greater  aod  cofine  of  the 
lefler  to  the  redfamgle  under  the  fine  of  the  lefler, 
and  cofine  of  the  greater  arc.  This .  ratio  is  in- 
finite at  both  extremities. of.  the  quadrant,  to  wit, 
when  the  lefler  arc  is  iofioitejy  fmajl,  and  the 
greater  x  equal  only  to .  their  difference,  and 
when  the  greater  is  equal  to  a  quadrant :  at  all 
other  times  it  is  a  finite  ratio-,  and  at  equal  di- 

itanc<;s 
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fiances  from  the  middle  of  die  qu*dr£njt  it  id  of 
the  fame  magnitude,  the  fines  of:  die  arcs  when 
greater  than.  45°  being  equal  to  their  cofines 
when  as1  much  iefe  than  45%  and  their  cofines 
iiv  the  former  cafe .  to  their  fines  in  the  latter : 
therefore  its  Ieaft  magnitude  muft  be  when  die 
arcs  lie  on  different  fides  of  45s  and  one  of  them 
as  much  exceeds  it  a&  the  other  fails  fhort  of  it  ^ 
cwifequendy  when  die  arcs  depart  from  45°,  and 
hecome  either  left  or  greater,  this  ratio  muft  in- 
creafe.  -  I  lay,  thefe  confiderations  though  true, 
have  hardly,  in  the  loofe  form  they  here  appear 
in,  a  fufficient  degree  of  evidence  to  pafs  xor  a> 
geometrical  demonftration :  and  to  demonftrajc* 
them  in  a  regular  manner  would  be  very  trou- 
blcfome.    " 

J  8 1 .  The  determinations  might  indeed  be  ex- ; 
prefled  in  a  concifer  manner  than  above,  and. 
would  have  been  ib,  had  I  not  apprehended  that 
it  was  proper  to  enunciate  them  in  fuch  terms  a& 
were  adapted  to  the  demonftrations  that  were  to: 
follow.     However,  it  may  not  be  amifs  in  this; 
place  to  exprefs  fhbmln  another  manner  more 
eafy  to  be  remembered,  after  having  firft  fliewn 
that  they  take  in  all  the  cafes  that  can  happen. 
The  cafes  are  thefe : 

Firftt  Three  of  the  arcs  may  be  greater,  and 
the  fourth  iefs  than  45*. 

2dlyy  Three  of  them  m^y  be  lefs,    and  the 
fourth  greater  than  450. .  * 

2<My>  All  the  four  may  be  greater  than  45  . 

^tblyy  All  the  four  may  be  lefs  than  45°.     . 

5/A/y,  Two  of  them  rpay  he  greater,  and  two 
^fs  than  45*, 
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6tbfyj  Thre?  of  them  may!  be  greater  than  45?* 
and  the  fourth  exa&ly  equal  to  it.. 

jtbJy,  Three  of  then)  may  tje  Ids  than  45°, 
and  the  fourth  exa&ly  equal  to  it.. .'  .; 
:    8/z?Jy,  Two  of  them  may  be  greater  than  45°, 
the  next  equal  to  it,  and  the  Jeaft. left; -/    . 

-  9tbly,  Two  of  them  may,  be  left  than  45°,  the. 
( next  equal  to  it, .  and  the  greaieft  greater. 

The  fiift  of  thefe  cafes  may  be'  divided  .  into 
three  parts,  to  wit;  the  ejecefs  of  :  the-leaft  arc 
but  one,  or  third  arc,  above  45*  may  be  either 
equal  to,  greater  than,  of  lefs  than,  the  defed 
of  the  fourth  below  it  If  k  be  equal,  or  great- 
er, this  cafe  is  determined  by  the  firft  jpart  of  this 
Corollary  $  if  left,  by  the  third  part. 

The  fecond  cafe  may  alfo  be  divided  into  three 
parts,  to  wit;  the  excefs  of  the: fourth, "or  great- 
eft  arc  above  45°  may  be  either  equal'  to,  greater 
than,  or  lefs  than,  the  defed  of  the  third  arc  below 
450.  If  it  be  equal,  or  lefs,  this  cafe  is  deter- 
mined by  the  fecond  part  of  this  Corollary  j  if 
greater,  oy  the  third  part 

The  third  cafe  is  determined  by  the  firft  part , 
the  fourth  cafe  by  the  fecond  part ;  the  fifth  cafe 
by  the  third  part ;  the  fixth  cafe  by  the  firft  part; 
the  feventh  cafe  by  the  fecond  part;  the  eighth 
and  ninth  cafes  by  the  third  part. 

Now  the  determinations  may  be  expreffed  as 
follows. 

Firjlj  If  the  fum  of  the  two  leffer  arcs  be  ei- 
ther equal  to,  or  greater  than  a  quadrant ;  the 
ratio  of  the  greater  tangents  will  be  greater  than 
the  ratio  of  the  lefler  tangents. 

2tHyy  If  the  fum  of  the  two  greater  arcs  is  ei- 
ther equal  to,  or  lefs  than,  a  quadrant ;  the  ratio 

of 
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df  the  'greater  tangents-  will  be  lcfi  than  the  r*ti<y 
of  the  teffer  tangents.       / 

3*#JS  If- the  two  ieflfcr  arcs  be  greater  than^ 
equal  to  op  lefe  than;  the  complements  of  the 
two  greater  arcs  j  that  is^  if  the.leaft  arc  be' 
greater  thai*,  equal  to  ok?  lefs  than,  the1  complex 
ment  of  the  greateft  to  a  quadrant,  and  (conse- 
quently) the  fecorid  :of  the  third  j  the  ratio-  of 
Ac  greater  tangents  will  fbe  accordingly  greate/ 
than,  equal  to,  or  left  than,  the  ratio  of  the 
lefler  tangents.  ♦ 

182.  If  ftill  greater  brevity  is  required,  the 
reader  may  eafily  obferve  that  the  firft  and  lecond 
of  thefe  determinations  are  in  fad  contained  in 
the  laft;  which  is  therefore  the  only  one  that 
need  be  remembered.  ~  ,  • 

183.  CoroL  10.  In  fomeof  the  foregoing  ar- 
ticles, the  infinitely  fmall  line  PV  (fig.  66.)  has 
been  of  great  ufe  to  us  in  determining  the  rela- 
tions of  TP,  ha,  and  TV,  the  fluxions  of  the  ' 
tangent,  arc,  and  fecant,  to  each  other.  *Tis 
natural  therefore  on  account  of  its  connexion 
with  the,  circle,  and  will  be  of  Confiderable  ufe 
]n  fome  propofitions  hereafter  to  be  delivered,  to 
inquire  into  the  nature  and  properties  of  the  va- 
riable line  of  which*  PV  is  the  fluxion,  or  which 
is  gfenertated  by  the  motion  of  a  point  that  begins 
to  move  at- the  fame  inftant  of  time  that  the  arc 
RA  and  tangent  RP  begin  to  be  generated,  and 
continues  to  move  during  the  whole  time  of  thei* 
generation  with  a  velocity  that  is  to  the' velocity 
°f  the  poifft:that  generates  the-  VangSnt  RP  as 
PV  to  PT,  or  as  the  radius  CA  to  the  fecrfnt  CIV 
Now  this  variable  line  is  the  logarithm  of  the' 
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ratio  of  the  fum  of  the  fecant  CP  and  tangent 
RP  to  the  radius  CA  in  a  logarithmic  curve 
'  whofe  fubtangent  is  the  radius  C  A  ;  or  it  is  equal 
to  the  portion  of  the  axis  of  fiich  a  logarithmic 
curve  intercepted  between  two  ordinates,  where- 
of the  leffer  is  equal  to  the  radius  CA>  and  the 
greater  to  the  fum  of  the  fccant  CP  and  tangent 
RP.  In  order  to  demonftrate  this  aflertion,  it 
will  be  necefiary  to  give  fome  account  of  loga- 
rithms and  the  Logarithmic,  curve,  and  explain  a 
few  of  th$ir  principal  properties. 


DISSERTATION 

ON     T  H  B 

Nature    and   Ufe  of    Logarithms. 

Definition  of  logarithms. 

1 84,  T  F  there  be  two  fcts  of  quantities  fo  re- 
■*  lated  to  each  other,  that  Che  quantities 
in  the  fecond  fet  are  proportional  to,  or  are  mea« 
fures  of,  the  ratios  of  the  quantities  in  the  firft 
fet  to  each  other,  the  quantities  in  the  fecond 
fet  are  called  the  logarithms  of  the  ratios  of  the 
quantities  in  the  firft  fet :  and  this,  whether  the 
quantities  of  the  fecond  fet  be  Quantities  of  the 
fame  kind  with  thofe  of  the  firft  fet,  or  of  any 
other  kind  whatfoever. 

185.  That  the  foregoing  definition  of  loga- 
rithms may  be  the  better  under ftood,  it  will  not 
be  amifs  to  give  fome  explanation  of  what  is 
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meant  by  the  proportions  of  ratios,  one  to  ano- 
ther, and  to  (hew  how  they  are  derived  from  the 
idea  of  proportion  in  other  quantities.  Now  this 
will  appear  from  the  following  confiderations. 

Of  the  nature  if  proportion  in  general;  **d  par~ 
ticularly  of  the  proportion  of  ratios  one  to  ano- 
ther. 

«-  «  •*  * 

1 N  the  firft  place  we  get  the  idea  of  proportion' 
•*■  in  general,  by  comparing  together  two  quan-1 
titles  of  the  fame  kind;  as  fupp6fe  lines,  (tor  as 
they  are  fimpler  and  more  eauly  conceived  thai*! 
any  other  quantities,  they  are  the  fitteft  to  in- 
ftance  in)  and  confidering  how  many  equal  parts' 
of  the  one  being  added  together  would  make  a. 
line  equal  to  the  other :  if  the  lines  are  of  fuch 
lengths  that  either  of  them  being  laid  over  the 
other,  would  exactly  cover  it  without  either  fall- 
ing fhort  of  or  going  beyond  h,  the  lines  are  faid 
to  be  equal,  or  their  proportion  to  be  a  ratio  or 

{>roportion  of  equality.  If  the  lines' art  of  fuch 
engths  that  if  one  of  them  be  laid  upon  the 
other,  it  Will  either  go  beyond  it  or  fall  fhort  of 
it,  they  are  faid  to  be  unequal,  or  their  propor- 
tion to  be  a  ratio,  or  proportion,  of  inequality; 
and  the  particular  quantity  of  their  inequality  is 
found  by  inquiring  how  many  time$  the  greater 
line,  or  that  which  goes  beyond  the  other,  con- 
tains  either  the  whole  lefler  line,  or  a  certain  ali- 
quot part  of  it, '  or  part  which  being  repeated  a 
certain  number  of  times  would  be  equal  to  the 
whole  leffer  line.  This  is  all  that  we  can  pof- 
fibly  inquire  concerning  their  proportion ;  and 
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aerefore  when  this  is  kflownv  tfoefc  pfopoVtfon  ir 
7  (aid  to  be  jacciiratdyd«i«tefltfl«B;  a  :!:  c; ! :: 

But  idly,  Jt-has  bextndifeovtiud  bff  tru* hemi- 
ticians  thattittw  t^ydftt  fome  lintsV-o?  &ther 
quantities,  whQfe  proportion  to  each  other  is  fo 
fbbfk^  that;i(5  cannot  be  <2fpre&>d  kuwrabefs,  or 
which  ar^.fb  related J0>. each  other,  that  into 
-whatever  number  of  equal  parts  one  of*  them  be 
divided,  it  will  be  impoffible  for  any  other  num- 
ber of  thofe  parts  to  be  exa#Jv  equal  tfx  the  other 
line,  .  Theie  Ikies,  .as  they  /admit  qf  no.  common 
meafure,  or  line  that  will  meaftire  tb^efo.bo^h,  or 
whereof  both'  the  lines  areVrj^ultiplee,  ijre  Bdd  to 
be.incommenfurable  to",  cagh  oth^r..  .jojt.tjtts  na- 
ture are  the' fide  .and  fl&gpjnil .  of  a  fq^ar^j'gtncj  a 
variety  df  ochef  lin?s  that  occur' in.  &imetacal 
inquiries.  r ^  N? verthqje^,  the  ,progortionsr  of  tht?te ■ 
linps.  m^y  fl\way.s  te>xpr<#e^ 
greater  degree  of exattpefs ; t$an "aijy. th^caxx  be, 
affigned,  W|Ugh  ri^vcr "  with  perfect  exa&hefs  ; 
thefe  p/oppftions  therefore  .ate  knowrij' as  far  as. 
.  tfieir  nature  will  permit  them,  to  be 'known, 
tyhen.w&pre^ble  to  ex^e&jhein  in  numbers  lo 
as  great  £  ;degrqq  of  exa$neis  .as  'we  pfeafe.   .. 

\dlyy.  paying  thus  goijfa  i$ea  of  proportion 
in. Tines  aHtf  other  very  ample  quantises  which 
we  arfe  daily  obliged  to.  Contemplate^  we  may 
without  rapch  difficulty  apgly.  it  to  quantifier 
that  are  lefe,  familiar  to  ps^and  amongft  others  to 
proportions  themfclves::  ibr  wherever  we  can 
frame  to  ourfelves.  any  nation  of  equality  be- 
tween two  things  of  the  fame,  kind,  and  of  add- 
ing feveral  of  thefe  <equai,  quantities  together,  'tis 
evident  we  (hall  always  be  able  to  apply  the  ideas 
of  proportion  mentioned  in  the  preceding  para- 
graphs 
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ragraphs  to  thefe  quantities.  Thus,  for  inftance, 
if  we  define  two  angles  to  be  equal  when,  if  the 
one  be  laid  over  the  other,  it  will  exaftly  covet 
it,  or  will  neither  fall  within  it  nor  without  it ; 
and  further  call  one  angle  double,  or  triple,  or 
any  otheF  multiple,  of  another,  wh<?n,  by  draw- 
ing one,  two,  or  any  other  number  of  lines  from 
the  angular  point  between  the  two  lines  that  con- 
tain it,  we  may  conftitute  two,  three,  or  any 
other  number  of  angles  equal  to  each  other 
and  to  the  other  angle ;  I  fay,  if  we  lay 
down  thefe  two  definitions  (for  they  are  but 
definitions),  we  fhall  have  as  clear  an  idea 
of  the  proportions  of  two  angles  one  to  '. 
another  as  we  can  have  of  the  proportion  of  two 
lines,  and  (hdll  under  ftand  any  afiertion  made 
concerning  the  proportion  of  the  angles,  as  for 
inftance,  an  affertion  that  the  one  angle  is  to  the 
other  as  5  to  4,  as  well  and  as  fully  as  we  do  the 
like  affertion  concerning  rhe  proportion  of  the 
lines.  In  like  manner,  if  the  proportion  of  any 
two  quantities-  A  and  B  be  defined  to  be  equal  to 
the  proportion  of  two  other  quantities  C  and  D,_ 
when,  if  B  be  divided  into  ^any  number  what- 
foever  of  equal  parts,  and  D  be  divided  likewife 
into  the  fame  number  of  equal  parts,  the  third 
quantity  C  confifts  of  the  fame  number  of  the. 
equal  parts  of  the  fourth  quantity  D  as  the  firft 
quantity  A  docs  of  the  like  equal  parts  of  the  fe- 
cond  quantity  B,  or  C  is  the  fame  multiple  of 
one  of  the  equal  parts  of  D  as  A  is  of  one  of  the. 
like  equal  parts  of  B  -,  or,  if  A  is  incommen- 
fufable  to  B,  and  C .  to  D,  when,  if  B  and  D 
•  be  divided  into  any  number  whatsoever  of  equal 
parts,  the  third  quantity  C  is  of  an  intermediate 

E  e  mag- 
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magnitude  between  the  fame  multiples  of  one  of 
the  equal  parts  of  the  fourth  quantity  D  as  the 
firft  quantity  A  is  of  one  of  the  like  equal  parts 
of  the  fecond  quantity  B ;  or  (according  to  JEtf- 
clid*s   definition,  EL  5.  def.  5,   which  Dr.  Saun- 
derfbnhzs  demonftrated  in  his  Algebra,  Art.  zti. 
to  be  equivalent  to  the  foregoing  definition)  when 
the  quantities  A,  8,  Cand  D  are  fo  related  to 
each  other  that,  if  any  equimultiples  whatfoever 
be  taken  of  A  and  C  the  firfr  and   third  quanti- 
ties, and  any  other  equimultiples  whatfoever  be 
taken  of  B  and  D  the  fecond  and  fourth  quanti- 
ties, the  equimultiple   of  A  can  never  exceed, 
equal,  or  fall  fhort   of,  the  equimultiple  of  B, 
but  at  the  fame  time  the  equimultiple  of  C  fhall 
refpedtively  exceed,  equal,  or   fall  (hort  of,   the 
equimultiple  of  D;    I  fay,    if  we  define   the 
four    quantities  A,     B,    C,   D   to   be   propor- 
tional,   or    the  proportion   of   A   to  B   to   be 
equal  to    the  proportion  of  C    to  D,   when 
thefe  quantities  are  related  to  each  other  in  the 
manner  here  defcribed,  and  if  we  further  call  one 
ratio y  or  proportion,   double,  or  triple,  or  any 
other  multiple,    of  another  proportion,    when 
by  inferring  between   the  terms  of  the   former 
proportion   one,  two,   or  any  other  number  of 
quantities,  of  an  intermediate  magnitude  between 
thofe  terms,  we  can  constitute,  or  make  to  arife,  . 
.two,  three,  or  any  other  number  of  proportions 
that  are  all  equal  to  each  other  and  to  the  latter 
proportion 5  we  (hall  have  as  clear  an  idea  of  the 
proportion  of  two  ratios^  or  proportions,  as  we 
can  have  of  the  proportion  of  two  lines,  or  any 
other   quantities,  one  to  another,   and   (hall  as 
fully  under  Hand  any  affertions  that  can  be  made 
concerning  them.     Thus,  to  make  ufe  of  the 

fame 
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inftance  we  before  mentioned  for  angles,  if 
it  be  afferted  that  the  proportion  of  two  given 
ratios  is  that  of  5  to  4,  the  meaning  of  this  afler- 
tion  will  be  this ;  to  wit,  that  if  the  greater  of 
the  two  ratios  be  divided  into  five  equal  parts,  or 
there  are  four  intermediate  proportionals  inferted 
between  it's  terms,  fo  that  there  are  thereby  made 
to  arife  five  ratios  all  equal  to  each  other,  and  the 
leffer  of  the  two  ratios  is  divided  into  four  equal 
parts,  or  there  are  three  intermediate  propor- 
tionals inferted  between  it's  terms,  fo  that  there 
are  thereby  made  to  arife  four  ratios  all  equal  to 
each  other,  each  of  thefe  four  equal  ratios  that 
arife  out  of  the  leffer  of  the  two  given  ratios  is 
equal  to  each  of  the  five  equal  ratios  that  arife 
out  of  the  greater  of  the  two  given  ratios. 

Thus  we  fee  what  is  meant  by  the  proportions 
of  ratios,  and  therefore  cannot  be  at  a  lofs  to  un- 
derftand  the  foregoing  definition  of  logarithms, 
or  to  conceive  a  fet  of  quantities  proportional  'to 
the  ratios  of  the  terms  of  another  fet  of  quanti- 
ties, or  whofe  proportions  to  each  other  are  re- 
fpedtively  the  fame  with  the  proportions  of  the 
ratios  of  the  correfpondent  quantities  of  the 
other  fet  one  to  another. 


Of  the  afymptotic  areas  of  hyperbolas. 

1 86.  From  the  foregoing  definition  of  loga- 
rithms it  follows,  that  themixtilinear  areas  inter- 
cepted between  the  afymptote,  curve,  and  or- 
dinate of  an  hyperbola,  are  logarithms  of  the- 
ratios  of  the  ordinates  that  bound  them  :  For  it 
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has  been  demonftrated  by  the  writers  on  the  cot 
nic  fedtions,  and  particularly  by  th?  iMarquis  dc 
I'Hofpital,  Book  5,  Art.  224,  225,  that,  whea 
the' ratio  of  any  two  ordinates  is  equal  to  the  r*- 
tio  of  two  other  ordinates,  the  hyperbolic  area, 
or  trapezium,  intercepted  between  the  two  for- 
mer ordinates  is  equal  to  the  hyperbolic  area,  or 
trapezium,  intercepted  between  the  two  latter 
ordinates,  from  whence  'tis  an  eafy  confequence 
that  where  the  ratios  of  the  ordinates  are  une- 
qual, they  are  proportional  to  the  areas  contain- 
ed between  them.  But  as  this  is  a  very  curious 
and  important  property  of  the  hyperbola,  and  in- 
timately conne&ed  with  'the  fubje&  of  the  pre- 
fent  corollary,  it  may  not  be  difagreeable  to  the 
reader  to  fee  it  demonftrated  in  more  than  one 
manner  ;  I  (hall  therefore  give  the  following 
proof  of  it. 

.  187.  The  propofition  to  be  demonftrated  is 
this :  If  VAd  (fig.  jo.)  be  an  hyperboja  whofe 
vertex  is  A,  center  C,  and  afymptotes  CT,  CD, 
and  on  the  afymptoterCD  we  take  CD  to  CE  as 
CF  to  CGr,  and  draw  the  ordinates  Drf,  Eey  Ffy  Gg> 
parallel  to  the  other  afymptote  CT,  and  meet- 
ing the  hyperbola  in  d,  ey  J]  g$  the  hyperbolic 
area,  or  trapezium,  DEed  will  be  equal  to  the 
hyperbolifc  area,  or  trapezium,  FGgf. 

For.if  they  are  not  equal,  let  DE<?^  be  fup- 
pofed  to  be  greater  than  FGgf]  and  let  their 
cjifference  be'equal  to  the  re&angle  Z.  Between 
CD. and  CE  infeitany  number  of  intermediate 
proportionals  CH,  CK,  and  between  CF  and  CG 
infert  the  lame  humber  of  intermediate  proportio- 
nals CL,'  CM  j  fo  that  CD  Hull  be  to  CHas  CH 

to 
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%  CK,  and   CH  to  CK  as  CK  to  CE,  and  CF 
(hall  be  to  CL  as  CL  to  CM,  and  CL  to  CM  as 

CM  to  CG  -,  and  confequently  (becaufe  the  ratio 

of  CD  to  CE;  is  equal  to  that  of  CF  to  CG)  that 

each  of  the  three  former  ratios  fhall  be  equal  to 

each  of  the  three  latter  ratios.     Through  the 

points   D,    H,  K,  E,   F»  L,  M,  G,   draw  the 

ordinates   Dd,  HA,  Kk,  Ee,  ¥f,    L/,  Mw,  Gg, 

parallel  to  the  afymptote  CT,  and  meeting  the 

hyperbola  in  b,  dy  k,  e,  f,  I,  m,  g;  from//  draw 

*»  parallel  to  CD  cutting  Kk  in  n ;   from  k  draw 

kp  parallel  to  CD  cutting  Hb  and  Ee  in  p  and  P ; 

from  b  draw  AN  parallel  to  CD  catting  Dd,  Kk, 

Ee,  in  N,  v,  R  ;  and  from  d  draw  dS  parallel  to 

CD  cutting  Hb,  Kk,  Ee,    in  t,  r,  Sj    in  like 

manner  from  g  draw  gee  parallel  to  CD  cutting 

Mm   in  «;    from  m   draw  m$  parallel  to   CD 

cutting  L/  and  Gg  in  i  and  p ;    from   /  draw 

It  parallel  to  CD  cutting  Ff,  mm,  Gg,  in  9,  0,  q, 

and  fromy  draw  fx  parallel  to  CD  catting  L/f 

Mm,  Gg,  in  <p,  ir,  and  X;  and  laftly,  draw  the, 

chords  of  the  hyperbolic  arcs  dh,   bk,  ke,jl,  Im, 
mg. 

Then  in  the  firft  place,  fince  CH  :  CD  :: 
CL  :  CF,  it  will  follow,  dividendo,  that  CH  : 
DH  ::  CL  :  FL,  and  permutando  that  CH  :  CL 
::  DH  :  FL.  But  (by  Simforis  Con.  fedt.  lib.  3. 
p.  16.  Corol.  2.)  we  have  CH  :  CL  ::  L/ ::  Hb; 
therefore  L/  :  Hb  ::  DH :  FL.  confequently 
(by  EL  6.  14.)  the  parallelogram  Db  is  equal  to 
the  parallelogram  F/.  In  the  fame  manner  it 
niay  be  (hewn  that  the  parallelogram  Hkh  equal 
to  the  parallelogram  Lm,  and  K*toMg-;  con- 
sequently the  fum  of  the  three  parallelograms 

Db. 
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Db,  Hk,  Ke,  is  equal  to  the  fum  of  the  thref 
parallelograms  F/,  Lm,  Mg  ;  and  thefe  Aims,  'tis 
evident,  would  ftill  be  equal  if  inftead  of  three, 
as  in  the  annexed  figure,  there  were  in  each  hy- 
perbolic fpace  any  number  of  parallelograms  how 
great  foever. 

idly,  Since  CH  :  CD  ::  CK  :  CH,  and  (by 
Sim/on  s  Con.  fe£t  lib.  3.  p.  16.  CoroL  2.)  CH  : 
CD  ::  Dd :  Hb,  andCK  :  CH ::  Hb :  Kk,  it  fol- 
lows that  Dd :  Hb  : :  Hb  :  Kk  j  therefore,  divi- 
de ndo,  Nd  :  Hb  ::  bp  :  Kk  and  permutando, 
N</  :  bp  ::Hb  :Kk;  therefore  Nd  is  greater 
than  bp.  And  in  the  fame  manner  it  may  be 
fhewn  that  bp,  and  a  fortiori  that  Nd,  is  greater 
than  nk.  Therefore  the  parallelogram  Sv  is  grea- 
ter than  the  parallelogram  nP,  and  the  parallelo- 
gram tv  than  the  parallelogram  vp ;  confequent- 
\y  the  parallelogram  dK  is  greater  than  the  fum 
of  the  parallelograms  N/,  vpy  riP,  and  therefore 
a  fortiori  than  the  fum  of  the  mixtilinear  triangles 
Nbd,  bpk,  kne,  or  than  the  difference  of  the  fum 
of  the  parallelograms  D£>  Hk,  Ke,  from  the  hy- 
perbolic fpace  DEed.  And  this,  'tis  evident,  will 
be  true,  whatever  be  the  number  of  mixtilinear 
triangles  contained  between  the  points  d  and  e. 

$dlyp  'Tis  evident  the  number  of  intermediate 
proportionals  CH,  CK,  between  the  lines  CD, 
CE,  and  confequently  that  of  the  correfpondent 
ordinates  Hb,  Kk,  may  be  increafed  fo  far  that  the 
difference  N^  of  the  two  contiguous  ordinates  Dd, 
Hb,  {hall  be  lefs  than  any  affigned  line  what  foever, 
and  confequently  that  the  parallelogram  </R  fliall 
be  lefs  than  any  affigned  area  whatfbever.  Let 
this  number  therefore  be  fo  far  increafed,  that 
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the  parallelogram  dR  (hall  be  lefs  than  the  red- 
angle  Z  :  then 'tis  plain,  the  fum  of  the  mix tilinear 
triangles  contained  between  the  points  d  and  e% 
or  the  excefs  of  the  hyperbolic  fpace  DEed  above 
the  fum  of  the  parallelograms  Db>  Hk,  Ke>  in- 
fcribed  in  it,  will,  a  fortiori,  be  lefs  than  the 
rectangle  Z,  that  is,  than  the  excefs  of  the  hy- 
perbolic fpace  TSEed  above  the  hyperbolic  fpace 
FGgf  Therefore  the  fum  of  the  parallelograms 
Dby  Hk,  Ke,  is  greater  than  the  hyperbolic  fpace 
FGgf>  and  a  fortiori,  greater  than  the  fum  of 
the  parallelograms  F/,  Lm,  Mg>  inferibed  in  it. 
But  it  was  before  £hewn  that  the  fum  of  the  pa- 
rallelograms Db,  Hk,  Ke,  is  always  equal  to  the 
fum  of  the  parallelograms  F/,  Lm>  Mg ;  there- 
fore it  is  both  equal  to,  and  greater  than,  that 
fum,  which  is  impofiible.  Confequentiy  the  hy- 
perbolic fpace  DEed  is  not  greater  than  the  hy- 
perbolic fpace  FGgf.  And  in  the  fame  manner 
it  may  be  fliewn,  that  the  hyperbolic -fpace  FGgf 
is  not  greater  than  the  hyperbolic  fpace  DEed* 
Therefore  thofe  fpaces  are  equal  to  each  other. 
QED. 

j  88.  If  the  foregoing  demonftration  be  ex- 
prefled  in  the  concife  language  of  infinitefimais, 
or  infinitely  fmall  quantities,  it  will  be  as  fol- 
lows. Let  each  of  the  hyperbolic  fpaces  be  di- 
vided, by  the  infer tion  ot  an  equal  but  infinite 
number  of  mean  proportionals  between  CD  and 
CE  and  CF  and  CG  and  drawing  the  correfpon- 
dent  ordinates  parallel  to  CT,  into  an  equal  but 
infinite  number  of  infinitely  fmall  parallelograms; 
and  it  will  appear  from  the  known  property  of  the 
afymptotes,  (to  wit,  that  the  feveral  portions  of  one 

of 
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of  them  taken  from  the'center  of  the  hyperbola 
are  always  reciprocally  proportional  to  the  cor- 
refponding  ord mates  drawn  parallel  to  the  other) 
that  each  parallelogram  in  the  one  hyperbolic 
fpace  is  equal  to  the  correfponding  parallelogram 
in  the  other  hyperbolic  fpace :  consequently  the 
fuin  of  all  the  parallelograms  in  the  former 
fpace  is  equal  to  the  fum  of  all  the  pa- 
rallelograms in  the  latter  fpace;  that  is,  the 
whole  former  fpace  is  equal  to  the  whole 
latter  fpace.  But  I  thought  it  beft  to  give  an  ac- 
curate ex  ah  fur  do  demonftration  of  this  propo- 
rtion after  the  manner  of  the  ancients,  partly  on 
account  of  its  great  ufe  and  importance,  and 
partly  that  I  might  give  an  eafy  inftance  of  the 
connexion  between  the  accurate  method  of  de- 
monftration ufed  by  the  antients  in  treating  of 
the  properties  of  curve-lined  figures,  and  the 
conciier  method  of  infinitefimals,  or  infinitely 
fmall  quantities,  (hewing  how  the  former  is  vir- 
tually contained  in  the  latter,  and  may,  when 
occafion  requires,  be  fubftituted  for  it. 

189.  Having  demonftrated  that,  when  the 
ratios  of  the  ordinates  are  equal,  the  areas  con- 
tained between  them  are  equal  likewife,  it  re- 
mains that  we  now  prove  that,  when  thefe  hy- 
perbolic fpaces  are  unequal,  they  ate  proportional 
to  the  ratios  of  the  ordinates  that  bound  them. 

Let  VAd  (fig.  7  1 .)  be  an  hyperbola  whofe  ver- 
tex is  A,  center  C,  and  afymptotes  CT,  CD. 
On  the  afymptote  CD  take  die  four  lines  CD, 
CH,  CF.  CL,  of  fuch  magnitudes  that  the  ratio 
of  the  two  former  fhall  not  be  equal  to  the  ratio 
of  the  two  latter ;  and  draw  the  ordinates  Dd, 
H£,  F/,  L/,  parallel  to  the  other  afymptote  CT, 

We 
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We  arc  to  prove  that  the  hyperbolic  foace  fl+If 
Is  to  the  hyperbolic  ipace  VHbd  in  the  lame  prp* 
portion  as  the  ratio  ofFftQ  L,/,  or  of  CL  to  C^, 
is  to  the  ratio  pfDd  to  w,  or  of  CH  to  CD. 

On  the  afymptote  CD  take  any  number  of 
Knes  in  continued  proportion  to  CF  and  CL,  as 
CMandCG,  and  any  other  number  of  lines  m 
continued  proportion  to  CD  and  CH,  as  CK ; 
and  draw  the  correfpondent  ordinates  M/»,  Ggy 
K&9  parallel  to  the  afymptote  Cf\  By  Art*  1 87, 
die  areas  FL^/i  LMml,  MGgm  arc  all  equal  to 
each  other;  and  likewife  the  areas  DHbj, 
HKkb  are  equal  to  each  other  :.  cpnfequently 
the  area  TGgf  is  the.  fame  multiple  of  thp 
area  FLlf  as  the  ratif  of  CQ  to .  CF  is  ctf 
the  rath  of  CL  to  CF?  or .^s  the  ratio  of  Ff  tp 
Gg  is  of  the  ratio  of  F/  (to  LI  j  ,nand  t^e  ar< 
DKkd  is  the  Tame  multiple  of  the  area  D 
bd  as  the  ratio  of  CK  to  CD  is  of  the  rath  of 
CH  to  CD,  or  as  the  ratio  of  tW  tQ  K*  is  of  th* 
ratio  of  Vd  to  HL  But  fin<?e,  by  Art.  187,  if  die 
ntf/a  of  Ff  to  Gg*  is  equal  to  the  ratio  of Vd 'to  £*, 
the  area  VGgf  will  be  equal  to  the 'area  DKj&4 
it  follows  .that,  if  the  ratio  of  F/  to  Qg:  is  greater 
or  lefs  than  the  ratio  of  Dd  to  K£,  the  area  FQgf 
will  be  accordingly  greater  .or  lefs  than  areaDK£<4 
Therefore  we  have  tour  quantities,  to  wit,  the  ar^ 
¥L/f9  the  area  DHbdf  the  ratio  of  t/'to  LI> ,  and 
the  r^//*  of  D</  to  H£ ;  and  of  the  firfl:  aikl  third 
of  thofe  quantities  we  have  taken  equimultiple^ 
at  pleafure,  to  wit,  the  area  FGgf,  and  the  ratio 
of  Ffto  Gg,  and  of  the  fecond  and  foucth  quanw 
tities  we  have  taken  otfyer  equimultiples  at  plea- 
fure, to  wit,  the  area  DK&/,  and  the  ratio  of  Dd 
to  KA ',  and  we  have  fhewh  that  (whatever  mul- 
tiples thefe  latter  quantities  are  of  the  former) 
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the  equimultiple  of  the  firft  will  exceed,  equal,  or 
fall  fhort  of,  the  equimultiple  of  the  fecond  ac- 
cording as  the  equimultiple  of  the  third  exceeds, 
equals,  or  falls  inort  of,  the  equimultiple  of  the 
fourth.  Confequently  thefe  quantities'  are  pro- 
portionaL    QED. 

Of  Hyperbdlic  SeSf^s. 

190.  From  C  the  center  of  the  hyperbola 
V Ad  (fig.  70.)  draw  the  lines  CV,  Ce,  and  let  b 
be  the  point  in  which  Ce  cuts  Dd.  Then  fines, 
by;  the  property  of  the  afy  mptote,  Dd  is  to  Ee  as 
CE  to  CD,  and  the  angles  CDd,  CE^,  are  equal, 
*it  follows  (by  El.  6, 1 5.)  that  the  triangle  CEf  is 
equal  to  the  triangle  CDdf-  therefore,  taking  the 
triangle  CbD  from  both  fides,  tUe  triangre  Qbd 
will  be  equal  to  the  trapezium  DEeb  5  confe- 
quently^ if  .We  add  on  both  fides  the  curve-lined 
ipace  abe;  the  hyperbolic  fe&or  Ced  will  be  equal 
to  the  hyperbolic  trapezium  DEed. 

191.  In  the  fame  manner  itinaybe  (hewn, 
that  if  we  draw  the  lines  Cf,  Cg-,  (fig.  7c.)  the 
£e£tor  Cgf  will  be  equal  to  the  area  EGgf.  There- 
fore the  le&or  Cgf  is  equal  to  the  fe&or  Ced; 
that  is,  if  from  the  center  C,  on  the  afymptote 
CD,  of  an  hyperbola  VAd  be  taken  four  pro- 
portional lines  CD,  CE,  CF,  CG,  fo  that  the 
ratio  of  the  two  former  lines  CD,  CE,  fhall  be 
equal  to  the  ratio  of  the  two  latter  lines  CF,  CG, 
and  the  correfpondent  ordinates  Dd,  Ee,  F/,  Gg, 
be  drawn  parallel  to  the  other  afyptote,  and  cut* 
ting  the  hyperbola  in  d,  e,  /,  g,  the  hyperbolic 
fedtor  Ced  belonging  to  the  two  former  lines  will 
be  equal  to  the  hyperbolic  feftor  Cgf  belonging 
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Co  the  two  latter  lines;  or  the  hyperbolic  fedtora 
belonging  to  equal  ratios  of  the  ordi nates,  or  por- 
tions of  the  afymptote,  are  equal. 

192.  From  Art.  123,  'tis  evident,  that  if  from 
the  center  C  of  the  hyperbola  V  kd  (fig.  71.)  be 
drawn  the  lines  Cd>  C%y  Cf>  C/,  the  hyperbolic 
fe<9:or  Cbd  will  be  equal  to  the  trapezium  DHbtf, 
and  the  fe&or  C^f  to  the  trapezium  FLlf.  There- 
fore, by  Art.  189,  the  fe&or  C^f  is  to  the  fedtor 
Cbdm  the  fame  proportion  as  the  ratio  of  CL  to 
CF,  or  of  F/  to  L/f  is  to  the  ratio  of  CH  to  CD, 
or  of  Dd  to  Hb ;  that  is,  if,  from  the  center  C, 
on  the  afymptote  CD?  of  any  hyberbola  VAd9 
be  taken  any  four  lines  CD,  CH,  CF,  CL,  that 
are  not  proportional,  but  are  of  liich  magnitudes 
that  the  ratio  of  the  two  latter  lines  is  not  equal 
to  the  ratio  of  the  two  former,  and  the  corre- 
Iponding  ordinates  Dd,  Hb9  F/,  L/,  be  drawn 
parallel  to  the  other  afymptote  CT,  and  meeting 
the  hyperbola  in  d9  b%  j\  /,  the  hyperbolic  fedtor 
Clf  belonging  to  the  two  latter  lines  CL,  CFf 
will  bear  the  fame  proportion  to  the  hyperbolic 
fedtor  Cbd  belonging  to  the  two  former  lines  CH, 
CD,  as  the  ratio  of  the  two  latter  line9,  or  of 
the  correfponding  ordinates  Tf\  L/,  bears  to  the 
ratio  of  the  two  former  lines,  or  of  the  corre- 
fponding ordinates  Dd,  HA ;  or  the  hyperbolic 
fedtors  belonging  to  unequal  ratios  of  the  ordi- 
nates, or  portions  of  the  afymptote,  are  pro- 
portional to  thofe  ratios. 
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A  remarkable  analogy  between  circles  and  hyperbolas. 

,  193.  And  hence  we  may  obferve  a  kind  of 
analogy  between  the  circle  and  hyperbola;  to 
wit,  tnat  as  the  arcs  and  fe&ors  of  a  circle  are 
natural  and  convenient  meafures  of  the  magni- 
tudes of  angles,  fo  the  fore-mentioned  trape- 
ziums and  feftors  of  an  hyperbola  do  moft  pro- 
perly ferve  for  meafuring  the  magnitudes  of  r*- 
tios.  And  thus  thefe  figures  mutually  aflift  each 
other  in  the  conftru&ion  of  mathematical  pro- 
blems, it  being  extremely  common,  in  problems 
that  admit  of  feveral  cafes,  for  fomeof  the  cafes 
to  depend  upon  the  meafures  of  angles,  and 
therefore  to  be  conftruftible  by  means  of  circu- 
lar arcs,  or  fe&ors,  and  others  of  them  to  de- 
pend upon  the  meafures  of  ratios^  and  coiife- 
quently  to  be  conftruftiblc  by  means  of  the  fore- 
mentioned  hyperbolic  fe&ors  and  trapeziums. 

Of  the  logarithmic  ffiral. 

194.  Tis  evident,  that  any  other  kind  of 
quantities  as  well  as  furfaces,  may  be  made  the 
meafures,  or  logarithms,  of  ratios ;  of  which  we 
have  the  following  inftance  in  angles.  Let 
AiJDEFG  (fig.  72.)  be  a  curve  of  fuch  a  nature, 
that,  if  from  a  certain  fixed  point  C  placed  with* 
in  it,  the  lines  CA,  CB,  CD,  CE,  CF,  CG,  8c. 
be  drawn  at  equal  angles  one  from  another  and  pro- 
duced till  they  cut  the  curve  in  A,  B,  D,  E,  F,G, 
thtfir  ratios  fhall  be  equal  one  to  another,  of  CA 
ftiall  be  to  CB  as  CB  to  CD,  and  CB  to  CD  as 
CD  to  CE,  and  fo  of  the  reft.     Then  it  will  be 

evident 


Plane  .Tftt  TONOMETRY,      «r 

evident  by  repeating  the  demonftration  in  Art. 
j 89,  that  the  angles  m&de  by  the  radii  CA,  CB, 
CE,  &c.  at  the  central  point  C,  are  meafures, 
or  logarithms,  of  the  ratios  of  the  radii  that  con- 
tain them ;  or,   that,  if  we  take  any  two  une- 
qual Angles,  as  ACB  and  GCE,  the  angle  GCE 
will  be  to  die  angle  ACB  in  the  fame  proportion 
as  the  rath  of  the  radii  CG  and  CE  that  "contain 
the  former  angle  is  to  the  rath  of  the  radii  CB  and 
CA  that  contain  the  latter  angle.    And  hence  thii 
curve  (which,  it  is  evident,  is  a  fpiral,  or  goes  round 
and  round  the  center  C  in  an  infinite  number  of  re- 
volutions) is  called  the  logarithmic  fpiral.  It  is  alio 
fomctimes  called  the  scquiangular fpiral ,becaufe  the 
angles   CGF,    CFE,  CED,    &c.  made  by  the 
radu  CG,  CF,  CE,  &c.  with  the  curve,  or  tan* 
gents  to  it  in  the  pbints  G,  F,  E,  &c.  are  every 
where  equal,  as  may  eafily  be  deduced  from  the 
property  of  the  radii  laid  down  in  the  foregoing 
definition. 

195.  From  the  foregoing  article  it  follows* 
that  if,  with  C  as  a  center,  (fig.  72.)  and  any 
line  taken  at  pleafurc,  as  CH  as  a  radius,  a  circle 
be  defcribed,  the  arches  of  this  circle  intercepted 
between  the  radii  of  the  logarithmic  fpiral 
ABDEFG  will  be  the  logarithms  of  the  ra- 
tios of  thofe  radii  af  the  fpiral  that  contain  the 
angles  they  Aibtend :  for  they  are  proportional  to 
tbofe  angles.  Thus,  if  the  circle  cuts  the  radii  . 
CA,  CB,  CD,  CE,  CF,  CG,  &c.  in  the  points 
*>  &>  4  *>  f>  g>  &c.  the  circular  arch  ge  will  be 
to  the  circular  arch  ab  in  the  fame  proportion  a* 
the  ratio  of  the  radii  CG  and  CE  is  to  the  rat  id 
of  the  radii  CB  and  CA. 
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Of  the  logarithmic  curve. 

196.  From  the  foregoing  articles  it  appears?, 
that  either  furfaces,  angles,  or  circular  arcs,  may 
be  made  meafures,  or  logarithms,  of  ratios :  but 
the  fimpleft  and  moft  convenient  method  of  ex- 
hibiting a  fyftem  of  thefe  meafures  feems  to  be 
by  making  ufe;of  right  lines  for  that  purpofe  by 
means  of  a  logarithmic  curve.  Let  any  number 
of  right  lines,  as  OA,  KC,  PM,  &c.  {fig.  73.) 
that  are  in  continued  geometrical  proportion,  firft 
to  fecond  as  fecond  to  third,  &c.  be  placed  at 
right  angles  to  the  indefinite  right  line  OP  at 
equal  diftances  %  from  each  other*  The  curve 
ACM,  in  which  all  the  points  A,  C,  M,  &c.  or 
the  vertices  of  all  the  perpendicular  ordinates 
OA,  KC,  PM,  &c.  are  fituated,  is  called  a  lo- 
garithmic cutye:  This  curve  may  be  continued 
on  the  other  fide  of  the  point  O  by  taking  Oy,  ygr, 
&c.  equal  to  each  other,  and  to  OK,  KP,  &c 
and  erefting  at  the  points  y,  ?r,  GV.  the  lines  yc, 
«p,  &c.  in  continued  proportion  to  KC  and  OA. 
And  by  bife&ing  the  diftances  OK,  KP,  Oy,  y*, 
&c.  we  may  determine  as  many  intermediate 
points  in  the  curve  as  we  pleafe. 

1 97.  In  this  curve  'tis  evident  that  the  ordi- 
nates on  the  right  hand  of  OA(;%.  73.)  in- 
creafe  ad  infinitum,  or  fo  as  to  become  greater 
than  any  finite  line  whatfoever,  and  thofe  of  the 
left-hand  of  OA  decreafe  ad  infinitum,  or  foas  to 
become  lefs  than  any  affigned  line  whatfoever; 
but  the  curve  and  axis  never  actually  meet :  and 
hence  the  axis  of  a  logarithmic  curve  is  frequent- 
ly called  its  afymptote. 

198.  The 
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198.  The  logarithmic  curve  is  convex  towards 
its  afymptotc.  Take  any  arc  of  the  curve  ACM 
(fig.  73.)  as  Ap,  and  dfaw  the  chord  of  Ap, 
and  the  ordinates  AO,  prt>  perpendicular  to  the 
afymptote,  or  axis,  OP ;  and,  bife&ing  thfe  ab- 
fcifs  Ott  in  y,  draw  the  ordinate  yc  cutting  the 
arch  Aft  in  c  and  its  chord  in  a ;  and  laflly,  draw 
the  lines  p£,  q$,  perpendicular  to  yq  and  OAr 
and  meeting  them  in  €,  $.  Then  it '  is  evident 
that  the  ordinate  yc  will  by  the  nature  of  the 
curve  be  a  mean  proportional  between  OA  and 
irp ;  that  is,  O A  :  yc  : :  yc  :  ^r^e  j  therefore  <#w- 
dendo,  OA  —  yc  :  ^  ::  ^  —  irp  :  *r/x,  and 
permutando,  OA  —  yf  :  y<r  —  *r/t*  '::  yr  :  pr ; 
therefore  the  excefs  of  OA  above  yc  is  greater 
than  the  excefs  of  yc  above  *p ;  and  confequent- 
ly,  the  fum  of  thefe  two  excefles,  or  the  excefs 
of  OA  above  op,  is  greater  than  twi&er  the  excefs 
of  yc  above  *j*.  But  becaufe  the  fides  of  the 
triangle  qpQ  are  refpe&ively  parallel  to  the  fides 
of  the  triangle  Ag$,  and  the  fide  p&  is  equal  to 
the  fide  q$,  it  follows  that  thefe  triangles  are 
fimilar  and  equal  to  each  other:  therefore  Aj  is 
—  y£,  and  A^  -f-  yg,  or  the  excefs  of  OA  above 
wy*,  is  -=r  2  j6,  or  twice  the  excefs  of  7/7  above 
*r^.  Therefore  twice  the  excefs  of  yj  above  iru 
is  greater  than  twice  the  excefs  of  yc  above  irp\ 
confequently  yq  is  greater  than  yc>  or  the  point 
e  falls  below  the  point  q%  that  is,  the'  arch  Ap 
falls  below  its  chord,  or  nearer  than  its  chord  to 
the  axis  OP,  and  confequently  is  convex  towards 
that  axis.     QE  D# 

199.  The  abfeifles  of  the  axis  of  a  logarithmic 
curve  are  meafures,  or  logarithms,  of  the  ratios 
of  the  ordinates  that  bound  them.     For  if  TK 

and 
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and  *y  (fig.  7%,)  arts'  any  two  unequal  abfeifles, 
and  through  fbe  pointy  T»  K,  *r,  y,  be  drawn 
the  ordinate*  TD,  KC,  yf,.  «rft,  it  will  ap- 
pear by  repeating  the  demonftration  in  Art.  189, 
that  the  abfcift  XK  is  to  the  abfcifs  %y  in  the 
fame  proportion  as  the  fitf/*  of  ^ic  ordinate 
TD,  KC,  is  to  the  tAtU  of  the  ordinates  ycy 
t*l*>  ^at  kf  that  the  abfciftft  TJC  aijd.*j*  are  lo- 
garithms of  the  ratios  ef  JD  to  KC,  and  y*  to 
*rp.  And  hence  it  is  that  (he  curve-  ACM  is 
palled  the  lpgarithtoic  curve, 

2pg.  Let  Oh  h*  a  tangent  to  the  curve  ACM . 
(fig-  73-)  »  $e  poiiK  P,  fieetipg  -the  axis  OF 
iq  L.  Draw  the  ordinate  J5r  infinitely  near  to 
DT,  and  from  d  draw  ih  perpendicular  to  DT. 
yJ\$  evident,  the  infinitely  imall  triangle  dbD 
will  be  fimilar  to  the  triangle  DLT  j  therefore 
Dbi  dh>  or  f  T,  ::  PT  :  LT*  that  is,  if  the 
curve  be  conceived  to  be  generated  by  the  po- 
tion of  the  ordinates  DT  .moving  parallel  to  it* 
l<?lf  along  the  axis  OP,  and  at  the  feme  time  in* 
creating  in  length  in  fuch  a  manner  that  its  up- 
per extremity  P.  (hall  trace  out  the  curve  ACM, 
the  nafcent  increment  of  the  ordinals,  will  be  to 
the  contemporary  increment  of  the  abfcifs  at  any 
,  propofed  injftant  of  time,  as  •  for  mftance,  whefi 
the  ordinate  is  in  the  fituation  DT,  as  the  mag- 
nitude DT  of  the  ordinate  at  that  inftant  of 
time  is  to  the  correfponding  fubtangent  LT; 
or,  the  limit  of  the  ratio  of  the  contemporary 
increments  of  the  ordinate  and  abicifs  i6  equal  to 
the  ratio  of  the  ordinate  to  the  fubtangent. 

20  f.  Hence  it  is  evident,  that  the  velocity 
with  which  the  ordinate  increafes,  is  to  die 
velocity  with  which  the  abfeifs  increafes,  or  to 

the 
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the  vfclocity  of  the  parallel  motion  of  the~ordi- 
nate,  as  the  ordinate  to  the  fubtangent;;  or,  in 
other  words,  the  fluxion  of  the  ordinate  is-to  the 
fluxion  of  the  abfcifs  as  the  ordinate  to  the  fub- 
tangent ;  and  this,  whether  the  velocity  of  the 
parallel  motion  of  the  ordinate,  or  the  fluxion, 
of  the  abfbife*  be  fuppofed  to.  be  uniform:  or  va«- 
riablev     v  * :  t    v >>  ,:  7  . 

202.  The  fubtangents  belonging  to  4i%reat. 
points  of  the.  fame  logarithmic  curve  ate  all  of 
the  fame  magnitude;  or,  if  we  take  ^any  two 
points  at  pfeaiure,  -as  D  and  A,  in  the  logarith- 
mic curve  ACM  (jig*  73.)  and  draw  the  tan- 
gents DP,  AF  njeeting  the  axis  in  L  and  P,  and 
the  ordinates  BT,  AO,  meeting  it  in  T  and  O, 
die  fubtangent  FO  will  be  equal  to  the  fubtan- 
gent PT.  For  let  dt  be  an  ordinate  infinitely 
ftear  to  DT  ;:  take  OH  —  /T,  and  draw  the  or-* 
dinate  Ha;  and  from  d  aqd  a  draw  db  and  ab 
perpendicular  to  DT  and  AO.  Then  60m  the 
nature  of  the  curve  'tis  evident  that  AO  :  Ha  ; 
^T  :  dt ;  whence,  dividendo>  we  have  AJ> 
AO :;  Db  :  DT,  and  petmutando,  Ab  :  Db  \_ 
AO  :  DT.  But  becaufe  the  triangle.  Aab  is 
fimilar  to  the  triangle  AFO,  and  the  triangle 
Ddb  to  the  triangle  DPT,  it  follows,  that  a b  : 
A*;:FO  :  AO,andD£:d&  :;  DT:  PT.  We 
have  therefore  the  three  following  proportions  1 
*b  :  A*  ;:  FO  :  AO;  hb\  Db  ::  AO  :  DT; 
and  Db:  db ::  DT  :  PT.  Therefore,  ex  <tquo9 
*&:  db  ::  FO  :  LT,  and  confequently,  be- 
caufe^ —  db,  FO  is  =PT.%    QED. 

203.  Hence  it  follows,  that  the  ordinate* 
drawn  at  the  extremities  of  the  fubtangent  of  a 
logarithmic  curve  are  always  in  the  fame  proper* 

G%  aw* 
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tibn  to  each  other,  at  what  point  foever  of. 
the  curve  the  fubtangent  be  taken  j .  or,  the. 
fubtangent*  of  a  logarithmic  carve  is  the  mcb- 
fure,  or  logarithm,  of  a  given  ratio.  Thus*: 
the  proportion  of  therordinatps  DT,  PMj  is  the; 
fame  with  that  of  the  ordinates  AO>  Ff.  This* 
proportion  is  «  found  by  calculation  to  be  that  of> 
2.71 8,28 1,828,459,6?*.  to  i,  or  of  1  to  .367,879*; 

441,17.1?  tSd    ,.''..;i 

,  >204.  tAnd.  hence  wc  have  a  method  of  cb»- 
fcribing  *  logarithmic  curve  by  finding  as  man j: 
points  in!  it  as  Ave  .pleaie,  if  its  fubtangent  only 
he  given.  For  if  the.  magnitude  of  PX  is  known,, 
draw  the  ordinates.  DX:,  PM*  perpendicular  to* 
i*  in  the  points  T,  P>  and  take  DT.to.  PM  a$: 
2.718*  ©&  to  1.  This  :done,  take  may  num- 
ber of  CDDtinual  proportionals. to.U  and  DT, 
making  fiufttL/,.  and  then  DT,  the  firft  term  of 
the  ^proportion,  .and  placfe  thefe  proportionals  on 
each  ifide:  of .  the  fubtangent  1 LT  at;  right  angles 
to  it,  and  it  diftances  equal  to  LT  one  from  ano- 
ther. JTis  evident  the  vcrte^tes  of  all  thefe.  pro- 
portionals Will  be  lituatcd  in  a.  logarithmic  curve 
whole  fubtangent  is  LT.  If  the  intermediate 
points  x>f  the  N  curve  that  lie  betweeh  thefe  pro- 
portionals he*  required,  they  may  he  found  by 
continiia%  bife&ipg  the  abftiffes.of  the  axis  in- 
tercepted between  twm*  and  erecting  mean  pro- 
p6nionals  Vetwceti  them  at  the:  fevgr^i  points  of 

-->  2 05* ; Another  way  of  ^performing  the  fame 
thing  is  this  that  follows*  In  the  indefinite  right 
tmc  OR  (f>$.  73.)  take  LT  tqual  to  the.  given 
fjubtangem  of  the  curve  that  is  to  be  defcribed* 
and  atthc.pointX)..draw  the  right  line.  TI>  per-. 
*.i..;  u    .•  pen- 


1 


pendicular  to  OP;  and  of  any  magnitude  what* 
fecver;  and  let  this  line  be  moved  parallel  to  iu 
felf  on  the  line  OP  firft  towards  the  right-hand, 
and  then   towards  the  left-hand   fide 'of  the 
figure  ,with  any  velocity  whatfbever,    uniform 
or  variable:    *nd,  as  it  is  moving  towards  the 
right-hand  fide  of  the  figure,  let  it  be  fuppofecf 
to  increafe  in  length  at  fuch  a  rate  that  the  velo* 
dty  of  its  increafe  fhall  be  to  the  velocity  of  its  ' 
parallel  motion  at  every  inftaht  of  time  during 
its  increafe,  x)t  the  nafcent  increment  of  DT  t0 
the  contemporary  increment  of  OT,  as  the  mag* 
nitude  of  DTatthe  fame  inftantoftime  to  the  given 
liuc.LT  ;  and  in  like  manner,  as  it  is  moving  to- 
wards the  left-hand  fide  of  the  figure,-  let  it  be 
fuppofed  to  decreafe,  in  length  at  fuch  a  rate  that ' 
the.  velocity  of  its- decreafe  fhall  be  tothevelo- 
i  city  of  its* parallel  motion  at  every  inftant  of-'time 
during  its  decreafe  as  the  magnitude  of  DT  at 
the  fame  inftant  to  the  given  line-LT.     *Ti$ 
evident,!  that  by  thefe  two  motions  there  will  be, 
defcribed  the  logarithmic  curve  pc  ACM  whofe  ; 
fubtaftgent  is  equal  to  the  given  line  LT.  * 
206.  From. the  laft  articles  it  follows,  that  in 
,  different  logarithmic  curves,    or  fuch  wherein 
the  logarithms  of  the  fame  ratio*  or  the  abfcifTes 
of  th$  axis  intercepted  between  terms  that  are  in 
the  fame  proportion  to  each  other,  are  unequal, 
(for -this  is  evidently  the  only  difference  there 
can  be  between  one  logarithmic  curve  and  ano- 
ther) thefe  unequal  logarithms  of  the  fame  ratio 
ace  proportional  to  the  fubtangents  of  the  curves, 
andjhe  curves  are  fimilar  to  each  other.     For 
Whenever  a  curve  is  determined  by  one  line  only, 
tt  is  given  when  one  line  is  given,  its  fpecies  muft 
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bp  given,  or  by  varying  that  determining  Enc^ 
t^e  curve  can  only  change  its  magnitude  with- 
out any  change  in  its  form  or  fpecies*  or  in  the 
proportion  or  the  lines,  that  correfpond  to  each 
other,  or  are  determined  by  like  conflrudions. 
Thus  all  circles*  as  they  are  determined  by  their 
diameters*  are  fimilar  to  each  other ;  all  para- 
bolas, as  they  are  determined  by  their  parameters, 
or  are  given  when  their  parameters  are  given,  ace 
fimilar  to  each  other ;  all  equilateral,  or  rect- 
angular hyperbolas,  as  they  are  determined  by 
their  tf anverfe  axeSi  are  fimilar  to  each  other; 
and  all  cycloids,  as  they  are  determined  fay. 
the  diameters  of  their  generating;  circlet,  are 
alio  fimilar  to  each  other.  But  as  thefe  pro* 
pertjes,  of  logarithmic  curves  are  of  fame  im- 
portance, and  will  tend  much  to  forming 
a  juft  conception  of  them*  we  {hall  here  demon* 
fhrate  them  in  a  more  exa&  and: formal  man- 
ner, as  follows. 

207.  The  logarithms  of  a  given  ratio  taken  on 
the  axis  of  two  different  logarithmic  curves  are  in 
the  fame  proportion  to  each  other  as  the  fob- 
tangents  of  thofe  curves.  Let  O A  ahd  yc  be  any 
t\yo  ordinates  in  the  logarithmic  curve  ACM 
{fig.  73 .)  AF  a  tangent  to  the  curve  in  A,  and 
FO  its fubtangent ;  and  in  the  curve  «  %  or  ( fig* 
74.)  let  Rr  and  N*  be  any.  two  ordinates  that 
are  in  the  fame  proportion  to  each  other  as  QA 
and  <ycy  r<p  a  tangent  to  the. curve*  ^«r  in  r9 
ai\d  K<p  its  fubtangent.  We  are  to  fhew  that 
the  abfeifs  RN  is  to  the  abfeifs  Oy  in  the  feme 
proportion  as  the  fubtangent  Rp  to  the  fnbtao* 
gent  FO.  In  fig.  73  >  draw  thejxdinate  H*.infi» 
nitely  near  tp  OAa  and  in  fig.  74*  take  the  ordinate 

9j 
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Q  y  that  is  in  the  feme  proportion  to  Rr  as  H^  is 
to  OA ;  and  from  the  points  a,  p  draw  the  liner- 
^i  yJ,  perpendicular  to  OA  and  Rr  and  meeting 
themin£,&    Then  fince  Rr  :  Q# : :  OA  zHa% 
it  follows*  SviJtndOs>  that  Jr  :  H>  ::  A*  :  OA, 
and,  ptrmutando*  &r  iAk:iRr::QAi   Further 
from  the  fimilarity  of  the  triangles  AOF  aocfc  AA*> 
it  follows,  that  AO  :  FO ::  Ad> :  *£;  find  &xn* 
the  fimilarity  of  the  triangles  Rrfl  and  rfy  it  fol- 
lows, that  R^> :  Rr :; .^  ;  JK    yife  have  :&<»*- 
fore  thq  three  following  proportions ;  q}>  or 
:  Sr  ::;Rd  :  Rr  ;  *r  :  A*  ;;  Ri» :  AO;  and 
*£,  or  OH,  :i  AO- :  FCh    Therefore  *??.  otqvt* 
we  haye  QR  ;  OH ::  Rp  :  FO.;  that  is*   Ri(^ 
the  logarithm  of  the  infinitely  fixiall  roth  <£  K* » 
to  Qq.  ia  the  curve  <t^n  i&  to  OHi  the  l&garithn* 
of  the.,  fame  mtio  in  the  otinve  ACM*  as  R$>  th» 
fubtangentof  the  former  carve  i*  to  FOthafui^ 
tangent  of  the  latter  curve.    But>  from  the  na- 
ture and  definition  of  a  logarithmic  curve^ 'Wi' 
evident  that  the  logarithms  of  any  other  rath* 
taken  in  the  curves  *%nr  and  ACM,  as  for  ift^; 
fiance,  the  logarithms.  NR  and  O^of  the'rvtf/** 
of  Rr  to  N« ,  or  AO  to  yc>  are  to  each  other  iflK 
die  fame  proportion  as  the  logarithms  RQ  artdfc# 
OH  of  the  infinitely  fxhall  ratio  of  Rirto  Q^r,of 
OA  to  Ha,  taken  in  the  fame  curve*;  (forth** 
former  logarithms  may-  he  confidefed  as  equi- 
multiples of: the  latter;)  therefore  the  logarithms- 
RN  and  Qy  of  the  equal  roths  of  Rr  to  Nfc>  andp 
AO    to  yc>  taken  in   the  logarithmic  curves 
m>%nr  and [ACM  are.  to  each1  other  irt  the  famfr* 
proportion  as  R<p  andFO  the  fuhtaogent  of  thofe*' 
curves*.  QEIX 


t  V 


*0&.  It 


1 


23d  EL  E  M  E  N-tf  S    */' 

208.  It  eafily  appears,  that  if  the  logarithms 
of  a  given   ratio  in  two  different  logarithmic 
curves,  or  the  fubtangents  of  thofe  curves,  are 
equal v  the.  curves  will  be  exa&ly  equal  and  fimi- 
lar  in  every  lefpeft,  or,  if*  placed  one  upon  ano- 
ther, will  exactly  coincide/    For  if  the  ratio  of 
QA  to  yc  (in/g.73.)  be  cqoai  w  that  df  Rr  to 
N«  (injfc-  74.)  : and  N«  H  eqfuflfl  to  yc>  Kr  will 
be  equal  to  OA  :  if  therefore  the  logarithm  RN 
is  equal  to  the  logarithm  Oy,  arid  N*  is  placed 
upon  yc  fa  as  to  coincide  with  it,  Rr  will  coin- 
cide with  OA,  .and  every  other  ordinate  in  the 
curve  *%nr  will  coincide  with  die  ordinate  equal 
to  it  in  the  curve  ACM,1  fo:  that  the  former  of 
thefe  two  figures  will  exaftly  cover  the  latter,  or 
they  will  be  both  in  every  reipeft  equal  and  fimi- 
lar.   The  fame  will  be  evident  if  N*  is  not  equal 
to  yc ;  for  we  may  then  take  in  fome  other  part 
of  the  figure  *  #  nrihe  ordinate  **  equal  to  OA, 
and  TA  —  yc  ;  and  if  the  logarithm  Qy  is  equal 
to  the  logarithm  *>r,  and  TA  be  placed  upon  yc, 
the  ordinate  a*  will  coincide  with  OA,  and  every ' 
ether  ordinate  in  the  curve  u  %nr  will  coincide 
with  the  ordinate  equal  to  it  in  the  curve  ACM, 
fb  that  the  former  of  thefe  two  figures  will  ex- 
actly cover  the  lattery  or  be  exa&ly  equal  and 
fimilar  to  it,  as  before.  * 

'209.  If  the  logarithms  of  a  given  ratio  in  two 
different  logarithmic  curves,  or  the  fubtangents 
of  thofe  curves/  areuinequal,  the  whole  figttres, 
though  not  ecjual  and  coincident  as*  befpre,  will 
neverthelcfs  be_JSmilar  to  .each. other;  that  is, 
whatever  finite  portion,  tf  a.  given  logarithmic 
curve  is  propofed,  we  may  always  find  a  por- 
tion in  any  ©&er  logarithmic  curve  of  a  dif- 
ferent 
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ferent  fubtangent,  that  is  fimilar  to  the  former 
portion;  or  whofe  parts  are  all  .greater  or  Ida 
than  the  correspondent  parts  (or  p&rts  determined 
in  the  fame  manner,  or  by  the  feme .  conftruo- 
tiohs)  of  the  former  portion  in  the  fame  given 
ratio,  or  which  may  be  derived  from  the  former 
portion  by  increasing ;  or  dijninifhiqg  all  the 
lines  that  bound  and  determine  it  in  a  given 
ratio*  ,  Ltft  AC\  bfc  ady  portion  of  the  :lo- 
garitfctaic  curve?  ACM  {fig.  73.)  whofe  axis 
is  Og j  .  fubtangent:  FO>  an d  the , ordinates  at 
A  gntj  QjOA  and.KCs  and  \*Ku%vr.  (^74*) 
be  any  QtJher.logartohi»ic  curve  whofe  fubtangent 
Bgff^ri^hUn  FQ<:  Draw  thp.axis^R  ofthil 
?urye,  and  in  it  find  the*  ppint  R  at  which  the  or- 

,  dinate  Rr  is  to  KC  a$L the  fubtangcnt  R^>  of  the 
curve  4  %*c  is  to  FO  the  ful?to#g$nt  ot  ACMi 
and  let  Np  be  another  ordinate  in  the  curve 
axnr  that  is  to  J&f,  as  OA  to  KC.  f  Then  w$ 

,  ihalihaw,  hytArt.  207.  NR:  OK  ::  Rp  :  FO 
::  Rr  ;  KC  ;:  N*  :  OA;  that  is,  the ,  ordinates 
Rr  and  N*  and  the  abfcifs  NR,  are  all  of  them 
greater  than  the  correfbondeqt  ordinates  KC  an4 
OA,  and  the  abfcifs  OK,  in  the  fame  given  ratio 
of  the  fub|angcntsv .  RQ  and  FO.  And,  if  NR 
be  divided  into  any  number  of  equal  parts,  and 
OK  be  likewife  divided  into  the  fame  number  of 
equal  parts,  and  ordinates  be  drawn  in  both 
figures  at  the  feveraLpojnts  of  divifion  in  thefe 
lines,  the  fame  may  be  fhewn  concerning  thefe 
intermediate  ordinate  between.  Ntf and  Rr,  and 
O A  and  KC ;  to  wit,  that  all  thqfe  in  the  figure 
NRr;*  are  greater  than  the  correfppndent  ordi~ 
nates  in  the  figure  OKCA  in  the  fame  given  pro* 

ppruen 
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creafing  of  the  *  fubfangeiftt.  Therefore  by  in- 
<Jr4afing  the  ordinate*  *ftd  the  bafe  OK  of  the 
.figure  OKC A  10  the  given  ratio  of  the  fubtan- 
gent R<p  to  ibe  fobtangent  FO,  it  will  become 
equal  to,  and:fett<ftiy  coincide  with  <hd  figure 
ftRrn  ;  c6rtfeqttently  theilguite  NRn*  is  fimilar 
•othe  AgureOKCA.    QBIX 

*  *•       «  * 

M>f*,  The  having  all  their  dimenfioiis  either 
greater  or  left  the  one  than  the  other  in  the 
lame  proportion,  is  fo  cpnftaiit  a  concomitant  of 
the  idea  of  the  fimilarity  of  two  figures  that  I 
have  in  the  courfcof  this  article  coniraered  it  as 
the  very  eflence  and  definition  of  fimilarity :  for  if 
fimilarity  be  defined  in  a  dSfffefent  Manner  *  as, 
fcrinftance,  if  two  cu*v44frted  figures -are  faid 
to  be  fimilar,  when,  whatever  right-lined  figure 
fee  inscribed  in,  ot  circufnferibed  about,  the  one, 
k  is  poflible  to  inferibe,  or  circumfcribe,  a  right* 
lined  figure  fimilar  to  the  former,  in  or  about 
the  other,  (which  is  the  definition  of  the  fimi- 
larity of  curve-lined  figures  given  by  the  mar- 
quis de  ¥Hofpital>  in  the  <th  book  of  his  excel- 
lent treatife  on  the  conic  feftions  $)  'tis  evident, 
that  where  the  former  property  of  having  all  the 
dimenfions  of  the  one  figure  greater  or  lefs  than 
thofe  of  the  other  in  the  fame  proportion  is  found, 
this  latter  property  will  be  found  likewife,  or  the 
figures  will  be  fimilar  in  this  latter  fenfe. 

1 1  o.  From  hence  it  follows,  that  the  curve-line 
rir  is  to  the  curve-line  AC  as  the  fubtangent  R<p  # 
to  the  fubtangent  FO.    For  let  us  fuppofe  the  * 
intermediate  ordinates  inferted  between  N/i  and 
Rr,  and  between  OA  and  KC,  to  be  infinite  in 

number} 
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number;  and  'tis  evident  the  quadrilateral  figures 
into  which  the  figures  NRra  and  OKCA  will 
be  thereby  divided,  whofe  upper  fides  are  the 
feveral  portions  of  the  curve  lines  nr  and  AC, 
will  in  this  cafe  become  rectilinear  trapeziums, 
becaufe  the  portions  of  the  curves,  being  infi- 
nitely fmall,  will  become  right  lines,  and  co- 
incide with  their  chords :  and  of  thefe  trape- 
ziums thofe*  into  which  the  figure  NRr/i  is  divi- 
ded will  be  refpe&ively  fimilar  to  thofe  into  which 
Ae  figure  OKCA  is  divided  :  consequently  the  up- 
per, or  oblique,  fide  of  every  trapezium  in  the 
figure  NRr»  will  be  to  the  upper,  or  oblique 
fide  of  the  correfponding  trapezium  in  the  figure 
OKCA,  in  the  fame  ratio  as  their  bafe9,  or  as 
the  fubtangent  R(p  to  the  fubtangent  FO  5  that  is, 
every  infinitely  fmall  part  of  the  curve  line  nr  19 
to  the  correfponding  part  of  the  curve  line  AC  as 
the  fubtangent  Rp  to  the  fubtangent  FO.  There- 
fore the  wnolfe  curve  line  nr  is  to  the  whole  curve 
line  AC  as  R<p  to  FO.    QED. 

2  f  j .  The  area  of  the  figure  NRr»  is  to  the 
area  of  the  figure  OKCA  as  the  fquare  of  the 
fubtangent  Rp  to  the  fquare  of  the  fubtangent 
FO,  Fdr  each  of  the  infinitely  fmall  trapeziums 
into  which  the  figure  NRr«  is  divided  is  to  the 
correfponding  trapezium  in  the  figure  OKCA 
in  the  duplicate  ratio  of  their  homologous  fides, 
or  of  the  fubtangents  R<p  and  FO  :  therefore  the 
whole  area  NRr»  is  to  the  whole  area  OKCA  in 
the  duplicate  ratio  of  Rfi  to  FO,  or  as  Rd>7  to 
FOy,    QED. 

Of  the  analogy   Between  tie  hyperbola  and  the 

logarithmic  curve. 

212.    The  parallelogram    of  an    hyperbola 

H  h  (which 
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(which.,  by  the  property  of  the  alymptales,  ia 
every  where  of  the  fame  magnitude)  is  the  lo- 
garithm, or  meafure,>of  the  fame  ratio  in  the 
hyperbola,  of  which  the  fubtangent  of  a  loga- 
rithmic curve  is  the  meafure  in  that  cUrve  j  or, 
}he  ordinates  which  bound  that  curvilinear  area 
pf  an  hyperbola  that  is  equal  to  its  parallelogram 
are  to  each  other  in  the  lame  proportion  as  the- 
ordinates  to,  the  axis  of  a  logarithmic  curve  that 
are  <kawn  through  the  extremities  of  an  abfeifs 
equal  to  its  fubtangent.  For  from  any  point  b 
of  the  hyperbola  VAd  (Jig.  70.)  draw  the  ordi- 
nates bm  bH,  parallel  to  the  afymptotes  OD,  CT ; 
and,  taking  the  point  D  infinitely  near  to  H, 
draw  the  ordinate  DJ ;  and  in  the  logarithmic 
rurve  ACM  (fg.  7V)M^  *«  adinate  H«  =s 
CD,  and  OA  ==  CH :  and  draw  the  tangent  AF, 
and  the  line'  ah  parallel  to  the  axis.  Then  'tis 
evident  we  {hall  have  DH  =  A*,  and  confer 
quently  DH  :  CH  ::  hb  :  OA.  But  the  curve- 
lined  area  DHM  being  infinitely  fmall,  is  equal 
to.  the  parallelogram  Db,  and  therefore  is 
to  the  parallelogram  of  the  hyperbola  CH£* 
(EL  6.  i.j  as  DH  to  CH:  and,  becaufe  the  tri- 
angles hbay  AOF  are  fimilar,  a b  is  to  FO  as 
AA  to,  OA.  Therefore  DA  :  Cb  ::  ab>  or  OH, 
i  FO  $  that  is,  the  infinitely  finall  area,  or  pa- 
raUeiogram,  Db  is  to  the  parallelogram  Cb  of  die 
hyperbola,  as  the  infinitely  fmall  abfcifi  OH  to 
the  fubtangent  FO.  Confequently  the  ratio  of 
JVto  HZ>,  or  of  CH  to  CD,  is  to  the  rath  of 
the  ordinates  that  terminate  the  hyperbolic  area 
that  is  equal  to  the  parallelogram  Cby  as  the 
ratio  of  OA  to  Ha  to  the  ratio  oi  the  ordinates 
OA  Ff»  drawn  through  the  extremities  of  the 
•'   J  °  fubr 
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fubtangent  FO.  But  the  ratio  of  OA  to  Hi  13 
equal  to  the  ratio  of  CH  to  CD ;  therefore  the 
ratio  of  the  ordinates  that  terminate  the  hyper- 
bolic area  equal  to  the  parallelogram  G&,  is  equal 
to  the  rdtto  of  the  ordinates  O A,  F/i  drawn  thr4' 
the  extremities  of  the  fubtangent  FCL     QED< 

Scholium. 

We  have  befcn  obliged  in  the  foregoing  de-i 
haonftratiQ.n  to  compare  together  infinitely  fmall 
and  finite  quantities,  to  wit,  the  infinitely  fmal^ 
area,  or  parallelogram,  Dk  with  the  parallelo? 
gram  G&,  and  the  infinitely  fmall  abicifs  OHt 
with  the  fubtangent  FO,  becaufe  the  two  infi^ 
hitely  fmall  quantities  Db  arid  OH  beiqg  of  dif> 
ferent  kinds  could  not  be  compared  together* 
Now  as  this  is  a  comparifon  which  has  not  yet 
been  made  in  any  of  the  foregoing  articles  of  this 
propofition,  and  which  cannot  be  explained  by 
means  of  the  limits  of  the  ratios  in  the  fame* 
inanner  as  the  proportion  of  two  infinitely  fmall 
quantities  that  vanifh  in  a  finite  ratio  one  to  the 
other,  I  ftiall  here  endeavour  to  (hew  what  is  to 
be  understood  by  making  thefe  companions,  and 
afterwards  repeat  the  foregoing  demon  ftration  in 
the  accurate  language  of  finite  quantities. 

In  the  firft  place  then,  when  it  is  concluded 
from  the  fimilarity  of  the  triangles  Aba,  AOF 
(fig.  jy)  that  Ab  ;  AO  ::  OH  :  FO,  the  mean- 
ing of  this  atiertion  is  this.  If  the  difference  Ab 
t>f  the  twd  ordinates  OA,  Ha  is  very  fmall  iii 
comparifon  of  either  of  thofe  ordinates  them- 
felvts*  tht  rat  19  of  Ab  to  AQ  will  be  nearly 

H  h  2  equal 
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equal  to  the  ratio  of  the  abfeifs  OH  to  the  fub- 
tangent  FOj  and  this  difference  Ab  may  be 
.taken  fo  fmall  in  comparifon  to  either  of  tjie  or* 
dinates  AO,  Ha ,  that  the  ratio  of  Kb  to  AO 
ihall  differ  lefs  from  the  r<tf /<?  of  OH  to  FO, 
than  by  any  affigned  ratio  how  fmall  foever. 

zdly,  When  it  is  concluded  from  the  infinite 
fmallnefs  of  the  area  DHbd,  and  its  equality  with 
the  parallelogram  Db,  that  its  proportion  to  the 
parallelogram  Cb  is  the  fame  with  that  of  DH  to 
CH,  the  meaning  of  this  affertion  is  this :  if  the 
area  DHbd  be  very  fmall.  in  comparifon  of  the 
parallelogram«G6,  its  proportion  to  that  parallelo- 
gram will  be  nearly  equal  to  the  proportion  of 
DH  to  CH ;  and  this  area  may  be  taken  fo 
fmall  in  comparifon  of  Cb,  or  the  jpoint  H  may 
be  taken  fo  near  to  the  point  D,  that  the  propor- 
tion of  the  area  DHha  to  ,the  par&ilelogram  Cb 
fhall  differ  lefs  from  the  proportipn  of  DH  to 
CH  than  any  affigned  ratio  how  fmall  fbever. 

3<#y,  When 'tis  concluded  from,  the  ultimate 
equality  of  the  ratios  of,  DH  to  CH,  and  the  area 
T?Hbdxo  theparallelogram  Cb,  the  ultimate  equa- 
lity of  the  ratios  of,  Ab  to  Ab,  and  OH  to  FO, 
arid  the  conftant  equality  of  the  ratios  of,  A£toAO, 
and  DH  to  CH,  that  DHbd  :  Cb  .:  OH  :  FO, 
the  meaning  of  this  affertion  is  this :  if  the  dif- 
ference Ab  of  the  ordinates  AO,  Ha,  or  the 
difference  DH  of  die  lines  CH,  CD,  which  are 
refpedttvely  equal  to  AO,  Ha,  be  very  fmall  in 
comparifon  of  AO  and  Ha,  the  ratio  of  the 
little  hyperbolic  area  DHbd  to  the  parallelogram 
Cb  will  be  nearly  equal  to  the  ratio  of  the  fmall 
abfeifs  OH  to  the  lubtangent  FO*  and. the  dif- 
ference Ab  may  be  taken  fo  fmall  in  comparifon 

of 
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of  OA,  and  H*,  that  the  reij*  of  DJUbd  to 
Qb  (hall  differ  lefs  from  the  ratio  of  OH  to  FO 
than  by  any  affigned  ratio  how  fmall  fbever. 

A*bly*  We  may  obferve  further,  that  as  long 
as  Kb  is  of  any  finite  magnitude,  how  fmall  fo- 
ever, the  tangent  AF  will  pafs  without  the  curv$ 
A*,  and  confequently  will  not  cuttthe.T(ne  thin 
the  point  a,  but  in  fome  other  point,  .which  £plj[ 
i,  that  is  nearer  than  a  to  the  point  £,  (6  $p$ 
the  line*£,  will  be  lefs  than  ab.  '^ow  thi|;  tri- 
angles Ae^,AOF,  are  ftridlly  fimilar,  even$wx 
Ab  be  finite ;.  therefore  Ab  :  AO  ;;  th  :  .1*0  f 
confequently  ,Af>  is  to%  AO  as  *£,  or  QH,  to.  9. 
line  greater  than  FO,  which  call  V. l  JBut  Ab  ipip. 
be  taken,  fo  fpiall  in. gon^jwifon  of  AO*,  :that j^ 
rath  of  aft  \o  %b  fliajl  ^pjoach  as  /Ag^rljT  a$,wfi 

pleifi?  to.  z.  ratio  ;of  iS^HP11!^^ » I^^^N^ffi^ft  *»« 

be  jaJ*n  fofe^L .^ 

r,/,*9f  *.*a  FO^ltoproach  ,asf pearly  as  yre 
pleaieto  z.i&to^t™^,  Wrtb&f  foaifx- 
cced  Fp  by?  as  luji^ll  a; quantity. ^s.wp  plptfe^ 
that  is;  jhe  /fubtangent  FQ  VtKe.  limit,  of  the 
magnitude  of  x,  or  of  a  fourth  jgrQppf  fio/iaj  to 
the  fmall,  but  finite,  /difference  .#$  iff  ^p  .or^j 
nates  6 A,  H*,  the  ordinate  9^^  a^i^iir^& 
refpondpnt  fmall  abfeifs,  of  logaril^ujii  tyM^  ?ci 
S^Wy,  In  like  manner  in  the  hyj^Vto^^^g 
(Jig.  7o.)  the  difference  DH,  -when  finite, .«■  tq 
tne  hne  CH  accurately  as  the  p^wpiogrftpa  Pf 
to  the  parallelogram,  G6,  and  confequf fwy/as  t|*e 
iccr/DH^/  to  a Ipace  greater  than  C^  wjuch  calf 
Jj  :  but  pH  may  be  taken  fo  fmall  ^  in  cbrop;  * 
fon  of  CH  that  the  ratio  of  DHbd  ,to  D£'  ^  ^ 
approach  as  near  as  (we  pleafe  tp  a  rath  of  ejjuar 
lity;    therefore   ^)H   may  be   taken  fo 'fmall. 
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in  companfbri  of  CH,  that  the  ratio  of  yy  td 
C£  fliall  approach  as  near  as  we  pleafe  to  a  ratio 
of  equality,  dr  that  sy  fliaH  exceed  G6  by  as  fmafl 
a  quantity  as  we  pleafe j  that  is,  the  parallelo- 
gram Cb'  is  the  limit  of  the  magnitude  of  yys 
or  of  a  fourth  proportional  to  DH  the  fin-all  *  but 
finite,  difference  of  the  lines  CH,  CD,  the  line 
CH,  and  the. correspondent  finaH  area,  -of  loga- 
rithm, DHW. 

Thefe  things  being  pirerriifed,  the  tfropofitioii 
may  be  demonftrated  as  follows :  DHAi  i  yy  :i 
DH  i  CH  ::  Ah  :  OA ;:  OH  :  *  j  therefore  me 
ratio  whereof  yy  is  the  logarithm  in  the  hyper- 


bola V Ad  ijlg.  70.]  Is  to  <he  ratio  whereof 
DH^k/  is  the  logarithm  hv  the  fame  hyperbbhi 
or  to  the  ratio  otcH  to  CD,  as the'  ratio  there- 
of* i*  the  logarithm :  m^'ih^/ltJgatfthnlic  curve 
ACM  (Jp&.  73.)  is  to  die>^  wfcereof  OH  is 
the  logarithm  in  the  iatoe*  curve*,.  :or  to  the  ratio 
of  OA  to  Ha :  but '  the  rkfjio  bf  OA  to  Ha  is 
equal  to  die' ratio  of  CH  to-'CJD:  therefore  the 
ratio-  whereof  jy  is  the  lifeadthnit  In  the  hyper- 
bola VM  is  equal  to  fataH*  whereof  x  is  the 
logarithm  in  the  logarithrriic  curve  ACM.  And 
aVthislis  true  in  all  theftetejs  6fyy  and  *,  it  muft 
be  £ue  likewife  in  their  UuVftate  whenj^r  =  Cbt 
and*  =  tO;  that  is,  theVirirf^  whereof  the  pa- 
rallelogram Cb  is  the  logarithm  in  die  hyperbola 
VAimuft  be  equal  to  the ratio  whereof  the  fub- 
tangent  FO  is  the  logarithm  in  the  logarithmic 
curve  ACM.  But  if  this  be  denied,  let  either 
efthem,  as  fuppofe  the  parallelogram  C£,  be 
die  logarithm  of  the  greater  ratio.    Then,  fined 

by  duninfthing  AJ>  we  may  diminifh  x  till  it  ez« 

ceedt 
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feeds  FO  by  lefs  thap  any  affigned  quantity,  and 
cpnfequently  till  the  ratio  whereof  it  is  the  lo- 
garithm exceeds  the  ratio  whereof  FO  is  the 
logarithm  by  lefs  than  any  affigned  rath  how 
final  1  foever,  let  #  be  fo  far  diminished  that  the 
excefs  of  the  ratio  whereof  it  k  the  logarithm 
above  the  ratio  whereof  FO  is  the  logarithm 
fhall  be  lefs  than  the  excefs  of  the  rath  whereof 
Cb  is  the  logarithm  above  the  ratio  whereof  FO 
is  the  logarithm j  and  it  is  evident  that  the  rath 
whereof  x  is  the  logarithm  will  be  lefs  than  die 
ratio  whereof  Cb  is  the  logarithm :  therefore  a 
fortiori  the  ratio  whereof  x  is  the  logarithm  will 
be  lefs  than  the  ratio  whereof  yy}  which  is  grea- 
ter than  Cb,  is  the  logarithm.  But  it  was  before 
(hewn  that  the  ratio  whereof  x  is  the  logarithm 
is  always  equal  to  the  ratio  whereof  yy  is 
the  logarithm:  therefore  it  is  both  equal  and 
lefs  than  that  ratio  at  the  fame  time ;  which  is 
impoffible.  Therefore  the  ratio  whereof  Cb  is 
the  logarithm  is  not  greater  than  the  ratio  where- 
of FO  is  the  logarithm.  In  the  fame  manner  k 
may  be  fhe^n  that  the  ratio  whereof  FO  is  the 
logarithm  is  not  greater  than  the  ratio  whereof 
C#  is  the  logarithm :  confequently  thefe  ratios 
arc  equal:     QED. 

213*  The  logarithms  of  equal  ratios  in  dif- 
.  ferent  hyperbolas  (whether  thofe  hyperbolas  be 
fimilar  or  diflimilar,  that  is,  whether  the  pro*, 
portion  of  their  tranfvcrfe  and  fecond  axes  be  th6 
fame  or  different)  are  to  each  other  in  the  fame- 
proportion  as  the  parallelograms  of  thofe  hyper- 
polas.  For  the  logarithm  of  any  one  given  ratio 
in  any  one  hyperbola  is  to  the  logarithm  of  any- 

Qther 
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other  given  ratio  in  the  fame  hyperbola  as  the 
former  ratio  is  to  the  latter,  and  therefore  as  the 
logarithm  if  the  former  ratio  in  any  other  hyper- 
bola  to  the  logarithm  of  the  latter  ratio  in  that 
other  hyperbola  j  and  permutandoy  the  logarithm 
of  the  former  ratio  in  the  former  hyperbola  is  to 
its  logarithm  in  the  latter  hyperbola  as  the  loga- 
rithm of  the  latter  ratio  in  the  former  hyperbola 
is  to  its  logarithm  in  the  latter  hyperbola':  there- 
fore if  the  latter  ratio  be  taken  equal  to  that  ratio 
whereof  the  parallelogram  of  the  hyperbola  is  the 
logarithm*  it  will  be  evident  that  the  logarithm 
of  any  given  ratio  in  one  hyperbola  is  to  the  lo- 
garithm of  the  fame  ratio  in  any  other  hyperbola 
as  the  parallelogram  of  the  former  hyperbola  to 
to  the  parallelogram  of  the  latter  hyperbola. 
QED. 

2 14.  In  the  fame  manner  we  may  demonftrate 
what  has  been  already  fhewn  in  Art.  2oyy  con- 
cerning logarithmic  curves,  to  wit,  that  the  lo- 
garithms of  equal  ratios  in  two  different  loga- 
rithmic curves  are  to  each  other  in  the  fame  pro- 
portion as  the  fubtangents  of  thofe  ciirves.  For 
the  logarithm  of  any  one  given  ratio  in  one  lo- 
garithmic curve  is  to  the  logarithm  of  any  other 
given  ratio  in  the  fame  logarithmic  curve  (as  the 
former  ratio  is  to  the  latter,  and  therefore)  as  the 
logarithm  of  the  former  ratio  in  any  other  loga- 
rithmic curve  to  the  logarithm  of  the  latter  ratio 
in  that  other  logarithmic  curve;  and  per mutando> 
the  logarithm  of  the  former  ratio  in  the  former 
logarithmic  curve  is  to  its  logarithm  in  the  latter 
logarithmic  curve  as  the  logarithm  of  the  latter 
ratio  in  the  former  logarithmic  curve  is  to  its 
logarithm  in  the  latter  logarithmic  curve :  there- 

'     *     ~  fore 
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fofe  if  the  latter  raiii  be  token  equal  to  tha£ 
whereof  the  fubtangent  h  the  logarithm,  it  will 
be  evident  thit  the  logarithm  of  any  given  ra± 
tio  in  one  logarithmic  curve  is  to  the  Togarithni 
of  the  fame  ratio  in  any  cither  logarithmic  curve 
as  the  fubtangent  of  the  former  curve  is  to  the 
fubtangent  of  the  latter  curve;    Q$D. 

215.  From  Art.  213,  it  is  evident  that  the 
quadratures  of  hyperbolas  of  all  fpecies  may  be 
reduced  to  the  quadrature  of  ah  Hyperbola  of 
any  one  given  ipecies,  as,  for  inftance,  ,an  equi-i 
lateral  hyperbola1}  or,  that  if,  \vhen  the  tranfc 
♦erfe  and  fecond  axis  of  any  one  hyperbola  are 
given,  we  are  able  to  determine  th^  nwgflitude 
of  the  curvilinear  area  that  is  intercepted  be-* 
tweert  two  ordinates*  that  are  to  each  other  .in 
any  known*  or  given  rat\oy  we  Ihall  lik?wife  he 
able  to  determine  in  any  other  hyperbola  where- 
t)f  the  tranfverfe  and  fecond  axes  are  given*  the 
magnitude  of  the  curvilinear  area  that  is  inter-, 
cepted  between  two  brdinates  that  are. in  the. 
fame  proportion  to  each  other  as  the  two  former 
Ordinates.  For  we  heed  only  fay,  as  the  -paral- 
lelogram of  the  former  hyperbola  is  to  the  pa** 
rajlelogram  of  the  latter  Jiyperhola  fo  is  the  Area 
of  th6  former  hyperbola  to  the  corefpondent  area 
(or  area  that  is  bounded  by  ordinates  in.  die  fame 
proportion)  o(  the  latter  hyperbola     QEJ), 

216.  Since  the  parallelogram  and  alymptotie 
aWaS  of  an  hypeibola  are  to  each  .  othejr  in  the# 
iaftie  proportions  as.  the  fubtangent  and  abfdiTe* 
of  the  axis  ol  a  logarithmic  curve  corresponding 
to'/fhe  fztticraifds^  it  follows  that  they  will  t>c 
cgual  to;  th^  teftjngles.  whofe  bafes  ace  the;  fuh-, 
ttogent  a&I  &$$[&[  of  the.  ^sjpfthe  Jlc^^rxtb- 

*  Ii      *    *  mic 
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m:c  curve,1  and  whofe  height  is  one  and  the 
fame  given  right  line,  to  wit,  the  altitude  of  a 
redtangle  whole  area  is  equal  to  that  of  the  pa- 
rallelogram of  the  hyperbola,  and  whole  bafe  is 
the  fubtangent  of  the  logarithmic  curve. 

Recapitulation  of  the  foregoing  properties  of  the 

logarithmic  curve. 

217.  We  have  now  gone  through  all  thofe 
properties  of  the  logarithmic  curve  that  have  any 
felation  to  the  preient  fubjedt,  or  may  tend  to 
give  a  clear  notion  of  its  figure  and  defcription; 
which  (as  for  the  fake  of  avoiding  all  kind  of  ob- 
fcurity  and  confufion  on  this  not  very  eafy  fub- 
jeft,  we  have  demonftrated  them  at  great  length) 
it  may  not  be  amifs  to  recapitulate  in  a  few  words 
as  follows.  After  giving  a  definition  of  this  curve* 
we  have  fhewn,  in  the  firft  place,  that  its  axis  is 
an  afymptote  to  it;  %dty,  that  the  curve  is  con- 
vex towards  its  axis,  or  afymptote ;  $dly>  that  the 
abfeiffes  of  the  axis  are  logarithms  of  the  ratios 
of  the  ordinates  that  bound  them;  qtbfyi  that 
the  fubtangent  of  this  curve  is  every  where  of 
the  fame  magnitude,  and  is  therefore  every 
where  the  logarithm  of  the  fame  given  ratio,  to 
wit  (as  is  found  by  calculation)  the  ratio  of 
2.7*8,281,828,459,  65V.  to  1  j  Stbty*  &**  when 
the  fubtangent  is  given,  the  curve  may  be  de- 
fcribed  in  two  different  manners ;  the  one  by 
erecting  perpendicularly  to  the  axis  at  proper  di- 
ftances  from  each  other  a  variety  of  mean  and  " 
continual  proportionals  between,  and  to,  the  ordi- 
nates drawn,  through  the  extremities  of  thefub- 
tangent,  which  ordinates  mult  be.  tak,en  to  cad* 
in  die  forefaid  proportion  of  i^lS9  &c.  to  1  i 
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the  other  by  a  continued  motion,  to  wit,    by 
moving  a  right  line  upon  the  axis,  with  any  ve- 
locity whatlbever,  and  fuppofing  it  to  increafe 
during  its  motion  at  fuch  a  rate  that  the  velocity 
of  its  increafe  iflhall  always  be  to  the  velocity  of 
its  parallel  motion,  or  the  nafcent  increment  of  , 
die  ordinate  to  the  contemporary  increment  of 
the  abfcifs,  at  every  inftant  of  time  during  its 
generation,  as  the  magnitude  of  the  ordinate  at 
die  fame  inftant  of  time  to  the  given  line  which 
is  equal  to  the  fubtangent  of  the  curve  to  be  de- 
fcribed;  btbfyy  that  the  logarithms  of  equal  ratios 
in  different  logarithmic  curves  are  proportional  to 
the  fub tangents  •  of  thofe  curves  ;  or  which  we 
have  given  two  demonftrations>  the  one  in  Art. 
2*7,  the  other  in  Art.  214;  and  we  have  fhewn 
that  the  fame  thing  holds  in  hyperbolas,  or  that 
the  logarithms  of  equal  ratios  in  different  hy- 
perbolas are  proportional  to  the  parallelograms  of 
thofe  hyperbolas  5    Jtbly>    that  all  logarithmic 
curyes  are  fimilar,  and  the  correfpondent  lines  in 
them  proportional  to  their  fubtangents,  and  con- 
fequently  thd  correfpondent  areas  proportional  to 
the  fquares  of  their  fubtangents  j  Stbly, '  that  the 
ratio  whereof  the  parallelogram  of  any  hyper- 
bola is  the  logarithm  in  that  hyperbola  is  equal 
to  the  ratio  whereof  the  fubtangent  of  any  loga- 
rithmic curve  is  the  logarithm  in  that  curve ;  and 
therefore  gthly,  that  the  parallelogram  and  areas 
of  any  hyperbola  are  equal  to  a  fet  of  rectangles 
whofe  bafes  are  the  fubtangent  and  correfpon- 
dent abfcifles  of  the  axis  of  a  logarithmic  curve, 
and  height  the  altitude  of  a  rectangle  whofe  bafe 
is  the  fubtangent  of  the  logarithmic  curve,  and 
area  equal  to  the  parallelogram  of  the  hyperbola ; 

11  z  iQtbfy, 
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jotbfy,  that  the  fubtangeijt  of  a  l6garithmic 
curve  is  a  fourth  proportional,  tQ  the  infinitely 
fmali  difference  of  any  t>vo  contiguous  ordinates, 
the  greater,  or  either,  pf  thofe  ordinates,  and 
•  the  correfpondent  infinitely,  fmall  logarithm,  or 
the  abfeifs  of  the  axis  intercepted  between  thpfe 
ordinates;  or,  to  fpeak  more  accurately,  the 
fub tangent  of  a  logarithmic  curve  is  the  limit  of 
the  magnitude  of  a  fourth  proportional  to  the 
finally  but  f}ni$e,  difference  of  any  two  contir 
guous  ordinate^  th$  grater,  of  either,  of  thofe 
prdinatqs,  .and  the  <?QFrefponden£  logarithm,  or 
the  fmall  abfeifs  of  the  axis  intercepted  between 
thofe  ordinates  :  arid  we  have  (hewn  like  wife  that 
the  fame  thing  holds  in  hyperboles,  or  that  the 

parallelogram  of  ar>  hypertnolaia  a  fourth  pro* 
portions^  tQ  the  infinitely,  finall  difference  of  any 
two  portion^  of  tfye  afyrnptQte  taken  from  the 
center  of  the  hyperbola*  the  greater,  or  either, 
pf  thofe  lines,  and  the  correspondent  ^ifinitdy 
fmall  logarithm,  or  the  afymptotic:  area  whofe 
bafe  is  the  forefaid  diffqr^nce  j  or,  to  fpeak  more 
accurately,  that  the  parallelogram  of  an  hyper- 
bola is  the  limit  of  the  magnitude  of  a  fourth 
proportional  to  the  fmall,  but  finite,  difference 
of  ahy.tvtfo  portions  of  the  afymptote  taken  from 
the  center  of  the  hypethola*  the  greater,  or  ei- 
ther, of  thofe  portions,  and  the  correspondent 
fmall  logarithm,  or  the  afymptotic  area  whofa 
^afe  js  tl>e  forefaid  fm^li  difference. 
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llbe  plan  qf  the  remaining  fart  of  tbh  4*£ir* 

tat  ion. 

1 18.  Having  in  the  preceding  part  of  this 
Corollary  explained  firft  in  what  fejife  rat ioi  may 
be  faid  to  bear  proportions  one  to  another,  and 
then  define4  logarithms  to  be  any  measures  of 
ratios  of  what  kind  foever,  and  having  illuftrated 
this  definition  in  three  different  kinds  of  quan- 
tities by  fhewing  how  either  areas,  angles,  or 
lines  may  be  made  ufe  of  for  this  purpofe  by 
means  of  hyperbolas,  logarithmic  ipirals,  and 
logarithmic  curves,  and  demonstrated,  fuch  of  die 
properties  of  thefe  figures  as  have  any  relation  to) 
the  prefent  fqbje<5t  $  it  will,  I  doubt  not,  be  eafy 
for  every  pqe  fully  to  comprehend  the  meaning, 
of  die  fbrefaid  definition  of  logarithms,  or  to 
form  a  cl^ar  and  juft  conception  of  their  general 
nature  and  fundamental  property.  We  may  bow 
therefore  without  much  difficulty  give  fojne  so 
pount  of  the  quantity  fo  often  mentioned  by  Mr. 
Cotes  in  his  barmonia  menfurarum,  and  by  othpr 
authors  fir^ce  his  time,  and  which  is  called  by  him 
the  moduli^  of  the  fyftem  of  logarithms  to  which 
it  belongs j  and  may  likewife  explaiq  the  method 
which  Mr.  Cotes  has  made  ufe  of  to  determine 
the  logarithm  of  a  given  ratio.  It  will  alio  b« 
eafy  to  explain  the  etymology  of  the  word  log$~ 
rithegs,  ancj  tq  obferve  how  far  the  original  fig- 
nificatjo^  of  ^hat  wor4  is  connected  with  tho 
idea  of  It  given  in  the  above  definiapnj  and  to 

explain  likewife  the  ufes  of  logarithm  V*  f^oftr 

„»-•»»»•  •• 
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ening  arithmetical  calculations  $  the  particular 
fyftems  of  logarithms  that  have  been  invented 
for  that  purpose ;.  and  the  conceptions  given  of 
them  by  the  mod  celebrated  authors  that  have 
wrote  concerning  t;hem.  All  thefe  particulars 
we  now  proceed  to  confider  in  the  following 
manner, 

....  *  • 

Of,  the  quantity  called  Ay  Mr*  Cotes  the  modu* 
lus^ :  of<  a-  fyjlem  of-  logarithms. 

:  The,  definition  of  the  modulus, 

219.  It  has  been  fhcwn  in  the  foregoing  ar* 
tides  that  the  parallelogram  of  an  hyperbola  is  a 
fourth  proportional  to  the  difference  of  any  two 
portions  of  the  ^fy mptote  whoffe  ratio  1$  infinitely 
near  to  a  ratio  of  equality,  either  of  the  portions 
thtmfelves,  and  the  little  afymptotic  area  that  is 
iJkt  logarithm  of  their  ratio  j  but,  by  the  pro- 
perty of  the  afymptotes,  the  parallelogram  of  an 
Hyperbola  is  every  where  Or  the  f^me  magni- 
tude ;  therefore  tnh  fourth  proportional  is  every 
where  of  the  fame  magnitude.     In  like  manner 
it  has  been  (hewn  that  the  fubtangent  of  a  loga- 
rithmic curve  is  a  fourth  proportional  to  the  differ- 
ence of  two  contiguous  ordinates  whofe  ratio  b 
infinitely  near  to  a  ratio  of  equality,  either  of  the 
ordinates  themfelves,  and  the  little  abfeifs  of  the 
axis  that  is  the  logarithm  of  their  ratio  *,  and  we 
have  proved  in  Art.  202,  that  the  fubtangent  of 
a  logarithmic  curve  is  eyery  where  of  the  lame 
magnitude  5  therefore  the  fore-mentioned  fourth 
proportional  is  every  where  of  the  fame  magni- 

1,  tude^ 
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tude.  From  the  analogy  therefore  which  muft 
neceflarily  fubfift  between  all  meafures  of  the 
fame  quantities  we  may  conclude,,  that  in  every 
iyfteni  of  logarithms  whatfoever,  (whether  they 
be  areas,  or  lines,  as  in  the  hyperbola  and  Io* 
garithmic  curve,  or  angles,  or  any  other  kind  of 
quantity  whatfoever)  the  fourth  proportional  to 
tne  difference  of  the  terms  of  an  infinitely  foully 
ratio*  either  of  the  terms  themfelves,  and  the 
logarithm  of  their  ratio  to  each  other,  is  every 
wi*ere,  whatever  be  the  magnitude  of  the  terms 
aiTumed,  of  the  fame  given  magnitude.  Thus*, 
if  a  fet  of  areas,  lines,  angles,  or  any  other 
kind  of  quantity,  be  made  ufe  of  as  meafures  of 
the  ratios  of  the  feveral  portions  of  .the  indefinite 
right  line  AP  (fig.  y$.)  reckoning  from  the  point 
A, 


— I*. 
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to  each  other,  the  fourth  proportional  to-  the  in- 
finitely fmall  difference  PQ^of  the  terms  AP* 
AQ^  the  term  AP,  and  the  area,  line,  angle, 
or  other  Quantity,  'that  meafures  the"  ratio  of  AQ 
to  AP,  will  be  equal  to  the  fourth  ..proportional 
to  the  infinitely  fmall  difference  pg  of.  the  terms 
A*,  A^,  the  term  A/,  and  the  area,  line,  anglej  or 
other  correlpohdent  quantity,  that .  meafures  .the 
ratio  of  Aq  to  Aj>  j  or,  to  exprefs  the  iame  thing 
accurately,  if  the  points  P,/be  taken  at  plea/we  i5 
me  indefinite  line  AP,  and  the  points  Q,  gt  be  takeii 
<*ery  near  to  P  and/,  refpeftively,  and  be '.flip- 
pofed  to  move  continually  Wards,  them ,  Jo  that 
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Mjc  lines  PQ,  and  />£  fhall  be  thereby  diminidiei 
*s;far  as  we  pieafe,  the  limk  of  the  magnitude 
*>f  the  fourth  proportional  to  the  final  I,  but  finite, 
^difference  PQ^the  line  AP,  and  the  logarithm 
<if  the  ratio  of  AQjo  AP,  will  be  fequal  to  the 
limit  of  the  magnitude  of  the  fourth  proportional 
to  the  fmall,  but  finite,  difference  pq,  the  line 
Apj  and  the  logarithm  of  the  ratio  of  hq  to  Ap. 
This  limit,  or  (if  we  confider  PQand/ty  as  infi- 
nitely fmall)  this  fourth  proportional  to,  the 
difference  of  any  two  terms  whofe  tatio  i6  infn 
jaitely  fmall,  (or  infinitely  near  to  a  ratio  of  equa- 
lity) either  of  the  terms  tKemfclves,  and  the  lo- 
garithm of  their  ratio,  is  what  Mr.  Cotes  calls  the 
'  modulus  of  the  fyftem  of  logarithms  to  which 
it  belongs, 

■ 

Derivation  of  the  word  modulus. 

220.  The  reafon  of  calling  the  fore-men- 
tioned fourth  proportional  the  modulus  of  the  fy- 
ftem of  logarithms  to  which  it  belongs,  is  only 
becaufe  it  characterizes  and  determines  that  fy- 
ilem,  and  diftinguifhes  it  from  all  other  (yftems ; 
the  word  mfdulus  (which  is  properly  a  term  of 
brchite&ure)  fignifyirig  no  more,  than  a  m&afure, 
br  rule,  or  quantity  to  which  others  are  referred* 
and  by  which  they  are  determined.  Now,  that 
this  fourth  proportional,  which  for  brevity's 
Jake  we  will  here  call  M,  determines  the  loga- 
rithms of  the  fyftem  to  which  it  belongs/  or 
that  when  M  is  given  the  logarithm  of  any  given 
ratio  in  the  fyftem  of  logarithms  to  which  M 
£>ek>ngs'is  given  likewife,  may  be  ihewn  in  the 

fellow- 
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following  manner.     Let  the  logarithm  of  the 
ratio  of  any  two  portions  of  the  line  AP,  as  AQ 

AO  AQ 

.and  AP,  hy  denoted  by  log.  ^p  or  L.  j^9  and 

we    (hall    have  PQ  :    AP    ::    L.  -J^  :  M. 

Therefore 'tis  evident  in  the  fir  ft  place,  thai  the 

AO 
quantities  Mand  L.    .pinuft  always  be  qirao* 

tities  of  the  fame  kind,  fo  that  if  one  of  them 
be  fuppofed  to  be  a  furface,  the  other  rouft  like- 
wife  be  a  furface,  if  a  line,  a  line,  &c.  And 
zdlyy  if  the  terms  AP,  AQ,  and  confequently 
their  ratio  to  each  other,  and  that  of  their  dif- 
ference PQjo  AP,  are  fuppofed  to  remain  the 

lame,  while  either  of  the  quantities  M  or  L.  -^ 

is  increafed  or  diminished,  in  any  proportion, 
the  other  muft  likewife  at  the  fame  time  be  re- 
fpeftively  increafed  or  diminished  in  the  fame 
proportion.  And,  as  this  is  true  of  the  loga- 
rithm of  the  infinitely  fmajl  ratio  of  AQto  AP, 
it  muft  alfo  be  true  of  the  logarithm  of  any  finite 
ratio  whatfoever,  hecaufq  every,  fuch  ratio  may 
be  confidered  as  a  multiple  of  the  ratio  of  AQ  to 
AP ;  therefore  both,  the  kind  and  magnitude  of 
the  modulus  of  a  fyftcm  of  logarithm  are  de- 
termined by  the  kihd  and  magnitude  of  the 
logarithms  of  any  given  ratios  in  that  fyftem, 
and  "oice  verjd  the  kind  and  magnitude  of  the 
logarithms  of.  any  given*  ratios  in  any  fyftem  of 
logarithms  are  determined  by  the  kind  and  mag- 
nitude of  the  modulus  of  the  fyftem* 

Kk 
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220.  This  has  been  already  fhewn  to  be  tnje 
Jn  the  hyperbola  and  logarithmic  curve  mArt. 
213,  2143  for  in  thefe  figures  the  fubftance  of 
the  prefent  article  amounts  to  this  only  j  to  wit, 
that  the  magnitude  of  the  parallelogram  of  an 
hyperbola  and  that  of  the  logarithm  of  any  given 
fatio  ii>  it  mutually  depend  upon  eaqlj  other,  fo 
that  the  one  cannot  be  increafed  or  diminished  in 
any  proportion  but  the  other  muft  at  the  fame  be 
feipedtively  increafed  or  diminifhed  in  the  fame 
proportion  ;  and  that  the  magnitude  of  the  fub- 
tangent  of  a  logarithmic  curve,  and  that  of  th$ 
logarithm  of  any  given  ratio  in  it  do  in  the  fame 
manner  mutually  depend  upon  each  other,  fij 
that  the  one  cannot  be  increafed  or  diminished 
in  any  proportion  but  the  other  muft  at  the  fame 
time  be  refpetfively  increafed  or  diminifhed  in 
the  fame  proportion.  For.  the  parallelogram  of 
aft  hyperbola  is  the  modulus  of  tne  fyftem  of  lo- 
garithms exhibited  by  its  afymptotic  areas,  and 
Sic  fubtangent  of  a  logarithmic  curve  is  tile  mo* 
dulus  of  the  fyftem  of  logarithms  exhibited  by 
the  abfeifles  of  hs  axis. 

Of  the   ratio  modpUris. 

221.  From  the  fbregoljig  article  *th .  evideoV 
that  the  ratio  whereof  the  tiqdulw  of  any  one 
fyftem  of  logarithms ,  is  the  meafure,  or  loga- 
rithm, in  that  fyftem,  is  equal  to  the  rath 
whereof  the  modulus  of  s\hy  other  fytyero  of  lo- 
garithms is  the  meafure,  or  togarithm,  in.  that 
pther  fyftem-  This  rati*  which  Mr.  Qrtes  calls 
the  ratio  moduJaris]  and  which  is  the  feme  with 

that 
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*kat  which  is  mealuced  by'the  parallelogram  of 
an  hyperbola  in  a  fyftem  of  logarithms  confifting 
of  hyperbolic  areas,  and  by  the  fubtangent  of  a 
logarithmic  curve  in  a  fyftem  of  logarithms  con* 
fitting  of  the  abfciffes  of  the  axis  of  fuch  a  curve* 
is  that  of  2*718,281,828,459,  &c>  to  1,  or  of 
1  10.367,879,441,171,  &c.  as  was  obferved 
in  Art.  203. 

Qpyeffurts  concerning  the  r&afons  that  probably 
induced  Mr.  Cotes  to  pitch  upon  the  fore*men+ 
tioned  quantity  jor  a  modulus. 

222;  It  having  btfen  obferved  in  Art.  22o,  thdt 
Mr.  Cotea's  reafon  for  calling  the  quantity  M  the 
modulus  of  the  fyftem  of  logarithms  to  which  it 
belongs,  was  becaufe  the  logarithms  of  all  givert 
ratios  in  the  fyftem  were  always  determined  by 
ft>  and  this  being  a  property  that  belongs  equally 
to  any  other  given  quantity  related  tb  a  fyftem: 
of  logarithms  m  a  certain  known  manner,  as  for 
inftance,  to  the  logarithm  of  any  known  tit  given: 
ratio  whatsoever  (as  well  as  the  ratio  2.71.8,  &c* 
t6  1)  or  to  2  M,  3  M,  4  M,  \  M,  f  M,  or  any 
other  multiple  or  part  of  the  quantity  M,  (ibr 
by  any  one  of  thefe  quantities  the  logarithms  o£ 
given  ratios  may  be  determined),  it  is  natural  to* 
inquire  why  Mr.  Cotes  made  choice  of  the  quan-* 
tky  M,  rather  than  any  other  givert  quantity,  of* 
than  the  logarithm  of  any  other  given  ratio  y  (par-f 
ticularly  than  that  of  fome  remarkable  ratio,  as1 
fappofe  the  ratio  of  10  to  1)  for  the  modulus-,  or* 
characteristic  quantity,  of  the  fyftem.     Now  th«i 
reafons  which   determined  hinrto  this  choice* 
*re>  as  I  imagine,  thefe.  that  follow.  •     * 

K  k  2  223.  In 
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223.  In  the  firft  place  !tis  evident,  that  v/heft 
cither  areas  or  lines  (which  are  alinoft  the  only 
quantities  that  are  the  fubjed:  of  mathematical 
contemplation)  are  made  ufe  of  as  logarithms, 
or   meafures,  of  ratios,    and  confequeatly  the 
hyperbola  and  logarithmic  curve   come  under 
%  confideration,  (for  though  there  are  an  infinite 
number  of  other  curves  that  exhibit  areas  and 
lines  that  are  meafures  of  the  ratios  of  certain 
other   quantities    that  bear  a    known  relation 
to  them  ;  fuch  for  inftance,  as  are  the  figures  of 
tangents  and  fecants,  as  fhall  be  fliewn  hereaf- 
ter, and  the  arches  of  a  circle  defcribed  round 
the  center  of  a  logarithmic  fpiral,  as  vm  obferved 
in  Art.  195  s   yet  the  hyperbola  and  logarithmic 
curve  are  the  fitteft  of  any  for  thispurpofe,  and 
exhibit  by  their  areas  and  abfcifies  the  fimpleft  fy. 
items  of  logarithms  that  are  poflible,  inibmuch 
'  that  all  other  areas  and  lines  that  perform  the- 
fame  office,  ought  as  much  as  poflible  to  be,  re- 
duced to  thefe  figures  if  we  would  fully  and 
clearly  underftand  them)  I  fay,  when  hyperbolas 
and  logarithmic  curves  are  made  ufe  of  as  mea- 
fures of  ratios*  the  quantities  that  moil   natu- 
rally offer  themfelves  to  us  for  determining  the 
logarithms  of  given  ratios  in  thofe  figures  are 
evidently  the  parallelogram  of  the  hyperbola,  and 
the  fubtangent  of  the  logarithmic  curve :  and 
accordingly  thefe  quantities  had  always  been  made 
ufe  of  for  this  purpofe  by  the  writers  who  treated 
of  thefe  figures,  and  their  properties  as  meafures 
of  ratios*  before  Mr.  Cotes's  time.    'Tis  pro- 
bable therefore,   that  a  defire  of  preferving  an 
analogy  between  the  different  fyftems  of  loga- 
rithm*, and  of  conforming  to  the  pra&ice  of  the 

writers 
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writers  that  w«nt  before  him,  might  be  one  rea* 
ion  for  his  chufing  that  quantity  for  the  general 
chara&eriftic  quantity  of  all  jfyftems  of  logarithms 
whatfoever,  which  in  a  fyflem  of  hyperbolic 
areas  was  equal  to  the  parallelogram  of  the  hy- 
perbola, and  in  a  fyftem  of  right  lines  exhibited 
by  the  abfcifles  of  the  axis  of  a  logarithmic  curve 
was  equal  to  the  fubtangent  of  the  curve  -,  that 
is,  for  chufing  for  the  general  eharadteriftic 
quantity  of  all  fyftems  of  logarithms  whatfcn 
ever,  the  fourth  proportional  to  the  difference  of 
any  two  terms  whofe  ratio  is  infinitely  near  a  ratio 
of  equality,  the  lefler  of  the  terms  themfelves, 
and  the  infinitely  fmall  logarithm  of  their  ratio. 

224.  Another  reafon  that  induced  Mr.  Cotes  to 
make  this  choice,  I  conceive  to  have  been  de- 
rived from  the  nature  of  the  folution  he  has 
given  of  his  firft  problem,  the  defign  and  rea- 
,  ibning  of- which,  if  I*  underftand  it  right,  may 
be  thus  explained.  The  defign  of  Mr.  Cotes* 
in  this  firft  problem,  which  he  calls  "  finding 
the  meafure  of  a  ratio"  I  take  to  be  (bis :  froite 
the  mere  confideration  of  the  terms  themfelves,: 
their  differences, ,  and  their  ratios  to  each  other, 
to  find  certain  expreffions  that  fhali  be  propop- 
tional  to,  or  meafure*  of,  thofe  rattfs,  without 
firft  arbitrarily  afifuming  fome  given  quantity  at 
the  meafiire  of  a  known  or  giver),  rath,  and. 
then  finding  the  correfpondent  meafures  of 
other  given  ratios,  Thus  let  the  ratios  of 
AC  to  AB,  and  of  AK  to  AB  (fig.  75.)  be< 
any  two  given  ratios  whatfoeverj.  it  is  re- 
quired from  the  mere  *  confideratiQn .  of .  tbel 
lines  AB,  AC,  AK,  and  •  their .  parte  .  AP*\ 
AQ,  Af>,  Aj,   and .  differences   BC,-'B#,  .PQ,-. 
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pq$  to  find  expreflions  th*t  fhali  be  proportional 
to  the  magnitudes  of  thefe  ratios. 

*• 
STtofl  principles  necejjury  to  be  known  pr&oiovfly  to 
Mr*  Cotes' s  jblutiok  of  tb*  firft  propofition  of  bis 

,    harmonia  menfurarum. 

- 

225.  In  order  to  the  underftandirig  Mr.  Cotes'* 
folution  if  this  problem,  \ve  muft  premife  the 
following  lemma  5  to  wit,  that  if  there  be  a  fee 
si  of  quantities  A.  B.  C.  D.  £.  &c.  confifting  of 
.  any  number  of  terms  whatsoever,  that  are  all  of 
the  fame  kind;  fo  that  they  may  be  Compared  to* 
gether,  and  are  to  each  other  in  any  proportionf 
whatfoever  {  and  a  fecond  fet  of  quantities  a.  b. 
€.  d*  e>  &fc *  equal  in  number  to  the  former,  and 
that  are  all  of  the  fame  kind  one  with  another, 
though  of  a  different  kind  from  the  quantities 
A.  B.  C.  of  the  former  fet,  be  conftituted  in  fucb 
2  manner  that  the  terms  a.  b.  c.  d.  &c.  fhall  be 
analogous  to  the  terms  of  the  feries  A.  B. 
C.  D..  <£fc. .  or  fhall  bear^  the  fame  propor* 
tions  to  each  other  as  the  correspondent  terms 
pf  the  feries  A.  B.  C.  D.  &c.  The  fum  of 
any  one  number  of  terms  of  the  fecond  feries, 
as  fuppofe  the  firft  five  terms  a.  b.  c.  d.  e.  fhall 
bear  me  fame  proportion  to  the  fum  of  any  other 
number  of  terms,  of  the  fame  feries,  as  fuppofe 
die  firft  three  terms,  a.  b>  c.  as  the  like  fums  of 
die  correfpondent  terms  in  the  firft  feries  A.  B. 
C.  D,  &c.  bear  to  each  other,  or  as  the  fum 
of  the  firft  five  terms  A.  B.  XX  D.  E.  of  the 
/  firft  feries  to  the  fum  of  the  firft  three  tertnt 
A.  B.  C.  of  the  fame  feries ;  that  is,  a-+-6+ 
c  -f.</  -u*  will  be  to  a  -M  -w  as  A  +  B  -h-  C 

D 
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D  -4-  E  is  to  A  4-  B  -f-  C.      For  fincc  by 
the  fuppofition  a  ;  b  ::  A  5  B,   it  follows  compos 
nendoy  that  *  +  £;4::A-|~B;  B.     Again* 
iincc  3  :*   ::B;  C,   and  we  have  fhewn  that 
a  -+-  b  \  b  ::  A  -4-  B  :  B,   it  follows  ex  aquo> 
that  tf+i;r::-A+B;  C,  and   componendoy 
tf  +  ^+f:f;!  A+B  +  C;   C.     Again, 
fince  c  :  d ::  C  :  Dy  and  *  H-  £  -f-  *  :  *  :;  A-f- 
B+C;  C,  it  follows  *x  a  quo,   that  a  -+•  b  -+. 
n^;:A+B+C  :  D,    and  componendo,   4 
+  b  H-  r  -+-  </  :  /;:A  +  B  +  C+  D :  D, 
and av  aquoy a-\-b-±*c-\-dia~\-b -f-£ :: A -+- 
B  +  C+DtA  +  B  +  C.  Again, fince*/ : * ;; 
D  :  E,    it  follows  ex  *quo>    that  a  -f-  6  -f, 
*-+•</  :*::  A-+-  B  -+-C-hD;E,   and  *>*jp#- 
frMito *-t-  b  +  c  +  d-{-e:a-t-b+.  r+  */ :; 

AH-B  +  C+D  +  E:A+B+C+Di 
but  it  has  been  fhewn  that  a  -hb-\-€  -\~d  ; 

C  j  therefore  *#  <*§w,  a-\-i  +  c  +  d+ei  s 
+  H^::A+B+C+D^E:  A  •+. 
B  +  C.    QED. 

This  demonstration,  'tis  evident,  will  hold 
good,  if,  inftead  of  five  and  three  terms,  wo 
compare  together  any  other  numbers  of  terms  is 
each  feries  whatfoevcr  *  and  confequently  will 
be  true  likewife  when  the  numbers  are  infinite* 
or  when  die  quantities  compared  together  ia 
each  feries  are  not  properly  the  fwns  of  finite* 
numbers  of  fchofe  terms,  but  the  limits  of  fuch 
fums;  wtiich  k  the  cafe  to  which  it  is  now  to  be. 

applied.       . 

» 
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226.  Another  principle,  that  it  will  be  neceflkrjr 
for  us  to  prove  before  we  enter  upon  the  fblution 
of  Mr.  Cotes's  problem,  is  the  following.  If  there 
be  three  unequal  quantities,  as  AD,  AE,  AR 

*  Jig.  76.  LMN 


D 

ijig.  76.)  whereof  AD  is  the  feaft,  and  AF  the 
greateft,  and  their  differences  DE,  EF,  are  ex- 
tremely fmall  in  comparifon  of  the  quantities 
themfeives,  the  proportion  of  the  ratio  of  AF 
to  AD  to  the  ratio  of  AE  to  AD  will  be  very 
nearly  equal  to  the  proportion  of  the  difference 
DF  of  the  terms  of  the  former  ratio  to  the  dif- 
ference DE  of  the  terms  of  the  latter  ratia :  and 
the  differences  DE,  DF  may  be  taken  fb  very 
final  1  in  comparifon  of  AD  that  their  proportion 
fhall  approach  as  near  as  we  pleafe  to  the  pro- 
portion of  the  forefaid  ratios,  or  (hall  differ  from 
it  by  a  quantity,  or  ratio*  that  is  lefs  than  ariy 
affigned  ratio  whatfoever.  This  may  be  proved 
by  taking  in  any  logarithmic  curve,  2&  a%nr 
(fi£.  74*)  -  the-  three  ordinates  Qy,  Rr,  SZ  rc- 
fpeftivdy  equal  to  the  lines  AD,  AE,  AF,  and 
drawing  the  lines  rg,  and  jG,  perpendicular  to 
SZ  and  meeting  it  hi  the?  points  g,  G*.  For  'tis 
evident  the  curve  yZ  will,  cm  account  of  its  ex* 
ceffive  fmaRnefs,  be  very  nearly  a  right  line; 
Qonfequeritiy  *  the  triangles  ZGy,  r$p,  may  be 
confident  ds  redilineaf  triangles  fimilar  to  each 
other,  and  therefore  ZG  will  be  to  r  J  very  nearly 
in  the  fame  proportion  as*  jG  to  q$  or  as  QS  to 
QR,  and  confequently  as  the  rath  of  SZ  to  Qg 

to 
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to  tbe  ratio  of  Rr  to  Q^  q  :  therefore  the  ratio, 
of  AF  to  AD  will  be  to  the  ratio  of  AE  to  AD. 
very  nearly  in  the  fame  proportion  as  the  dif- 
ference DF  to  thedifference  DE.    And  becaufe,' 
by  taking  the  points  q>  Z,  continually  nearer  and 
nearer  to  each  other,  the  arch  yZ  may  be  made; 
to  approach  as  near  as  we  pleafe  to  a  right  line,  it 
follows,  that  the  proportion  of  the  differences: 
ZG,  r}>  or  DF,  DE,  may  be  made  to  approach/ 
as  near  as  we  pleafe  to .  the  proportion  of  the  lo*. 
garithms  qG,  git  or  QS,  QR,  or  to  that  of  the 
ratios  meafured  by  thofe  logarithms,  or  of  the. 
ratios  of  AF  to  AD,  and  AE  to  AD:    QED.     > 
This  might  alfobe  eaiily  proved  by. the  hyper- 
bola.    But  if  we  would  have  an  abftrad  demon-, 
fixation  of  it,  independent  of  both  the.  hyperbola. 
and  logarithmic  curve,  and  derived  from  the  na- 
ture of  ratios,  and  the  definition  given  above  of  i 
their  proportion,  it  may  be  proved  in  the  fallows 
ing  manner.    Let  the  ratio  of  AF  to  AD  be  di-i 
vided  into  a  very  great  number  of  lcflcr  ratios  alt 
equal  to  each  other,  by  the  infertion  of  inter- 
mediate proportionals  as  AL,  AM,  AN,    &c* 
between  AD  and  AF.    Then,  fipce  AM  is  to: 
AL  as  A L  to  AD,  it  will  follow  <tividendo>  that 
LM  :  AL  ::  DL  :  AD,  and  permutando,  LM  : 
DL  ::  AL :  AD ;  and  in  like  manner,  becauie 
AN;  AM  :;  AM  :  AL,  we  fliall  havcMN; 
AM  :;  LM:  AL,  zn&permutando,  MN  :  LM :; 
AM :  AL.     Therefore  when  AD,  AL,    AM, 
are  nearly  equal  to  each  other,  DL,  LM,  and 
MN  will  be  nearly  equal  to.  each  other.     There- 
fore when  the  two  extreme  terms  AF,  AD,  (and 
confequently    a  fortiori,    all   the   intermediate 
terms  AL,  AM,  AN,  &c.  contained  between 

LI  the 
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the  points  D  and  F)  are  nearly  equal  to  each 
other,  all  the  differences  DL,  LM,JV1N,  &c.  con- 
tained between  the  poipts  D  and  F  will  be  near- 
ly equal  to  each  other.  Confequently  the  differ- 
ence DF  will  be  to  the  difference  DE  very  nearly 
in  the  proportion  of  the  number  of  the  lefler  differ- 
(ftices  DL,  LM,  MN,  &c.  contained  between  the 
points  D  and  F  to  the  number  of  thofe  differences 
contained,  or,  (if  the  ratios  of  AF  to  AD.  and  of 
AE  to  AD  are  incommenfnrable  to  each  other, 
and  confequently  no  number  of  the  differences  DL, 
LM,  &c.  is  exactly  contained  in  the  difference 
DE,  to  the  number  of  thofe  differences  that  is) 
neareft  to  being  contained  between  the  points  D 
and  E,  or  of  the  number  of  the  equal  ratios  of 
AL  to  AD,.  AM  to  AL,  AN  to  AM,  &c.  con- 
tained in  the  rMtw  of  AF  tp  AD  to  the  number 
d£tho{Jk  ratios  contained  in. .the  ratiz  of  AE  to 
AD,  that  Is,  by  Art.  185^  inthfe  proportion  of 
the  ratio  of  AF.to  AD  to  the  ratiaof  AE  to  AD. 
And  as  by  diminishing  continually  the  difference 
DF  the  proportion  of  AF  to  AD  may  be  made  to 
approach  as  near  as  we  pleafe  to  a  rqtio  of  equa- 
lity /  it  follows  that  that  difference  maybe  taken 
fo  fmall  in  companion  of  AD  that  the  proportions 
of  the  differences  DL,  LM,  MN,  Gfzv  fhail  ap- 
proach as  near  we  pleafe  to  ratios  of  equality, 
and  confequently  that  the  proportion  of  DF  to 
PE  (hall  be  as  nearly  equal  as  we  pleafe  to  the 
proportion  of  the  ratios  of  AF  to  AD  and  AE  to 
AD.     QED. 

If  we  make  ufe  of  the  language  of  infinitefi- 
mals,  Or  infinitely  fmall  quantities,  we  muft  fay 
that  when. the  differences  DE,  DF,  are  infinitely 
fmall,  their  proportion  tp  each  pther  is  accurately 
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equal  to  thfe proportion  of the  ratio*  of  AE  to  AD, 
and  of  AF  to  AD ;  or,  *hat  if  there  be  three  quan- 
tities &at  are  infinitely  near  to  a  ratio  of  equality 
with  eAch  oth4r,  the  excefs  of  the  gFeateft  above 
the  lea'ft  will  be  to  the  excefs  of.  the  middlemoft 
above  the  leaft  in  the  fame  proportion  as  the  ratio 
of  the  grfeateft  to  the  leaft  is  to  the  tatio  of  the 
middlemoft  to  the  leaft. 

■* 
An  explanation  of  Mr.  Cote? s  foluticn  of  the  Jlrjl 

problem  of  bis  harmonia  menfnrarum. 

227.  The  foregoing  principles  being  pre- 
mifed,  the  folution  of  the  problem  is  as  follows. 
Between  the  points  B,  C,  take  the  two  points 
P,  Q^  infinitely  near  to  each  other,  and  between 
the  points  B,  K  the  two  points  p,  q,  infinitely 
near  to  each  other.  Then  will  the  ratios  of  AQ 
to  AP  and  of  Aq  to  Ap  be  both  of  them  infi- 
nitely fmall  ratios.  Now,  if  thefe  ratios  are 
equal,  that  is,  if  the  points  Q and  q  are  fuppofed 
to  be  taken  at  fuch  diftances  from  P  and  p  that 
A^  (hall  be  to  Ap  as  AQ  to  AP,  it  will  follow, 
d>oidendo,  that  pq  :  Ap  ::  PQ :  AP,  and  there- 
by 
fore  that  the  expreffion  -\*  is    equal  to  the  ex* 

preflion  — ^  or  that  the  -^pL  part  of  any  quan~ 

PQ 

tity  is  equal  to  the-- p  part  of  the  fame  quanti- 
ty: therefore  in  this  cafe  'tis  evident  the  expref- 

fiens^  and  — £   arc  proportional   to  the  ratios 
Ap         AP  r    x 

of  Ay  to  Ap  and  of  AQ  to  AP. 

L  1  a  The 


•      —  - 
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The  fame  will  be»  true  if  the  ratios  of  Aq  to  J 
Ap  and  of  AQ  to  AP,.  are  unequal :  for  in  this  I 
cafe  if.  we  take  Ak  to  Ap  as  AQto  AP,  'tis  evi-  j 
dent  the  point  k  will  be  infinitely  near  the  points  : 
/>and  q\  therefore  the  ratio  of  Aq  to  Ap  will  be 
to  the  ratio  of  A£  to  Ap,  and  consequently  to  the 
ratio  of  AQto. AP,  as  the  difference  pq  to  the 
difference  pk,   and  therefore  as  the  expreffion 

%2  to  the  expreffion^  ,or  (becaufe  Ak :  Ap  ::AQ 

*A  Ap 

AP,  and  confequently  pk :  A^  ::  PQ  :  AP,  and 

AA=  r^5 )  i^fT-  that  is,  the  expreflions  -  * and 
£V-     AP/    AP*  r  pq 

PQ         ,     **  ,    PQ  * 

vp,  or  the  *  X    and  •  -— •  parts    of    any    given 

AP  Ap1  AP 

quantity  of  any  kind  and  magnitude  whatfoever, 

are  proportional  to,  or  are  meafures,  or   loga-  ' 

ftthms,  of,  the  infinitely  fmall  ratios  of  Aq  to   j 

Ap  and  AQjo  AP ;  or,  if  any  quantity   wnat- 

foever  be  affumed  at  pleafure  and  called  M,  the 

4>Q  PQ 

quantities  QL  x  M,  and  >--.;M,  or  the  fourth 
^  Ap  AP 

proportionals  to  A/,  pqy  M,  and  AP,  PC^M,  will 
be  meafures,  or  logarithms,  of  the  infinitely 
fmall  ratios  of  Aq  to  Ap  and  AQjp  A  P. 

If  therefore  we  conceive  the  points  P,  Q^ 
/>,  q,  to  be  infinite  in  number,  the  ratio  of  AK 
to  AB,  which  is  equal  to  the  fum  of  all  the  in- 
finitely fmall  ratios  of  AQjo  AP  and  Aq  to  Ap 
contained  between  the  points  B  and  K,  will  (by 
the  foregoing  lemma)  be  to  the  ratio  of  AC  to 
AB,  which  is  equal  to  the  fum  of  all  the  like  in- 
finitely fmall  ratios  contained  between  the  points 
B  and  C,  as  the  fum  of  all  the  infinitely  fmall 

quanti* 
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quantities  ^-~^(  M  and  JuLx  M  correfponding 

to  the  ratios  contained  between. the  points  B  and 
K  to  the  fum  of  all  the  like  infinitely  fmall  quan- 
tities correfponding  to  ttie  ratios  contained  be- 
tween  the  points  B  and  C  >    that  is,  the  fums 

of     the     quantities    -r^k  M  and  ."-    x    M 

^  AP  A/> 

contained  between  the  points  B  and  K,  and  B 

and   C,  arc  refpe&ively  proportional  to,  or  are 

meafures,  or  logarithms  of,  the  ratios  of  AK  to 

AB  and  AC  to  AB.    The  problem  therefore  will 

befolved,  if  we  can  compute  thefefums;  which 

may  be  performed  by  the  well-known  method  of 

fluxions.     QED. 

228.  The  courfe  of  the  foregoing  folutipn  led 

us  to  the  expreflions  -^  X  M  and  -~£  x  M,  or 
t  Ap  1  AP 

to  the  determining  the  logarithms  of  the  infinite* 
ly  fmall  ratios  of  Aq  to  hf  and  AQjo  AP  by  aA 
fuming  a  quantity  at  pleafure,  which  we  have 
called  M,  and  taking  luch  portions  of  it  as  were 
exprefied  by  fr&dions  whole  numerators  are  the 
differences  of  the  terms  of  the  ratios^  and  de- 
nominators the  leffer  of  the -  terms  themfelves. 
Tis  natural  therefore,  as  this  quantity  will  fcrve 
for  determining  and  diftinguifhing  the  different 
fyftems  of  logarithms  one  from  another,  to  make 
ufe  of  it  for  that  purpofe  in  preference  to  any 
other  quantity  whatfoever,  and  accordingly  to 
give  it  the  name  of  a  modulus^  or  charadtcriftic 
quantity :  for  to  give  this  name  to  any  other  quan- 
tity that  bears  a  known  relation  to  it,  as,  for  iA- 
ftance,  to  2  Mf  3  M,  {-  M,  or  f  M,  would  be 
introducing  an  unneceflfcry  multiplication  or  di- 
vifion,  K .   •  -  :     ■ 

TO;, 
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This,  and  the  consideration  mentioned  iavfrA 
223,  are,  as  I  imagine,  the  principal  reafons 
that  induced  Mr. Cotes  to  give  this  quantity  the 
name  of  a  modulus  1  which  I  have  been  the  mbrt 
particular  in  explaining,  becaufe  Mr,  Cotes  him- 
(elf  is  extremely  concife  in  what  he  lays  con- 
cerning it,  and  the  writers  fince  .  his  time  who 
have  mentioned  this  word,  feem  not  to  have 
given  a  general  definition  of  it. 

229.  From  the  foregoing  articles  'tis  evident, 
that,  according  to  the  language  of  moduli ',  which 
Mr.  Cotes  constantly  makes  ufc  of  in  the  feveral 
inftances  he  has  given  of  reducing  the  rectifica- 
tions of  curve  lines,  and  the  quadratures  of  cur- 
vilinear areas,  and  the  folutions  of  other  geome- 
trical problems,  to  findirtg  the  meafures  of  ratios, 
'tis  the  fame  thing  to  (ay,  that  fuch  or  fuch 
an  area  is  equal  to  the  meafure  or  logarithm,  of 
fuch  or  fuch  a  ratio  in  a  iyftem  of  logarithms 
whofe  modulus  is  fuch  or  fuch  an  area,  as  to 
lay,  when  we  are  fpcaJung  of  an  hyperbola,  that 
fuch  or  fuch  an  area  in  equal  to  the  afymptotic 
area  intercepted  between  any  two  ordinates,  or 
portions  of  the  afymptote,  that :  arc  In  fuch  or  * 
fuch  a  ratio  to  each  other,  in  an  hyperbola  whofe 
parallelogram  is  of  luch  or  fuch  a  magnitude ; 
and  'tis  the  fame  thing  to  fay,  that  fuch  or  fuch 
a  line  \%  equal  to  the  meafure,  or  logarithm  of 
fuch  or  luch  a  ratio  is  a  fyftem  of  logarithms, 
whofe  modulus  is  fuch  or  fuch  a  line,  as  when 
we  have  recourfe  to  the  logarithmic  curve, 
to  fay  that  it  is  equal  to  the  abicifs  of  the 
axis  of  a  logarithmic  curve,  whofe  fubtan- 
gent  is  of  fuch  or  fuch  a  magnitude,  that 
is  intercepted  between  two  ordinates  that  are  to 
each  other  in  fuch  or  fuch  a  proportion.     The 

reafon 
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fcafon  why  Mr.  Cote*  thought  fit  to ..,«»»& 
thefe  things  in  *  new  hianner  rather  than  to  keept 
lb  the  old  ways  of  expreffing  theni  fty  fcyperbo^ 
fes  and  logarithmic  curves ,  with  their  parallelo- 
grams and  fubtangents,  which,  as  jthey  were, 
lifs  abftra&ed,  were  eafier.  tp  underhand,  feem& 
to  have  been  chiefly  becaufe  he  was  of  opinion, 
that  the  new  ivay  of  expreflinglkem  by  mean  a 
of  their  moduli  was  better  fitted  than  the  other  to 
reduce  the  folutions  of  problems  to  eafy  arithme-. 
tical  calculations  by  the.  help  of  a  t^ble  of  loga* 
rithras;  which  feems  to  nave  been  one  maia 
gurpofe  of  his  treatife. 


y/  the  modulus  of  afyftem  of  meaJMreicfan^k^ 


"'    i 


2 3°  Mr»  Qtes  m&e$  ufe  bf  the  ftfnd.k&d  o£ 
?xpreffions  in .  fpeak^g;  of  angles  ai.tvhen  b& 
ipeaks  of  nit,m>  always  cdnfidering  circular  ar cSi 
aad  fe&ors  as>  meafures  of  angles,  and  djftin- 
guiihing  the  different  fyftems  of  them  one  from 
another  by  a  quantity  which  he  CftUs.  a  modulus. 
For  as  the  arcs  of  any  one  circle  are  as  truly  noea^ 
Aires  of  the  angles  they  fubtend  at  its  aentef  as 
the  fimiiai:  arcs  of  any  other  circte,  aiid  confe- 
quently  the  magnitude  of  an  angle  is  not  deters 
mined  by  knowing  only  the  magnitude  of  a  cir- 
cular arc  that  fubtends  it,  unleis  we  at  the  fame 
time  know  the  magnitude  of  the  circle,  to  which 
that  arq  belongs,  it  is  neceflaiy  to  pitch  upon 
fpme  cbara<fteriuic  quantity  in  every  circle  which 
varies  always  in,  the  fame  proportion  as  the  whole 
cireumferencee,  or,  as  the  arc  fubtending  any 
giv$n  angle  at  the  copter,  varies  j  (fuch  as  are  the 
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whole  drfcumference  itfelf,  any  given  portion  of 
ft,  or  the  radius,    pr  the  fine,  tangent,  iecant* 
chord,  <Jr  verfed  fine  of  any  given  angle  what- 
fbever)  by  knowing  which,  and  the  magnitude 
of  the  arc  in  the  fame  circle  that  fubtends   any 
propofed  angle,  the  magnitude  of  that  angle 
will  be  determined.     The  quantity  which  Mr. 
Cotes  makes  choice  of  for  this  purpofe,   when 
circular  arcs  arfe  made  ufe  of  as  meafures  of  an- 
gles, and  which  he  therefore  calls  the  modulus 
of  the  fyftem  of  circular  arcs,  or  meafures  of 
angles,  ttf  which  it  belongs,  is  the  radius  of  the 
circle  :  in  other  fyftems  of  meafures  of  angles,  as 
for  inftance,  in  fyftems  of  circular  fedtors,  he 
defines  the  modulus  of  afyftemto  be  the  quantity 
which  bears  the  fame  proportion  to  the  meafure 
of  any  given  angle  in  that  fyftem,  as  the  radius 
6f  a  circle  bears  to  the  hire  that  Subtends  thd  fame 
angle.     The  reafon  of  tfeis  preferfeftce  given  to 
the  radius  above  all  other  quantities  that  would 
anfwer  the  fame  purpofe^  is  to  preferve  an  ana- 
logy between  *  the  expreflipns  ufed  m-fpeaking  of 
logarithms,  or1  the  meafures  of  rdtios*  'sfnd  thofe 
ufed  in  fpeaking  of  circular  arcs,  of  the  meafures 
of  angles :  for  it  often  happens  (as  was  before 
obferved  in  Art.  193.)  that,    when  a  problem 
may  be  conftrudted   by  drawing  a  logarithmic 
curve  with  fuch  or  fuch- a  line  for  its  fubtangent, 
another  problem,  that,  infeverai  of  its  condi- 
tions, refembles  the  former,  or  that  may  becon- 
fidered  as  only  another  cafe  of  it,  may  be  con- 
ftruded  by  drawing  a  circle  whofe  radius  is  equal 
to  the  fame  line,  that,  in  the  former  cafe,  was 
made  the  fubtangent  of  the  logarithmic  curve; 
or,  according  to  Mr.  Cotes*  manner  of  expref- 
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jfing  this  analogy,  that,  when  the  meafa*£s  qf 
ratios  are  converted  into  meafures  of  aggies*  .the 
modulus  of  the  fyftem  of  the  former  meafures 
becomes  the  radius  of  the  circle  that  exhihits  thje 

*  —  a 

fyftem  of  the  latter  meafures.  It  may  ^erp  be 
farther  obferved,  that  a  defire  of  making  this 
analogy  between  the  meafures  of  r#ti$s  and  the 
meafures  of  angles,  appear  with  the  more  evi- 
dence, and  alfo  the  great  generality  of  the  idea 
of  a  modulus y  which  extends  to  all  kinds  of  fy- 
ftems  of  meafures,  whether  confining  of  areas 
or -lines,  (as  thofe  exhibited  for  the  menfuration 
of  ratios  by  hyperbolas  and  logarithmic  curves, 
and  thofe  exhibited  by  circular  arcs  for  the  men- 
furation of  angles)  or  any  other  quantities  whafe- 
foever,  might  be  further  reafons  with  Mr.  Cotes, 
additionally  to  that  mentioned  in  Art.  161,  for 
introducing  the  notion  and  name  of  a  modulus: 
into  this  doctrine. 

Etymology  of  the  mrd  logarithms. 

231.  The  proper  meaning  of  the  word  loga- 
rithms, if  we  have  regard  to  its  etymology,  is 
\&ym  dfdftoh  or  the  numbers  of  fmati  and  equal 
ratios j  or,  as  Dr.  Halky  calls  them,  ratiuncula, 
contained  in  the  feveral  ratios  of  quantities  one 
to  another*  Thus,  if  any  one  ratio  taken  at 
plcafure,  as  for  inftance,  the  ratio  of  1  o  to  r, 
be  divided  into  any  number  of  fmall  and  equal 
parts,  or  leffer  ratios,  fuppofe  10,006,000,  by 
the  interpofition  of  intermediate  proportionals 
between  the  terms  of  the  ratio,  the  number  *  of 
thofe  ratiuncula,  or  10,000,000th  parts  of  the* 
ratio  10  to  I,  contained   in  any  other  ratio,  as 
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for  inft4nce,f  in  the  ratio  of  1000  to   i,  to  wit, 
30,000,000,    is;    properly  fpeaking,    die  loga- 
rithm of  that  ratio.     And  becaufe,  if  the  mea- 
fure of  the  former  ratio  of  10  to  1   in  any  fy£- 
;tem  of  meafures  whatfoever,  as  forinftance,  die 
abfeifs  belonging  to  it  in  a  logarithmic  curve,  be 
divided  into  the  fame  number  of  equal  parts 
as  the  ratio  itfelf  was  divided   into,  to    wit, 
-'  10,000,000,   the  meafure,  or  abfeifs  belonging 
to  the  latter  ratio  of  1000  to  1,  will  contain  the 
fame  number  of  10,000, 100th  parts  of  the  mea- 
fure, or  abfeifs  belonging  to  the  ratio  of  1  o  to  i, 
as  the  ratio  of  1 000  to  1  does  of  the  like  parts, 
or  ib,ooo,oooth  parts,  of  the  ratio  of  10  to   it 
fo  that  the  numbers  of  equal  parts  contained  in 
the  meafures  of  thefe  ratios  will  be,  exadily  the 
fame  with  the  numbers  of  equal  rattuncuke  con- 
tained in  the  ratios  therafclves,  thefe  meafures, 
or  abfeiffes,  have  been  called  the  logarithms  of 
the  ratios  to  which  they  belong.     In  the  cafe  of 
incommenfurable  ratios9 ,  this  ftridt  fenfe  of  the 
word  logarithms  is,  a  little  extended ;  for,  if  there 
be  two  ratios  that  are  incommenfurable  to  each 
other,  and  the  former  of  the  two  he  divided  in- 
to any  number  of  equal  parts  whatfoever,  and 
its  foeafure  into  the  fame  number  of  equal  parts, 
'tis  evident  that  no  number  whatfoever  of  thefe 
equal  parts  of  the  meafure  of  the  former  ratio 
can  be  exa&ly  equal  to  the  meafure  of  the  latter 
ratio:  neverthelefs,  becaufe  the  number  of  parts* 
into  which  the  former  ratioy  and  its  meafure,  are 
divided,  may  be  increafed  fo  far  that  the  num- 
ber of  equal  parts  of  its  meafure  that  is  neareft 
in  magnitude  to  the  true  meafure  of  the  latter 
ratio  (hall  approach  as  near  as  we  pleafe  to  that 
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meafure,  apd  becaufe  the  celebrated  inventor  of 
logarithms,  Lord  Napier  invented  them  merely 
to  abridge  arithmetical  calculations  by  fubftituting 
the  eafy  operations  of  addition  and  fubtradion 
inftead  of  the  laborious  ones  of  multiplication 
and  diviiion,  to  which  purpofe  it  was  neceffary 
to  reprefentthe  meafures  of  ratios  by  numbers, 
or  to  fuppofe  them  to  be  divided  into  certain 
numbers  of  parts,  accurately,  when  the  thing  is 
poffible,  and  nearly  fo  where  perfect  exa&nefs  is 
not  to  be  attained,  he  called  all  the  meafures  of 
ratios,  whether  commenfurable  or  incommen- 
furable  to  each  other,  by  a  name  exprefllve  of 
thefe   ufes,    logarithms.    Had  a  more  general 
name  for  them  been  of  any  importance  to  his 
defigns,  he  would,  no  doubt,  have  called  them 
by  fome  other  name  equally  extenfive  with  the 
idea  fignified  by  it,  fuch  for  iqftance  as  would 
have  been  logometra>  or  the  meafures  of  ratios. 
Thus  we  find  that  Mr.  Cotes  has  entitled  the  firft 
part  of  his  learned  treatife  de  harmonid  menfu- 
rarum,  in  which  he  confiders  logarithms  in  their 
moft  extenfive  fignification,  as  being  the  mea- 
fures of  ratios^  iogometriay  or  the  art  of  meafur- 
ing,   or  Ending   the  meafures  of,  ratios ;  and 
throughout  his  whole  treatife  he  has  (partly,  I 
imagine,  •  with  a  view  to  preferve  the  original 
fcnfe  of  the  word  logarithm,  and  partly  to  make 
the  analogy  between  logarithms  and  circular  arcs 
appear  with  the  more  evidence,  by  ufing  the  fame 
expreflions   in  ipeaking  of  both,    or  by  calling 
both  of  them  meafures)  conftantly  called  quan- 
tities that  are  proportional   to  ratios^  the  mea- 
fures, not  the  logarithms,  of  ration  as  he  has 
circular  arcs,  and  other  quantities-  that  are  pro- 
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portiotlftl  to  singles,  the  ftieafures  of  angles*  Aftd 
has  defined  logarithms  in  a  left  exferifive  manner 
than  is  done  above  in  *tf«.  1 84,  to  be  the  numeral 
meafures  of  ratios^  or  to  be  numbers  exprefiikg 
either  accurately  0*  nearly  the  magnitudes  of 
their  real  meafUres.  But  as  Lord  Nipier  him- 
felf,  (who  reprefents  logarithms  by  lines  wftick 
are  a  continued)  and  fevena!  other  eminent  Wri- 
ters on  this  fubjeft,  call  tiny  meafures  of  rattiii 

« whether  commeiifarable  or  incothmenfarable  t<± 
each  other,  (as  for  inftance,  the  abffclfles  of  the 
axis  of  logarithmic  curves,  and  the  afymtotic 
areas  of  hyperbolas)  the  logarithms  of  the  r*tm 
to  which  they  belong  $  and  as  th^  dHHn&ion  be* 
tWeen  commenfurable  and  incommenfurable 
meafures,  feems  hardly  to  be  worth  attending  to, 
becaufe  we  may  exprefs  in  numbers  the  magni- 
tudes of  the  latter  to  any  affigned  degree  of  e*- 
a&nefs ;  we  have  thought  it  tooft  convenient  tti 
define  logarithms  in  the  moft  general  manner  to 

*  fignify  any  meafures  of  ratios. 

Of  the  ujes  of  logarithms  in  abridging  arithme- 
tical calculations. 

Definition  of  a  table  of  logarithms. 

232.  The  ufes  of  logarithms  in  abridging 
arithmetical  calculations  may  be  thus  explained. 
Let  us  fuppofe  that  the  values  of  the  abicifles  of 
the  axis  of  a  logarithmic  curve,  or  the  afymp- 
totic  areas  of  an  hyperbola,  or  any  other  mea- 
fures, belonging  to  the  ratios  of  all  whole  num- 
bers not  exceeding  fome  certain  number,  as  fup- 
pofe 10,000,000,  to  unity,  are  calculated  in 
OVinibers  to  3  confide  rable  degree  of  exa&nefs, 
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fuppofe  to  feven  [daces  of  figures,  and  fet  down 
in  a  regular  manner  near  the  numbers  of  whofor 
ratios  to  unity  they  are  the  logarithms ;  fech  a 
feries  of  thefe  numeral  expreffions  of  the  mea- 
futes  of  ratios  is  called  a  table  of  logarithms. 
Now  by  the  help  of  fuch  a  table  ready  calcu- 
lated to}  our  hands  we  may  to  a '  furpnxing  de- 
gree abridge  and  facilitate  die  tedious  operations 
of  multiplication  and  divifion,  and  the  mil  more 
laborious  ones  of  railing  high  powers,  and  ex- 
tracting roots* 

In  the  firft  place  therefore,  because  the  rath 
of  the  product  a  6  of  the  multiplication  of  any 
two  quantities,  or  numbers,  a  and  b  (which  let 
us  here  fuppofe  to  be  whole  numbers,  or  muU 
tipics  of  unity)  to  unity  is  equal  to  the  fum  of 
the  ratios  of  the  two  factors  a  and  b  to  unity,  it 
follows,  that  the  logarithm  of  the  ratio  of  at 
to  i  muft  be  equal  to  the  fum  of  the  logarithms 
of  the  ratios  of  a  to  i  and  b  to  i  $  confequently, 
if  we  look  out  in  the  table  of  logarithms  the  to-  ' 
garithms  of  the  ratios  of  a  to  i  and  b  to  i ,  or 
(as  for  fhortnefs  fake  they  are  generally  called) 
the  logarithms  of  the  number*  a  and  b,  then  add 
them  together,  and  look  out  their  fum  in  the 
table,  we  (hall  find  in  the  feries  of  numbers  to 
which  the  logarithms  correfpond,  the  product  ■ 
a  b  placed  over-agajnft  this  fum ;  and  thus  by  a 
fingle  eafy  addition  of  two  logarithms  together, 
we  fliall  avoid  the  trouble  of  a  multiplication. 

zdiy*  In  divifion  'tis  well  known  that  the  di- 
vidend isalways  equal  to  theprodud  of  the  quo- 
tient and  divifor :  confequently  the  ratio  of  the 
dividend  to  unity  is  equal  to  the  fum  of  the  ra~ 
tios  of  the  quotient  and  divifor  to  unity,  and  the 
logarithm  of  the  former  ratio  to  the  fum  of  the 
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logarithms  of  the  two  latter  ratio:,  or,  in  other 
words,  the: logarithm  of  the  dividend  is  equal  to 
the  fum  of  the  logarithms  of  the  quotient  and 
divifor.  If  therefore  there  be  two  known  quan- 
tities a  b  and  a  whereof  the  former  is  to  be  di- 
vided by  the  latter  to  find  the  quotient  b>  we 
mtift  look  out  in  the  table  of  logarithms  the  lo- 
garithms of  ab  and  a  the  dividend  and  divifor,  and 
then  fubtraft  die  logarithm  of  the  divifor  a  from 
the  logarithm  of  the  dividend  a  b,  and  the  re- 
mainder will  be  equal  to  the  logarithm  of  the 
quotient  b$  which  remainder,  if  we  look  oiit  in 
toe  table  of  logarithms,  we  (hall  find  in  the  fe- 
ries  of  numbers  correfponding  to  the  logarithms 
the  quotient  b  placed  over  againft  it.  / 

2d/y,  As  the  powers  of  quantities  are  formed 
by  multiplying  them  continually  into  themfelves, 
or  by  taking  continual  proportionals  to  unity  and 
the  quantities  themfelves,  it  follows  that  the  ra- 
tio of  any  power  whofe  index  is  fo  (which  we 
will  here  fuppoie  to  be  a  whole  number)  of  the 
quantity  a  to  unity  is  equal  to  m  times  the  ratio  of 
a  to  unity ;  therefore  the  logarithm  of  the  former 
ratio  is  equal  to  m  times  the  logarithm  of  the  lat- 
ter ratio,  or  the  logarithm  of  the  quantity  a  m  is 
equal  to  m  times  the  logarithm  of  the  quantity  a: 
If  therefore  the  quantity  a  be  given,  and  it  be 
required  to  find  the  #ith  power  of  it,  or  the  quan- 
tity a  m,  we  muft  firft  look  out  the  logarithm  of 
a  in  a  table  of  logarithms,  and  then  multiply  it 
by  m,  and  looking  out  the  product  in  the  table 
of  logarithms  we  (hall  find  in  the  feries  of  num- 
bers correfponding  to  them  the  quantity  a  m 
placed  over  againft  it. 

\thly>  From  the  laft  paragraph  it  follows  e 
converjbi  that  if  the  quantity  a  m  be  given,  and 

it 
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it  be  required  to  find/its  m\h  root,  or  the  quan- 
tity ay  we  muft  look  out  in  a  table  of  logarithms 
the  logarithm  of  a  m,  and  divide  it  by  the  indefc 
m,  and  looking  out  the  quotient  of  this  divifion 
in  the  table  of  logarithms,  we  (hall  find  in  the 
feries  of  the  numbers  corresponding  to  the  lo- 
garithms the  quantity  a  placed  over-againft  it. 

Thefe  rules  are  from  the  very  nature  of  muk 
tiplication  and  divifion  evidently  true  when  a 
and  b  are  whole  numbers,  as  we  have  hitherto 
fuppofed  them  to  be*  but  it  does  not  appear  lb 
readily  that  they  hold  good  likewife  in  all  other 
cafes,  that  is/when  either  or  both  of  the  numbers  4 
and  b  are  mixt  numbers  or  fractions  :  this  there* 
fore  we  (hall  now  endeavour  to  demonftrate, 
and  (hall  for  that  purpofe  give  fome  account  of 
what  is  meant  by  negative  logarithms,  and  of 
their  ufe  in  arithmetical  calculations. 

Of  negative  logarithms. 

233.  The  ratios  of  unequal  quantities  one 
to  another,  may  be  diilinguifhed  into  two  kinds, 
to  wit,  thofe  of  greater  quantities  to  lefler, 
which  are  called  ratios  of  majority,  or  majoris 
inaqualitatis*  fuch  for  inftance  as  is  the  ratio  of 
3  to  2,  and  thofe  of  ieffer  quantities  to  greater,' 
which  are  called  ratios  of  minority,  or  mi- 
noris  inaqualitatisy  as  the  ratio  of  3  to  4. ; 
and  in  comparing  thefe  different  kinds  of  ratios 
together,  a  ratio  of  majority  is  faid  to  be  greater 
than,  equal  to,  or  lefs  than,  a  ratio  of  mino- 
rity, according  as  it  is  greater  than,  equal  to,  or 
lefs  than,  the  ratio  of  majority  formed  by  in- 
verting the  terms  of  the  ratio  of  minority :  thus, 
the  ratio  of  3   to  2  is  faid  to  be  -,  equal  to  the 

ratio 
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ratio  of  8  to  12,  becaufc  it  19  equal  to  ihcrdtto 
of  j  2  to  8  j  greater  than  the  rati*  of  3  to  4,  be- 
cause it  is  greater  than  that  of  4  to  3  5  and  Ids 
than  the  ratio  of  1  to  2,  becaufe  it  *  is  lefe  than 
that  of  2  to  l «  Now*  by  what  Dr,  Saundcrjbn 
has  demonstrated  concerning  the  addition  and 
fubtra&ion  of  ratios  in  the  7th  book  of  his  al- 
gebra it  appears, 

jjt,  That  if  the  ratio  of  A  to  B  be  a  ratio  of 
piajority,  and  the  ratio  of  C  to  D,  be  a  r*//*  of 
minority,  and  lefs  than  the  ratio  of ;  A  to  B,  .the 
fum  of  the  two  ratios  of  A  to  B  and  C  to  D  will 
be  equal  tp  the  excefs  of  the  ratio  of  A  to  B  above 
the  ratio  to  D  to  C*  For  the  ratio  of  C  to  D  is 
added  to  the  ratio  of  A  to  B,  by  multiplying  the 
antecedent  A  into  the  antecedent  C,  and  the  con- 
fequent B  i^to  the  confequent  D,  fo  that  their 
fum  is  equal  to  the  ratio  of  A  xCtoB  X  D; 
and  the  ratio  of  D  to  C  is  fubtraded  from  the 
ratio  of  A  to  B,  by  dividing,  the  antecedent  A  by 
the  antecedent  D,  and  the  confequent  B  by  the 
confequent  C,  or  by  multiplyingthe  antecedent  A 
into  the  confequent  C,  and  the  confequent  B  into 
the  antecedent  D.  fo  that  the  difference  of  thefem- 
tics  is  alfoequalto  thcra/ioof  A  x  C  toB  x  D. 

2dlyt  If  the  ratio  of  A  to  B  be  a  ratio  of  ma- 
jority, and  the  ratio  of  C  to  D  be  a  rati%  of  mi- 
nority as  before,  but  greater  than  the  ratio  of  A 
to  B,  fo  that  the  ratio  of  D  to  C  cannot,  pro- 
perly fpeaking,  be  fubtra&ed  from  that  A  to  B, 
becaufe  it  exceeds  it,  the  fum  of  the  two  ratios 
of  A  to  B  and  C  to  D  will  be  equal  to  the  ex- 
ec fs  of  the  ratio  of  C  to  D  above  the  ratio  of  Bto 
A.  For  if  the  ratio  of  C  to  D  be  added  to  the  ratio 
of  A.to  B,  the  fum  will  be  equal  to  the  ratio  of  A 
x  C  to  B  x  D  3  and  if  thcratie  of  B  to  A  be  fub- 

tra&ed 


k 
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traded  from  that  of  C  to  D,  the  remaining  ratio 

CD 

will  be  that  of  =  to  x,  orof  A  x  CtoBx 

D,  the  fame  with  the  foregoing,  fum* 

Therefore  in  both  thefe  cafes  the  fum  of  the 
ratio  of  majority  of  A  to  B,  and  the  ratio  of  mi- 
nority of  C  to  D,  is  equal  to  the  excefs  of  the 
greater  of  thofe  two  ratios  above  a  ratio  equal 
and  contrary  to  the  leffer. 

Since  therefore  the  addition  of  a  ratio  of  mi- 
nority to  a  ratio  of  majority  has  the  fame  effedfc 
upon  it  as  the  fubtra&ion  of  the  contrary  ratio  of 
majority  from  it,  to  wit,  if  the  ratio  of  mino- 
rity be  the  lefler  of  the  two,  to  diminifh  it  or 
make  it  a  lefs  ratio  of  majority,  and  if  the  ratio 
of  minority  be  the  greater  of  the  two,  to  convert 
it  into  a  ratio  of  minority,  it  follows, 

idly,  That  if  we  would  have  logarithms  ferv^ 
for  diftinguifhing  the  kinds  as  well  as  the  mag- 
nitudes of  ratios,  lo  that  the  fame  exprefiiQns  of 
addition  and  fubtra&ion  that  are  applied  to  the  one 
may  alio  be  applied  to  the  other,  or  that  the  fum 
of  the  logarithms  of  any  two  ratios  {hall  always 
be  equal  to  the  logarithm  of  the  fum  of  thofe 
ratios  as  well  when  the  ratios  are  of  different 
•kinds  as  when  they  are  of  the  fame  kind,  we 
muft^diflinguifh  the  logarithms  of  the  different 
kind  6  of  ratios  into  different  kiqds,  and  confider 
the  logarithms  of  ratios  of  one  kind  as  affirmative, 
and  the  logarithms  of  ratios  of  the  other  kind  aa 
negative:  lor  if  this  be  done,  it  is  evident  the  ad3i<*  , 
tion  of  the  logarithm  of  a  ratio  of  one  kind  to  the  \ 
.logarithm  of  a  ratio  of  the  oppofite  kind  will 
^produce  the  fame  effedt  as  the  fubtra&ion  of  the 

N  n  loga,, 
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logarithm  of  a  ratio  equal  to  the  former  ratio, 
but  of  an   oppofite  kind,    from  the  logarithm 
of  the  latter   ratio,  to   wit,  either  to  diminish 
that  logarithm,  or  convert  into  a  logarithm  of 
the  contrary  kind ;  and  upon  thefe  confiderations 
mathematicians  have  diftinguilhed  both,  the  two 
oppofite  kinds  of  ratios,  and  their  logarithms, 
by  the  names  of  affirmative  and  negative,  calling 
ratios  cf  majority  affirmative  ratios,  and  their  lo- 
garithms   affirmative    logarithms,    (though    to 
which  kind  of  ratios  and  logarithms  to  give  die 
name  of  affirmative,  and  which  to  call  nega- 
tive, is  entirely  arbitrary  or  matter  of  choice)  and 
ratios  of  minority  negative  ratios,  and  their  lo- 
garithms negative  logarithms,  and   accordingly 
prefix   the  fign  -4-  to  logarithms  of  the  former 
kind  of  ratios,  and  the  fign  —  to  the  logarithms 
of  ratios  of  the  latter  kind. 

4tbfy,  According  to  this  diftinikion  of  ratios , 
and  logarithms  into  affirmative  and  negative,  'tis 
evident  that  the  logarithms  of  the  ratios  of  all 
mixt  numbers  to  unity  muft  be  affirmative,  and 
the  logarithms  of  the  ratios  of  all  fra&ions  to 
unity  muft  be  negative,  becaufe  the  former  ratios 
are  ratios  of  majority,  and  the  latter  ratios  are 
ratios  of  minority.  Therefore  if  we  make  unity 
the  confequent  of  all  the  ratios  we  confider,  or, 
which  is  the  fame  thing,  it  by  the  logarithm  of 
any  number  we  always  underftand  the  logarithm 
of  its  ratio  to  unity,  as  is  the  ufual  practice,  the 
logarithms  of  all  mixt  numbers,  or  improper 
fractions,  will  be  affirmative,  and  the  logarithms 
of  proper  fractions  will  be  negative. 

234.  It  muft  now  be  (hewn  how  in  fuch  a  table 
oflo^arithms.as  isdefcribedin^A/.  232,  in  which 

all 


Plane  TRIGONOMETRY.    275 

all  the  whole  numbers  from  1  to  a  certain  num- 
ber, but  no  mixt  numbers,  or  fractions,  are  fet 
clown  in  regular  order,  and  their  logarithms 
placed  over-againft  them,  we  may  find  the  lo- 
garithm of  any  given  mixt  number  or  fra&ion, 
and  vice  vtrfa,  the  mixt  number  or  fradtion,  be- 
longing to  a  given  logarithm. 

And  ift>  let  it  be  required  to   find  the  loga- 

AM 

rithm  of  any  given  proper  fradtion,  as  -  3    now 

here  'tis  evident,  that  the  ratio  of  J  to  m  is  equal 

n 

,to  the  ratio  of  n  to  m,  and  therefore  to  the  ex- 

cefs  of  the  ratio  of  n  to  1  above  the  ratio  of  m 

to   1 ;  confequently  the  logarithm   of  the  ratio 

of  I   to  -  is  equal  to  the  excefs  of  the  logarithm 

of  the  ratio  of  n  to  1  above  the  logarithm  of  the 
ratio  of  m  to  1,  or  to  the  excefs  of  the  logarithm 
of  n  above  the  logarithm  of  m  >  therefore  the 

logarithm  of  -  is  equal,    but  of   an    oppofite 

ft  • 

kind,  .to  the  excefs  of  the  logarithm  of  n  above 

the  logarithm  of  m9  or  log,  —  ±= 

—  io£  n  —  log.  mf  or  log,  m  —  log.  n ;  that  is, 
we  muft  look  out  in  the  table  of  logarithms  the 
logarithms  of  the  numerator  m  and  denominator 
n%  and  fubtradting  the  former  logarithm  from  the 
latter,  the  remainder  marked  with  the  negative 
.  fign  —  will  be  the  logarithm  of  the  fraction,/)* 


« » » 
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2cfty>  If  —  be  an  improper  fra&ion,  o*  *f 
greater  than  n,  its  logarithm  may  be  found 

*  * 

follows.    The  ratio  of  —  to  I  is  equal  to  that 

m  to  «,  and  therefore  to  the  excels  of  the  ratio 

si  to  i  above  the  ratio  of  n  to  i  *   confequently 

#m 
the  logarithm  of  the  r*tf/*  of  -  to  i  is  equal  to 

ft 

the  excefs  of  the  logarithm  of  the  ratio  of  m  to; 
I  above  the  logarithm  of  the  r*//*  of  n  to  i,  or 

i 

the  logarithm  of  the  fradion  —  is  equal  to  the 

excefs  of  the  logarithm  of  the  numerator  m  above 
the  logarithm  of  the  denominator  n.  We  muft 
therefore  look  out  in  die  table  of  logarithms  the 
logarithms  of  m  and  »,  and  fubtradting  the  latter 
logarithm  from  the  former,  the  remainder  will 
be  the  logarithm  of  the  fradion  n. 

m 
'Tis  evident  that,  if  we  aredefirous  of  uni- 
ting the  folutions  of  both  thefe  cafes  under  one 
cxprcffion,  it  may  be  done  by  faying  that  in  both 

cafes,  log.  —  =r  log.  m  —  log.  ri. 

h 

^dly,  If  it  be  required  to  find  the  proper  frac- 

tion  —  correfponding  to  any    propofed  negative 
n 

logarithm  —  ky  it  may  be  done  as  follows.  Look 

along  the  feries  of  logarithms  in  the  table  till  you 

find  fome  logarithm  (the  number  belonging  to 

which  call  d)  from  which  if  you  fubtraft  k9  or 


the  logarithm  of  —  the  reciprocal  of  ~,  the  re- 

maindcf 
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maiiider  will  be  the  logarithm  of  a  known  num- 
ber which  call  e ;  and  we  (hall  have  lpg.  d--k  =2 

log,*tand£=±log.</ —  log.*=log.~,  that  is,  log.— 

d  t   .  n       d  and  m-=zt 

=  log.  p   confcqucntly  -  =  -,         ^       ? 

4/A/jf,   If  it  be  required  to  find  the  improper 

fraction    —  correfppnding  to  any  propofed  af- 
ar 

,  firmatlve  logarithm  6,  that  lies  between  the  lo- 
garithms  of  two  contiguous  whole  numbers,  it 
may  be  done  as  follows.  Look  along  the  feriei 
of  logarithms  in  the  table  till  you  find  fome  lo- 
garithm (the  number  belonging  to  which  call  d) 
from  which  if  you  fubtrad  £,  the  remainder 
will  be  the  logarithm  of  a  known  number  c>  and 
we  (hall  have  log.  d  —  k  =  log.  e,  and  k  or  log* 

— =  log.  rf—  log.  e  =  log.  -,  and  confequently 
n  * 

m  4 

n   ~e 

Note,  In  Briggss  fyftem  of  logarithms  thefe 
two  laft  operations,  which  are  evidendy  much 
the  moft  difficult  of  the  four  operations  "men- 
tioned in  this  article,  may  be  performed  in  a 
much  fhorter  and  eafier  manner  than  that  we 
have  here  defcribed,  and  indeed  with  as  much 
cafe  as  the  whole  number  correfponding  to  any 
given  logarithm,  that  belongs  to  a  whole  num«* 
ber,  may  be  found  j  as  will  be  {hewn  in  Art. 
»38,  06/erv.S- 

235,  Wo 
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*35k  We  may  now  apply  ^  rules  given  in 
Art.  232,  to  the  cafes  where  mixt  numbers  o  r 
fraction?  are  concerned  in  arithmetical  calcula- 
tions. 

For  in .  the  firft  place  it  follows  from  what 
Dr.  Saunderfon  has  demonftratted  concerning  the 
manner  of  adding  ratios  together,  that,  if  we 
admit  of  the    addition  of   ratios  of   different, 
jup.ds  together,  or  apply  the  word  addition  txf 
the  method  of  compounding  ratios  together, 
by  the  multiplication    of  antecedent  into  an- 
tecedent   and  confequent  into   confequent,    as 
well  when  the  ratios  fa  compounded  are  of 
different  *  as    when    they    are    of    the  fame 
kind,   the   ratio  of  the    product   a  b  of  any 
two  numbers  a  and  b  to  unity,  wall  be  equal  to 
the  Aim  of  the  ratios  of  the  numbers  themfelves 
to  unity,  as  well  when  either  or  both  the  num- 
bers, a  and  b  are  mixt  numbers  or  fractions  as 
when  they  are  both  whole  numbers.     Conse- 
quently (by  Art.  233.)  the  logarithm  of  the  ratio 
of  the  produft  a  b  to  unity  will,  if  laegatiye   lo- 
garithms be  made  ufe  of,  be  equal  to  the  fum  of 
the  logarithms  of  the  ratios  of  the  fa&ors  a  and 
b  to  tfnity,  or  the  logarithm  of  the  produdt  a  k 
will  be  equal  to  the  fum  of  the  logarithms  of  the 
fadtors  a  and  b.     In  order  therefore  to  find  the 
produdt  a  b  t)f  any  two  numbers  a  and  b  of  ainy 
m  kind  whatfoever,  whether  whole  numbers*  mixt 
numbers,  or  fra&ions,.  by  means  of  fuch  a  table 
of  logarithms  as  was  defcribed  in  Art.  2 32,  we 
muft  proceed  in  the  following  manner :  Firft  find 
the  logarithms  of  a  and  b,  (which,  if  they  are 
yhole   numbers,  may  be  done  diredly,  bat,  if 

they 
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they  are  fractions  ormixtnumbravnuftbedohe 
*  iftdiredHy  in  the  manner  explained  ia  Art.  2,34,) 
and,  having  due  regard  to  tkeir  tfgns,  add  damn 
together ;  then  find  (by  the  method  explained 
in  Art.  234.)  the  number  corr  efpoii  ding  to -their 
Aim;  the  number  fo  found  will  to  the  product 
a  b 

zdfyy  Since  the  logarithm  <of  a  &i&*brjfog> '■* 
4-  log.  b9  it  follows,  that  log.  a  b  —  log.  *jk  rr 
log.  b ;  that  is,  if  any  number  <r  .&  of  ariy  kind 
whatsoever  (whether  whole  number,  mixto  iuuii- 
"ber,  or  fraction)  is^to  be  divided  by  any: ot^r 
nuJhbef  a  of  any  kind,  the  quotient  &  n»y  &e  ^< 
found  as  follow?.  Firft  find  the  logarithms  of 
the  dividend  a  b  and  dhrifor  ay  aniL  iubtra&injr 
the  latter  logarithm  from  the  former/  flhd'&y 
Art.  234,  the  number  correfponding  to  thciM- 
mainder,  the  number  fo  found  will  be  th^-^Wto 
tient  b. . 

idfyy  It  follows  from  the  nature  of  Powc,rs» 
which  are  only  continual  t  proportionals    to  unity 
and  the  firft  or  fimple  power,  that  if  a  **  *™1 
number  whatfocver,    whether   whole  t  n{*      c*£ 
mixt  number,  or  fra&ion,  the  ratio  of;      M,to£ 
power  of  a  to  unity,  or  of  a  m  to  1?  C*   * 
equal  to  m  times  the  ratio  of  a  to  1 5  >  therefore 
the  logarithm  of  the  former  ratio  will  •  buc  C(PA 
to  *i  times  the  logarithm  of  a.    Find  therefore 
the  logarithm  of  a,  and  multiply  it  ^J^m?? 
the  number  corresponding  to  the  prodi*l£t  w"*  bc 
equal  to  *  *.  (       ,/,  J 

4r^,:Since  log.*  *  is  =  m  x   log.  J*>  *  ,oU 

fcws  that  log.  a  is  =  iS*'--*-^      ther^*    '*  j 

^       tbcr« 


j 
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there  be  given  any  number  a  m  of  any  kind 
whatfoevcr,  (whether  whole  number,  mixt 
number,  or  fraction)  and  it  be  required  to  find 
•  its  mth  root  a>  we  muft  proceed  in  the  follow* 
ing  manner.  Firft  find  the  logarithm  of  the  given 
number  a  m  j  then  divide  this  logarithm  by  the 
index  my  and  find  the  number  correfponding  to 
the  quotient ;  the  number  fo  found  will  be  equal 
to  a. 

236*  Having  fhewn  in  the  foregoing  articles 
how  the  operations  of  arithmetic  may  be  abridg'd 
by  the  help  of  any  fyftem  of  logarithms  what* 
lbever,  we  muft  now  explain  the  nature  of  thofc 
particular  fyftems  of  logarithms  which  have  been 
jnadc  idle  of  for  that  purpofe,  and  which  are 
uft*lly\  known  by  the  names  of  Napier's  loga- 
rithms/and Briggs's  logarithms. 

s  Definition  of  Napier'*  logarithms. 

If  thi*  fubtangent  of  a  logarithmic  curve,  or 
?  P^a\llelogram  of  an  hyperbola,  or,  in  gene- 
ij  ^r  mo^us  °f  any  ^et  °f  logarithms,  be 
Ck^  k  N  or  **  mac*c  ftandard  to  which  all 
the  othe-.r  abfcifles  of  the  axis  of  the  logarithmic 
curve,  c->r  afymptotic  areas  of  the  hyperbola,  orf 
in  genef.a^  ajj  tjjC  o£jler  logarithms  of  the  fyftem, 

arC  k*Cuf    '  an(*  ^rom  l^e*r  relat*onor  proportion 
to  wJucht  tj^ey  arc  denominated,  fo  that  an  ab- 

k?  r*  ^s  °*  ^c  ^og*1"^^11^0  curve  that  is 
double,  i ^  triple,  one  half,  one  third,  or,  in  ge- 
neral, t^^h  part^  dfthe  fobtangent  fhalibe 

?*™  *  1  3,  i,  f,  or  ~,     and,    an   afymptotic 

n  * 

area 
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area  in  the  hyperbola  that  is  double,  triple,  one 

tn 
half,  one  third,  or  the  --  th^part,  of  its  parallelogram, 

it 

fliall  be  called  2,  3,  |>  jt  °*  "">  an^  *n  general  that 
in  any  fyftetn  cf  logarithms,  a  logarithm  that  is 
double,  triple,  one  half,  one  third,  or  the  -  th 
part,  of  the  modulus  of  the  fyflem,  fhall  be  call- 
*&  2,  3,  x»  ti  or  — ;  the  numbers,  or  numeri- 

cal  expreffions  of  the .  values  of  the  logarithms, 
thence  arifing  are  called  Napier's  logarithms. 

Definition  of  Briggs'j  logarithms. 

If  inftead  of  the  fubtangent  of  a  logarithmic 
curve,  or  the  parallelogram  of  an  hyperbola,  or, 
in  general,  the  modulus  of  every  iyftem  of  loga- 
rithms, we  chufe  the  afofcifs  of  the  axis  of  the 
logarithmic  curve  that  is  intercepted  between  any 
two  or di nates  that  are  to  each  other  in  the  pro- 
portion of  1  o  to  i,  or  the  afymp  to  tic  area  of  the 
hyperbola  that  is  intercepted  between  any  two 
ordinates,  or  any  two  portions  of  the  afymptote, 
that  are  to  each  other  in  the  proportion  of  to 
to  1,  or,  in  general,  in  every  fyftem  of  loga- 
rithms, the  logarithm  of  the  ratio  of  10  to  j, 
or  (as  for  brevity's  fake  it  is  frequently  called) 
the  logarithm  of  1  o,  for  the  unit,  or  ftandard  to 
which  the  logarithms  of  all  other  ratios  are  re- 
ferred, and  from  their  relation  or  proportion  to 
which  they  are  denominated,  fo  that  a  logarithm 
that  is  double,  triple,  one  half,  one  third,  or, 

in  general  the  —  th  part  of  the  logarithm  of  the 

-      Oo 
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ratio  of  ioto  i  (hall  be  called  2,  3,  £,  -f,  or  — 

refpe&ively;  the  numbers,  or  numerical  ex- 
preffions  of  the  values  of  the  logarithms,  thence 
arifing  are  called  Briggis  logarithms. 

Thefe  are  the  two  principal  fyftems  of  nume- 
rical logarithms  that  have  hitherto  been  invented ; 
there  is  indeed,  as  I  have  been  told,  a  third 
kind  of  logarithms,  called  mufical  logarithms 
from  their  being  made  ufe  of  in  mufical  inqui- 
ries, in  which  the  lpgarithm  of  the  ratio  of  8 1 
to  80,  or  j~  to  1,  is  called  1 ;  but  thefe  loga- 
.  rithms  are  entirely  confined  to  the  fcience  from 
which  they  take  their  name. 

Some  obfervatiom  on  the  differences  of  thefe  fyftems. 

237.  'Tis  evident  that  one  and  the  fame  fet 
of  logarithms,  or  quantities  proportional  to  the 
magnitudes  of  ratios,  may,  by  giving  the  name 
of  unity  to  the  logarithms  of  different  ratios,  be 
made  to  exhibit  all  the  different  fyftems  of  nu- 
merical logarithms  that  can  poffibly  be  formed. 
Thus,  if  the  parallelogram  01  any  given  hyper- 
bola be  called  1,  the  numerical  values  of  the  a- 
fymptoiic  areas  will  be  the  logarithms  of  No-, 
pier's  fyftem;  and,  if  the  afymptotic  area  inter- 
cepted between  any  two  ordiqates  that  are  to 
each  other  in  the  proportion  of  10  to  1  be  called 
I,  the  numerical  values  of  theYamp  asymptotic 
areas  will  be  the  logarithms  of  Briggs's  fyftem ; 
and,  in  the  fame  manner,  if  the  fubtangent  of  a 
given  logarithmic  curve  be  called   i,    the  nu- 
merical values  of  the  abfeiffes  of  the  axis  will  be 
the  logarithms  of  Napier's  fyftem ;  and  if  the 

abfcifij 


Plane  TRIGONOMETRY.     283 

abfcifs  of  the  axis  intercepted  between  any  two 
.  ordinates  that  are  to  each  other  in  the  propor- 
tion of  10  to  1  be  called  i,  the  numerical  va- 
lues of  the  fame  abfcifles  of  the  axis  will  be  the 
logarithms  of  Briggs's  fyftem. 

Hence  we  may  obferve  in  the  firft  place,  that 
When  the  numbers  that  compofe  Napier's  and 
Briggs's  logarithms  are  diftinguifhed  from  each 
other  by  the   names   of  Napier's   fyftem  and 
Briggs's  fyftem  of  logarithms,  we  muft  not  un- 
derstand by  this  expreflion,  that   the  quantities 
reprefented  by  Briggs's  logarithms  are  neceflkrily 
different  from  thofe  reprefented  by  Napier's  lo- 
garithms (it  being  plain  from  the  inftances  juft 
mentioned  of  the   hyperbola    and  logarithtnic 
curve,  that  one  and  the  famefet  of  quantities 
may  be  reprefented  by  both  fets  of  numbers) 
but  we  muft  take  the  word  fyftem  to  relate  (not  to 
the  meafures,  or  logarithms  themfetves,  but  on- 
ly) to  the  numerical  exprefiions  of  tftofe  quanti- 
ties, or  logarithms,  ana  fo  to  fignify  that  the  fy- 
ftems,  or  fets,  of  the  numerical  exprefiions,  or 
names,  of  thofe  quantities,  are  different  from 
each  other,  although  the  quantities  themfelvc3 
may  be  the  fame. 

idlyy  Since  the  afymptotic  areas  of  an  hyper- 
bola may  as  well  repreient  Briggs's  logarithms  as 
Napier's,  it  is  not  without  a  good  deal  of  im- 
propriety, t  *at  the  latter,  or  Napier's  logarithms,  ' 
have  by  feveral  authors  been  diftinguifhed  from 
the  former,  by  the  name  of  hyper boh c  logarithms. 
I  imagine  the  reafon  of  giving  this  name  to  Na- 
pier's logarithms  rather  than  to  Briggs\  was 
becaufe  Napier's  logarithms  are  thofe  values  of 
the  afymptotic  areas  that  arife  by  calling  the  pa- 
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rallelogram  of  the  hyperbola  i,  or  denominating  * 
the  other  areas  from  their  relation  to  the  paral-  < 
lclogram,  which  (though  it  be  lefs  convenient 
for  the  purpofcs  of  calculation  than  to  make  the 
area  belonging  to  the. ratio  of  10  to  i    the  unit, 
as  (hall  be  (hewn  prefently,  yet)  is  certainly  at 
fir  ft  the  moft  obvious  and  natural  way  of  deno- 
minating them  on  account  of  the  frequent  and 
ready  occurrence   of  this  parallelogram  in  the 
contemplation  of  the  hyperbola. 

3<#y,  It  is  alfo  an  impropriety  toaflert,  asfomc 
authors  have  done,  that  the  Jfubtangcnt  of  a  loga- 
rithmic curve  that  is  fitted  to  exhibit  Napier  s  lo- 
garithms is  greater  than  the  fubtangent  of  a  loga- 
rithmic curve  that  is  fitted  to  exhibit  Briggs's  lo- 
garithms ;  fince  any  one  logarithmic  curve  may, 
by  giving  the  name  of  unity  to  different  portions 
of  the  axis,  be  made  to  exhibit  both  thofe  fyftems, 
and  all  other  fyftems  whatfoever.  If  indeed  we 
firft  take  one  logarithmic  curve  of  any  magni- 
tude whatfoever,  and  call  its  fubtangent  i,  and 
then  take  a  fecond  logarithmic  curve  of  fuch  a 
magnitude,  that  the  abfciis  of  its  axis  correfpond- 
ing  to  the  ratio  of  10  to  i,  (hall  be  equal  to  the 
fubtangent  of  the  former  curve,  and  call  this  ab- 
ftifs  i,.  upon  which  fuppofitions  'tis  evident,  the 
nunicrkalxxpreflions  of  the  abfeifles  of  the  axis 
of  the  former  curve  will  be  the  logarithms  of 
Napier's  fyftem,  and  the  numerical  expreffions 
of  the  abfeifles  of  the  axis  of  tjie  latter  curve  will 
be  the  logarithms  of  Briggs's  fyftem.;  I  fay,  if 
we  take  two  logarithmic  curves  related  to  each 
other  in  the  manner  here  defcribed,  and  give 
name  of  unity  to  the  fubtangent  of  the  one,  and 
to  the  abfciis  belonging  to  the  ratio  of  10  to  i  in 
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the  other,  (which  abfcifs  we  fuppofe  to  be  equal  * 
to  the  fubtangent  of  the  former  curve)  the  fub-  * 
tangent  of  the  latter  curve  will  be  lcfs  than  the 
fubtangent  of  the  former  curve  in  the  proportion 
of  1  (the  logarithm  of  the  ratio  of  10  to  1  in  the 
latter  curve)  to  2.302,585,092,994,  04,  &c.  (the 
logarithm  of  the  fame  ratio  in  the  former  curve) 
or  of  .434,294,481,9  to  1:  but  thefev  fuppofi- - 
tions  are  entirely  arbitrary  and  unneceflary. 

Of  the  advantage  of  Briggs**  logarithms  above 
Napier* j,  and  all  other  fyftems  of  logarithms 
wbatfoever. 

238.  The  chief  advantage  of  Briggs's  fyftcm 
of  logarithms  above  Napier's,  or  any  other  fy- 
ftem,  confifts  in  its  being  peculiarly  adapted  to 
the  decimal  notation  now  in  ufe,  as  may  be 
fhcwn  in  the  following  manner.  If  in  perform- 
ing the  various  operations  of  arithmetic  none  but 
whole  numbers  were  ever  to  occur,  'twould,  as 
I  apprehend,  be  pretty  indifferent  what  fyftcm 
of  logarithms  we  made  ufe  of :  for  we  need  only 
in  that  cafe  look  out  in  the  table  any  given 
whole  number,  and  we  fliould  immediately  find 
its  logarithm,  and  by  looking  out  in  the  table  any 
given  logarithm,  wefhould  alfo  diredtly  find  the. 
whole  number  correfponding  to  it.  But  as  frac- 
tions, cither  proper  or  improper,  occur  much 
more  frequently  in  calculations  than  whole  num- 
bers 3  and  as  it  is  impoflible,  on  account  of  their 
aim  oft  infinite  number,  to  fet  down  in  a  table 
the  logarithms  of  all  poffible  ffa&ions  confiding 
of  five  or  feven,  or  any  other  confiderable 
number  of  figures,  that  fyftem  of  logarithms  will 
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be  the  mcft  covenient  by  which  we  may  with 
the  grcateft  eafe  find  the  logarithm  of  a  given 
fraction,  or  the  fraction  correiponding  to  a  given 
logarithm,  by  the  help  of  a  table  ef  the  loga- 
rithms of  whole  numbers  only.  Now  'tis  evident 
that  as  all  decimal  fractions,  whether  proper  or 
improper,  have  the  powers  of  10  for  their  deno- 
minators, or  are  form'd  by  dividing  the  whole 
numbers  that  conftitute  their  numerators  by  fbme 
of  the  powers  of  10,  and  confequendy  their 
ratios  to  unity  are  form'd  by  fubtradting  the  ratios 
of  fome  of  the  powers  of  10  to  unity  from  the 
ratios  of  their  numerators  to  unity,  the  loga- 
rithms of  their  ratios  to  unity  will  be  form'd  by 
fubtra&ing  the  logarithms  of  the  ratios  of  the 
powers  of  i  o  to  unity  from  the  logarithms  of  die 
ratios  of  their  numerators  tp  unity,  or,  in  other 
words,  their  logarithms  will  be  form'd  by  fub- 
tradting  the  logarithms  of  the  powers  of  to  from 
the  logarithms  of  their  numerators.  Consequently 
the  more  fimple  the  numbers  are  that  are  made 
uie  of  as  logarithms  of  the  powers  of  i  a,  the 
more  eafy  will  it  be  to  derive  the  logarithms  of 
fractions  from  thofe  of  whole  numbers,  or  to  find 
them  by  the  help  of  a  table  that  exhibits  only 
the  logarithms  of  whole  numbers.  It  will 
therefore  be  moji  eafy  to  derive  the  logarithms  of 
decimal  fractions  from  thofe  of  whole  numbers 
when  the  logarithms  of  the  powers  of  10  are 
the  fimpleft  numbers  poffiblc,  that  is,  when  the 
logarithms  of  lois  calfd  I ;  for  in  this  cafe  the  log- 
rathim  of  100, iooo,io,ooo,ioo,ooo,&f  .orthe  log- 
arithms of  the  ratios  of  100,1000,10,000,100,000, 
to  i,  being  double,  triple,  quadruple,  quintuple, 
&c.  of  the  logarithm  of  10,  or  of  the  logarithm 
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of  the  rath  of  10  to  1  (becaufe  thtratw  of  100, 
1000,10,000,100,000,  &c.  to  1  arc  double,  triple, 
quadruple,  quintuple,  &c.  of  the  ratio  of  10 
to  i),  will  be  the  natural  numbers  2,  3,  4,  5,  &c. 
which  are  the  fimpleft  numbers  and  the  eafieft 
to  manage,  that  can  poffibly  be  found.  It  follows 
therefore  that  Briggs's  fyftem  of  logarithms,  or 
that  in  which  the  logarithm  of  10  is  cali'd  r,  is 
more  convenient  for  the  purpofes  of  calculation, 
not  only  than  Napier ss  fyftem,  but  alio,  than 
any  other  fyftem  of  logarithms  whatfoever.  A* 
to  Napier's  fyftem,  it  is  evidently  extremely  ill 
fitted  for  deriving  the  logarithms  of  decimal 
fradions  from  thofe  of  whole  numbers  becaufe 
of  the  difficulty  of  managing  the  logarithms  of 
10  and  its  powers  100,1000,  &c.  arifing  from  their 
being  irrational  numbers,  to  wit,  2.302,585, 
&c.  (or  more  accurately  2. 302,5^5, 092,904,04, 
&c.)  and  2  x  2.302,585,  &c.  3  x  2.702, §$$$&c. 
or  4,605,170,  J£c.  6.907,755,  &c,  &t. 

But  that  vyc  may  be  able  to  explain  more  folly 
both  the  manner  bf  ufing  Bnggs]s  logarthims, 
wd  the  convenience  of  that  fyftem  in  calculation, 
we  will  here  fubjoin  the  following  obfervatioft*. 

In  the  firft  place,  in  Briggs's  lyftem  logarithms 
the  integral  part  of  every  logarithm  is  ufually 
pall'd  its  index  or  c bar  after  iftic,  becaufe  it  points 
put  in  what  place  of  figures,  reckoning  from 
the  pl^ce  of  tens  inclufively,  the  correfponding 
ixumber  begins,  or  of  what  power  of  10  the 
higheft  figure  in  it  is  a  multiple.  Thus,  in  tha 
logarithm  of  the  number  6748,  to  wit,  3.829, 
*7S>i>  the  number  3  is  cali'd  the  index,  or  cha~ 
foriftic,  of  the  logarithm  3*829,1751,  becaufe 
U  {hews  thai  the  puiqber  cojrcfpondiag  to  this 
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logarithm,  to  wit,  6748,  begins  in  the  third  place 
of  figures,  reckoning  from  the  place  of   tens 
inclusively,  or  that  itshigheft  figure  to  wit,  6  muft 
denote  a  multiple  of  the  third  power  of  10,  or  x 
multiple  of  1000;  for  as  the  logarithm  3.829,175,1 
is  lefs  than  4, .  or  the  logarithm  of  the  fourth 
power  of  io,  or  of  10,000,  but  greater  than  3, 
or  the  logarithm  of  the  third  power  of  10,  or  of 
1000,  the  number  correfponding  to  the  logarithm 
3:829,175,1,  muft  be  lefs  than  10,000,  but  greater 
ifen.iooo,  that  is,  the  higheft  figure  in  it  muft 
denote  either  1000,  or  fome  multiple  of  1000 
lefs  than  the  decuple,   and  therefore .  muft  be 
plac'd  in  the  place  of  thouiands,   or  in  the  third 
place  of  figures,   reckoning  from  the  place  of 
tens,  inclufively,   or  from  the  place  of  units  ex- 
clufively.  The  fame  will  be  evident  in  any  other 
inftance. 

idly,  According  to  this  definition  of  an 
index  'tis  evident  the  indexes  of  all  numbers  lying 
between  10  and  1  muft  be  o,  becaufe  the  loga- 
rithms of  all  thofe  numbers  being  lefs  than  the 
logarithm  of  10,  or  than  1,  muft  be  proper  de- 
cimal fra&ions  without  any  integral  part  at  all. 
Thus,  for  inftance,  the  logarithm  of  the  number 
6-748>  or  4f&  or  6  -+-  rfjjy  is  .829,175,1,  or 
0.829,175,1.  the  index  being  o. 
.  3^/y,  'Tis  evident  that  in  Briggss  fyftem  of  lo- 
garithms the  fra&ional  parts  of  the  logarithms 
of  all  whole,  or  mixt,  numbers  that,  confift  of 
the  fame  fignificant  figures,  are  the  fame.  Thus, 
the  logarithms  of  the  numbers,  6,748,000,674, 
800,  67,480,  6748,  674,8,  67.48,  and  6.748 
are  6.829.  175,1,  5.829,  175,1,  4-829,175,1,3. 
829^75,i,2.829,i75,iii.829,i75,i,ando.829i75,i, 
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For  as  thefe  numbers  are  form'd  one  from  the 
other  by  repeated  divifions  by  jo,  their  loga- 
rithms muft  be  formed  one  from  the  other  by 
the  repeated  fubtra&ions  of  an  unit,  (which  is 
the  logarithm  of  i  o)  which  'tis  evident  can 
only  afteft  their  indexes,  or  integral  parts,  and 
Will  leave  their  decimal  parts  as  they  were. 

4tbly%  If  the  number  6.748,  whofe  logarithm 
js  0.829,175,1,  be  divided  by  10,  its  logarithm 
will  be  -  1  -i- .829, 175,1,  that  is,  the  loga- 
rithm of  .6748  will  be  — 1  +  .829,175,1 1  if 
it  be  divided  a  fecond  time  by  1  o,  its  logarithm 
muft  be  again  diminished  by  1,  and  will  there- 
fore be —  2  «+-  .829,175,1,  that  is,  the  loga- 
rithm of  .06748  will  be  —  2  -+-  •829,175,1 ;  if 
it  be  a  third  time  divided  by  10,  its  logarithm 
muft  be  a  third  time  diminifhed  by  j,  and 
will  therefore  be  —  3  -+-  .829,175,1,  that  is, 
the  logarithm  of  .006748  will  be—  3  -+-. 829, 
375,1 ;  and  fo  of  all  further  divifions:  that  is, 
if  any  propofed  decimal  fraction  be  derived  from 
the  intermediate  number  between  10  and  1, 
that  confifts  of  the  fame  Significant  figures  as  its 
numerator,  by  dividing  that  number  continually 
by  1  o,  and  its  logarithm  be  accordingly,  derived 
from  the  logarithm  of  that  number,  dimi*- 
ni(hing  it  continually  by  if  and  thefe  dimi- 
nutions, or  fubtradtions,  are  made  only  from 
the  integral  parts  of  the  logarithms,  fo  as  to 
keep  the  fractional  part  always  the  fame,  (that 
is,  for  example,  that  in  fubtratfing  1  from  the 
Jqgarithm  .82Q,  175,1,  we  do  not  actually  find 
.the  difference  of  thofe  two  numbers,  to  wit, 
^70,824,9,  and  mark  it  with  a  negative. fign 
thus,  —  .170,824,9,  but  .keep  thcnaL  feparate 
■A1-  P  P  from 
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from  each  other,  and*  mark  them  with  their 
propei  figns  thus,  — 1  -H  .829,175,1)  the 
number  of  thefe  fubtra&ions  of  an  unit,  or 
(which  is  the  fame  thing,  becaufe  the  index 
of  every  number  lying  between  1  and  10 
is  o)  the  number  of  units  contained  in  the 
integral  and  negative  part  of  the  logarithm 
of  the  propofed  decimal  fraction  will  be 
the  fame  with  the  number  of  divifions  by  iof 
which  the  number  lying  between  10  and  1,  and 
confuting  of  the  fame  lignificant  figures  as  the 
propofed  decimal  fraction,  muft  undergo  to  pro- 
duce that  fraction,  or  with  the  number  of 
places  of  figures,  reckoning  to  the  right-hand 
from  the  place  of  units  inclufively,  that  muft  be 
filled  with  cyphers  before  the  firft  fignificant 
figure  of  the  decimal  fradion  is  to  enter.  There- 
fore when  the  logarithms  of  fractions  are  fepa- 
ated  in  this  manner  into  an  integral  negative, 
and  a  fractional  affirmative  part,  the  integral  and 
negative  parts  of  thefe  logarithms  point  out  to 
us  in  what  places  of  figures  the  correfponding 
decimal  fra&ions  are  to  begin,  or  of  what  power 
of  yi  the  firft  figures  in  their  numerators  are 
multiples,  juft  in  the  fame  fnanner  as  the  affir- 
mative and  integral  parts  of  the  logarithms  of 
whole  and  mixt  numbers  diredt  us  to  the  places 
of  the  figures  of  thefe  numbers.  And  hence  it 
is  ufual  to  feparate  the  logarithms  of  decimal 
fractions  into  two  parts,  an  affirmative  and  a  ne- 
gative, in  the  manner  here  defcribed,  and  to 
call  the  negative  and  integral  part  the  index,  or 
characterise,  of  the  logarithm,  juft  as  the  in* 
tegral  part  of  the  logarithm  of  a  whole  or  mixt 
number  is  called  its-  index  or  chara&eriftic. 
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$tbly,  By  the  ufe  of  .thefe  negative  indexes 
'tis  evident  a  compleat  anology  is  preferved  be- 
tween the  logarithms  of  whole  numbers,  mixt 
numbers,  and  decimal  fractions;  (o  that  the 
two  latter  kinds  of  numbers,  and  their  loga- 
rithms, may  with  the  greateft  eafe  be  managed 
by  the  help  of  a  table  that  exhibits  only  the  lo- 
•  garithms  of  whole  numbers:  for  as  the  frac- 
tional part  of  any  logarithm  continues  always 
the  fame,  fo  long  as  the  fignificant  figures  of 
the  number  to  which  it  belongs  continue  the 
lame,  howfoever  that  number  may,  by  dividing 
it  continually  by  10,  be  changed  from  a  whole 
number  into  either  a  mixt  number,  or  a  proper 
decimal  fradion,  it  will  always  ferve  to  point 
out  the  fignificant  figures .  of  the  number  to 
which  it  correfponds*  and  the  index,  or  inte- 
gral part,  of  the  logarithm  will  direct  us  in 
what  places  thofe  figures  are  to  be  placed. 

For  inftance,  if  in  performing  an  arithmeti- 
cal calculation  by  the  help  of  a  table  of  loga- 
rithms we  fhould  meet  with  the  logarithm 
0.829,175,1,  which  is  an  affirmative  logarithm, 
and  therefore  muft  belong  to  fome  number  that 
is  greater  than  unity,  that  is,  either  to  fome 
whole  number,  or  fome  mixt  number,  we 
might  find  the  number  correfponding  to  it  in 
the  following  manner.  Firft  we  muft  look 
out  in  the  table  of  logarithms  the  logarithm 
whofe  fra&ional  part  is  .829,175,1  (which 
we  fhall  find  either  accurately,  or  nearly,) 
and  over-againft  this  fraction  we  fhall  find  the 
figures  6748.  Secondly,  having  found  thefe 
figures,  we  muft  confider  that  (fince  the  loga- 
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rithm  0,829,175,1  is  lefs  than  1  or  the  logarithm 
of  10,  or)  fince*  the  index  of  the  logarithm 
0.829,175,1  iso,  the  number  correfportdrtg  to 
it  muft  be  lefs  than  io,  but  greater  than  1,  arid 
therefore  muft  be  the  mixt  number  6.748. 

If,*  inftead  of  the  logarithm  0.829,175,1, 
which  belongs  to  a  mixt  number,  we  mould 
meet  with  the  logarithm  —  2  •+-  .829,175;!, 
which  is  a  negative  logarithm,  and  therefore 
belongs  to  a  fra£tion,  we  may  find  the  number 
correfponding  to  it  as  follows.  Firft,  we  muft 
look  out  the  fractional  part  .829,175,1  of  thk 
logarithm  in  a  table  of  logarithms,  and  over- 
againft  it  we  fhall  find  the  figures  6748 ;  fe- 
condly,  having  found  thofe  figures,  we  muft 
confider,  that  fince  the  index  of  this  logarithm 
is  —  2,  the  firft  figure  of  the  number  corre- 
fponding to  it  muft  be  twp  places  below  the 
place  of  units,  or  muft  be  preceded  by  two  cy- 
phers including  the  place  of  units,  or  muft  be- 
gin in  the  place  of  hundredths ;  and  therefore 
that  number  will  be  0.06748. 

And  thus  in  Briggs's  fyftem  of  logarithms  we 
may*  with  the  greateft  eafe  perform  the  two  moft 
difficult  cafes  of  Art.  234,  to  wit,  the  third  and 
fourth,  in  which  it  is  required  to  find  by  means 
of  a  table  of  the  logarithms  of  whole  numbers 
the .  mixt  number,  or  f radtion,  correfponding  to 
a  given  logarithm. 

A*  to  the  other  two  cafes  of  Art.  234,  to  wit, 
thofe  in  which  it  is  required  to  find  the  loga- 
rithm of  a  given  mixt  number,  or  fraction, 
they  may  be  fol ved  by  a  table  of  Briggs's  loga  - 
rithms  with  juft  the  fame  facility  as  the  third 
and  fourth,  in  the  following  manner. 

If 


If  it  be  requirbd  to  fihd  thfcittgBiftiiift'  of  t»tK 
given  mixt  number  6.74^  we  mtift  166k'  dtiP 
the  number  6748,  and  o*et-aga1tttt^rwfe  ffiiH* 
find  the  fractional  part  of  its  logafitHrti,  to- vfril," 
.829,175)1 ;  (for  tht  indexes  of  logprithk$vifiP 
they  may  be  fo  eafily  fuppiied,  afe\  gelMWflly1 
omitted  in  the  tables  of  Briggfs  log^tfrraiW 
and  putting  o  for  the  index:  of  the  logaHfhm1 
of  the  number  6-748,  becaufe  that  ntinlbfer  Uttf? 
between  1  and  10,  we  (hall  find  this  l6garith&P 
to  be  9.829,175,1.  '  ■• 

If  the  given  mfart  number  had  becn*67.48ritfh^ 
ftead  of  6.748,  we  muft  have  put  1  for  the  index 
of  its  logarithm,  which  would  therefore  have 
been  1.829, 175,1 ;  if  it  had  been  674,8,  we  muft 
have  put  2  for  the  index  of  its  logarithtn,  which 
would  therefore  have  been  2  .829,175,1. 

If  it  be  required  to  find  the  logarithni  of  3hB< 
given  decimal  fraction  0.06748,  we  muft  \bakr 
out  the  number  6748,  and  over~againft.it  VNT 
ihall  find  the  fradtional  part  of  its  logarithm,  to 
wit,  .829, 175,1 ;  and,  putting  —  2  for  the  in- 
dex of  die  logarithm  of  the  decimal  fradion 
0.06748,  we  ihall  find  that  logarithm  to  be 
—  2 +.829,175,?. 

This  manner  of  folving  thefe  two  cafts,  isin 
fubftance  the  fame  with  that  made  ufe  of  in  Art. 
234,  as  the  reader  will  eafily  perceive. 

And  here  we  (hall  put  an  end  to*  this  artidfe, 
hoping  that,  by  what  has  been  faid  in  the  courffc 
of  ity  and  particularly  by  the  laft  tit  5  th  obfer^ 
vation,  and  the  examples  fubjoined  to  it,  both' 
the  manner  of  ufing  Briggs's  logarithms,  and 
the  great  conveniency  of  that  fyftem  above  all 
other  fyftems  for  the  purpofes  of  uniting  in  one 

view 
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^e,nunjber*  pxcq>ting  only  in  qne  cafe,  to  ^Wk^ 
jvhen  tfU.{jirft  of  the  tour  la(l  figures  of  the  lo- 
garithm is  a  cypher,  and  the  three  firft  figures  of 
toe  Jra&ion#l  pajt  of  the  logarithm  are  not  jet 
dpwn  oyer-againft  the  four  fi?ft  figures  of  the 
pumber ;  and,  in  that  cafe,  the  three  firft  figures 
of  the  logarithm  are  thofe  which  are  fet  down 
in  the  column  figned  o,  next  below  the  four 
firft  figures  of  the  number.    Thus,  if  I  want  to 
find  the  logarithm  of  the  number  67483,  I  firft 
look  out  in  the  feries  of  numbers  the  ficft  four 
figures  6748,  and  then  looking  along  the  co- 
lumn figned  with  the  figure  3,  which  is  the  laft 
figure  of  the  number  67483,  I  there  find  in  die 
fame  line  with,  or  over-againft,  the  four  figures 
6748  the  four  laft  figures  of  the  fractional  part 
of  the  logarithm,  to  wit,  1944;   I  then  look 
along  the  column  figned  p,  and  next  above  the 
four  figures  6748  I  find  the  three  figures  829, 
which  are  therefore  the  three  firft  figures  of  the 
fradional  part  of  the  logarithm :  therefore  the 
fractional  part  of  the  logarithm  of  the  number 
67483  is  .829,194,4,  and  confequently  the  com- 
plete logarithm  of  this  number  is  4^29,194,4. 
^san  example  to  the  excepted  cafe,  let  it  be 
required  to  find  the  logarithm  of  the  number 
67PP9.    Here  I  firft  look  put  in  the  ieries  of 
,  numbers  the  four  firft  figures  of  this  number,  to 
wit,  6760,  and  oppofite  to  them  in  the  column 
figned  9,  I  find  the  four  laft  figures  of  the  frac- 
tional parts  of  its  logarithm,  to  wit,  0045;  I 
then  look  along  the  column  figned  o, .  and  I 
there  find  next  below  the  figures  6760  the  three 
figures  83©  j  which  are  therefore  the  three  firft 

figure? 
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figures. of  the fra&ional  part  of  the  logarithm  of 
the  number  67609  ;  therefore  the  fractional  part 
of  the  logarithm  of  this  number  is  .830,004,5, 
and    confequently    its    compleat  logarithm    is 
4.830,004,5. 

qtbly*  'Tis  evident,  that  the  logarithms  of  all 
numbers  from  1000  to  10,000,  or  of  all  num- 
bers confiding  of  four  figures,  may  be  derived 
from    the   logarithms  of   the  numbers  of  five 
places    oi   figures   which  arife  by  multiplying 
them  into  1  o,  or  which  have  the  fame  ugnifi- 
cant  figures  with  the  propofed  numbers  of  four 
places  of  figures  with  the  addition  of  a  cypher  in 
the  place  of  units :  as,  for  inftance,  the  loga- 
rithm   of  6748  may  be  derived  from  that  of 
67480 ;  for  as  they  have  both  the  fame  fra&ional 
part,  we  need  only  look  out  the  fractional  part  of 
the  latter  by  the  directions  in  the  laft  obfervation, 
which  we  (hall  find  to  be  .829,175,1 ;  and,  add- 
ing 3  for  the  index,  we  fhall  have  3*829,175,1 
for  the  logarithm  of  the  number  6748. 

$tbly>  As  to  the  logarithms  of  numbers  con- 
lifting  of  more  than  five  figures,  'tis  evidently 
impoflible  to  find  them  in  a  diredt  manner  by 
the  help  of  Sberwiris  tables,  which  go  no  higher 
than  100,000.  It  is  ufual  therefore,  when  the 
number  does  not  confift  of  more  than  fevea 
figures,  to  make  ufe  of  an  artifice  to  obtaiqt 
them,  which  may  be  thus  explained. 

It  was  fhewn  in  Art.  226,  that  if  there  be 
three  unequal  quantities  that  approach  very  near- 
ly to  an  equality  with  each  other,  the  excefe  of 
the  greateft  quantity  above  the  leaft  will  be  to 
the  excefs  of  the  middlemoft  above  the  leaft, 
very  nearly  in  the  fame  proportion  as  the  ratio 
of  the  greateft  quantity  to  the  leaft  is  to  the  ratio 

Qq  of 
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of  the  middlemoft  quantity  to  thele&ft,  or  as  Ac 
logarithm  of  the  ratio  of  the  greateft  ijuantky 
'to  the  leaft  to  the  logarithm  of  the  ratio  of  the 
middlcmoft  quantity  to  the  leaft.    3f  <hercfoit. 
there  be    three  whole    numbers    cohfifting  of 
feven  places  of  figures,  or  that  are  all  greater 
than  r,aoo,ooo,  and  the  greateft  of  die  three 
numbers  exceeds  the  leaft  by  only  ioo,  which 
is  lefs  than  the  io,oooth  part  of  either  of  the 
♦three  numbers,  'tis  evident,  the  excefs   of  the 
greateft  of  the  three  numbers  above  die  leaft 
will  be  to  the  excefs  of  the  middlemoft  num- 
ber above  the  leaft,  very  nearly  in  the  fame  pro- 
portion as  the  logarithm  of  the  ratio  of  the  great- 
eft of  the  three  numbers  to  the  leaft  is  to  the  lo- 
garithm of  the  ratio  of  the  middlemoft  of  the 
three  numbers  to  the  leaft  $  or,  which  is  the  feme 
thing*  as  the  excefs  of  the  logarithm  of  the  ratio 
of  the  greateft  of  the  three  numbers  to  unity 
above  the  logarithm  of  the  ratio  of  the  leaft  of 
the  three  numbers  to  unity  is   to  the  excefs  of 
die  logarithm  of  the  ratio  of  the  middlemoft  num- 
ber to  unity  above  the  logarithm  of  the  ratio  of 
the  leaft  number  to  unity;  or,  according  to  the 
ufual  concife  manner  of  expreffion,  as  the  ex- 
cefs of  the  logarithm    of  the  greateft  number 
above  the  logarithm  of  the  leaft  number  to  the 
excefs  of  the  logarithm  of  the  middlemoft  num- 
ber above  the  logarithm  of  the  leaft  number,  or 
as  the  difference  of  the  logarithms  of  the  greateft 
and  leaft  numbers  to  the  difference  of  the  loga- 
rithms of  the  middlcmoft  and  leaft  numbers.  By 
this  proportion  we  may  find  the  logarithm   of  a 
number  conlifting  of  fixorfeven  figures  by  Sber- 
'win's  tables  of  logarithms  in  the  following  manner. 
Let  it  firft  be  required  to  find  the  logarithm 

of 
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of    any  whole,  number   a  confifting  of  feven 
£gures.     From  this   number  fubtraS  the  num- 
ber expreffed  by  its  two  loweft  figures,  and  we 
fball  thereby  obtain  a  fecond  number,  which 
call  b%  confifting  likewife  of  feven  figures,  that 
is  lefs  than  the  given  number  a,  but  is  exceeded 
by  it  by  a  number  lefs  than  100;    becaufe  the 
number  expreffed  by  the  two  loweft  figures  of  the 
number  a  muft  always  be  lefs  than  100.    There* 
fore,  fecond ly,  to  the  number  b  add  100,  and 
•we,  fliall   thereby  obtain  a  third  number  b  -+- 
100  that  is  greater  than  the  given  number  a. 
Therefore b,  a,  and  b  -f-100  are  three  fuch  num- 
bers as  were  jyft  now  defcribed,  that  are   all 
greater  than  a  million,  and  the  difference  of  the 
greateft  and  leaft  equal  to  ioo.     Further,    be- 
caufe the  number  b  was  derived  from  the  num- 
ber a  by  taking  from  it  the  number  expreffed  by 
its  two  laft  figures,  'tis  evident  the  two  laft  or 
loweft  places  of  the  number  b  will  be  filled  with 
cyphers,  and  confequendy  the  two  loweft  places 
of  the  number  £  -+-  100  will  alfo  be  filled  with 
cyphers :  therefore  the  numbers  b  and  b  -f-  iqo 
may  be  produced  by  multiplying  the  numbers 
r eprefented  by  their  five  higheft  figures  by  1 00, 
and  confequendy  their  logarithms  will  be  equal 
to  the  logarithms  of  thofe  two  numbers  increafed 
by  2,  or  the  logarithm  of  100  j  confequendy  the 
logarithms  of  b  and  b  -+-  100  may  be  found  by 
Ob\\  3.    Find  therefore  the  logarithms  of  b  and 
b  ~  100,  and  fay  as  b  -+-   100  —  b,  or  100, 

:  a—  b  ::  log.  b -\-  too  —  log.  b  to  a  fourth 
quantity ,  and  that  fourth  quantity  will  be  equal 
to  log.  a  —  log.  by  and  therefore  being  added  to 
the  log.  b  will  give  the  log.  a,  which  was  to  be 
found.  Qq  2  Thus, 


\ 
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Thus,    for   example,   if  the  number  whofcf 
logarithm  is  to  be  found,  is  =  5,423,758,    I 
firft  fubtradt  from  it  the  number  58,  and  fo  ob- 
tain the  number  5,423,700,  which  confifts  like- 
wife  of  feven   figures,    and  falls  (hort  of  the 
given  number  5^23,758  by  lefs  than  100.   '  To 
this  number  5,423,700  I  add  100,  and  fo  ob- 
tain a  third  number  5,423,800,  which  is  greater 
than  the  given  number  5,423,758.     I  then  con- 
fider  that  the  numbers  5,423,700  and  5,423,800 
are  refpe&ively  equal  to  100  X   54,237  and  100 
X  54,238,  and  therefore  their  logarithms    are 
refpedtively  equal  to  2  +  log.  54,237  and  2  -f- 
log.  54,238,  that  is,  (as  will  appear  by  looking  out 
the  logarithms  of  54,237  and  54,2 3  8  in  the  tables 
in  the  mannet  defcribed  in  Obf.  3.)  to  2  +-  4  734, 
295,7  and  2 -1-4.734,303,7,  or  6.734,295,7  and 
6.734,303,7s  and  having  found  thefe  logarithms, 
I  apply  the  foregoing  proportion ,  and  fay  as  5 ,423, 

800—  SA2h7°°  :  5>423>758  —  5>423»7°°  :: 
(log.  5,423*  800— log. 5,423,700  :log.5,423,758 

— log.5,423,70°J°r)6-734>3037— 6734>295>7 
:  log.  5>4*3>758  —  6734«295»7>  that  is,  a  5100: 
58 ::  .000,008,0  :log.  5>423758— 6734>295>7; 
therefore  log.   5>423>758 —  6734>29S>7  is  = 

58    X    .000,008,0    =r  .OOC4640   =:  .000,004,640 

J OO  ^  IOO 

or  (negle&ing  the  figures  that  go  beyonci  the  fe- 
ventb  place)  .000,004,6,  and  confequently  log. 
5>4*3758  is  =  6.734,295,7  4-  .000,004,6  = 

6.734, 3°°>3-  QED. 

Secondly,  If  the  number,  whofe  logarithm  is 
to  be  found,  confifts  of  fix  figures.,  we  need 
only  add  a  cypher  to  it,  or  multiply  it  by  10, 
and  find  the  logarithm  of  the  number  of  feven 

figures 
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figures  thence  arifing.  For  this  logarithm  di- 
min ifhed  by  (the  logarithm  of  10,  or  by)  an  unit 
will  be  the  logarithm  fought. 

Thus,  if  the  number,  whofe  logarithm  is  to 
be  found,  is  542,375,  I  multiply  it  by  10,  and 
fo  get  the  number  5*423,750  confiding  of  fcven 
figures.  I  then  proceed,  as  in  the  foregoing  in- 
ftance,  to  look  out  the  logarithms  of  5423,700 
and  5,423,800,  which  I  find  to  be  6.734,295,7 
and  6.734,303,7,  and  then  fay  as  5,423,800  — 

5,423,700  :  5,423*750  —  5>4*3>700  (::  log. 
5,423^00—  log.5,423,700  :  log.  5,423.750  — 
tog-  53423*700) ::  6-734»3°3>7  — 6.734,295,7  : 
log.  5.423,750  —  6.734,295,7,  that  is,  as  100  : 
50  ::  .000,008,0  :  log.  5,423,750  —  6.734, 
295,7  j  therefore  log.  5,423*75°  —  6.734,295,7 
is  —  50  X  .ooc,oo8,o  •—  .000,004,0,  and  log. 

100 

5>423>75°  =    6.734,295  7   -+.    .000,604,0    r= 

b.734,299,7,  and  cenfequently  log.  542,3751s 

=  5-734i299*7-  QED- 

But  if  we  are  defirous  of  finding  the  loga- 
rithms of  numbers  confifting  of  fix  figures  in  a 
more  immediate  manner,  and  without  any  re- 
ference to  numbers  confifting  of  feven  figures, 
we  may  obtain  them  by  a  progefs  exadtly  fimilar 
to  the  foregoing,  in  the  following  manner. 

Let  the  given  number  of  fix  figures,  whofe 
logarithm  is  to  be  found,  be  called  a.  From  thi* 
number  fubtradt  the  number  exprefled  by  its 
loweft  figure,  and  we.  (hall  thereby  obtain  a  fe- 
cond  number,  which  call  b>  that  is  lefs  than  the 
given  number  a>  but  is  exceeded  by  it  by  a 
number  lefs  than  10,  becaufe  the  number  ex- 
prefled by  the  loweft  figure  of  the  number  n 
SHift  always  be   lefs  than    10.     Therefore,  fe- 

condly, 
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condly,  to  the?  number  b  add  io,  and  we  (haK 
thereby  obtain  at  thicd  n^mbe*  A  4~  10  that  is 
greater  than  the  given  number  a,  We  bare 
therefore  the  numbers  b>  +,  ajid  b  -f-  io,  that 
all  cojififtqf  fixifigifrfes,  or  are  all  greater  than 
ioo^ooo,.  ami  the  difference  o£  the  greateft  and 
leaft  is  but  jo,  which  is  left  thaa  the  10,000th 
part  of  either  of  them.  We  may  therefore*  ap- 
ply the  foreggutigv  proportion,  to  them  with  the 
fame  propriety  as*  iA  the  former  eafe>  to  numbers 
confifting  of*  fevei>  figures,  .and  fay,  as  the  dif- 
ference of  b  -f-  io  and  b  the  -greateft  ami .  leaft 
numbers  is  tQ  th^ -difference  of*  and  b?  the  mid- 
diemoft  and  l**ft- members*  fo  is  the  difference 
of  the  logarithms  of  b  ■+►  i  o  and  b  the  greafcr 
eft  and  leaft  numbers*  to  the  difference  of  the 
logarithms  of    a   and  b  the    middle qioft    and 

and  leaft  numbers,  or  as  I  o  :  a  —  b  \ ;  log.  £-f-io 
—log.  b  :  log..*  —  log,  b.  Now,  becaufe  the 
number  b  was  derived  from  the  number  a>  by 
taking  from  it  the  number  exprefled  by  its  loweft 
figure,  'tis  evident  the  loweft  place  of  the  num- 
ber b  will  be  filled  with  a  cypher,  and  confe- 
quently  the  loweft  place  of  the  number  b  -+-  io 
will  alfo  be  filled  with  a  cypher ;  therefore  the 
numbers  b  and  £  -f-  i  o  may  be  produced  by 
mijltiplying  the  numbers  ,reprefented  by  their 
five  higheft  figures  by  io,  and  confequently  their 
logarithms  will  be  equal  to  the  logarithms  of 
thofe  numbers  increafed  (by  the  logarithm  of 
io,  or)  by  i,  and  therefore  may  be  found  by 
Obf.  3.  Find  therefore  the  logarithms  of  b  and 
£  4-  10,  and  'tis  evident  the  three  firft  terms  of 
the  foregoing  proportion  will  then  be  known, 
and  cpnfequently  the  fourth  maybe  difebvered 

by 
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«1tyQi$v4feLat;is,  tbeivalue  of  l9g. -*>•">-  k».  -6  wUl 
be  found  by  that  proportion ;  and  consequently, 
if  we  add  to  that  value  the  logarithm  of  b  we 
4faKU4hepGe  obtain 'the  logarithm  of  r^/,  .which 
*fmsito  tbe  found. 

As  mx  erar^ple .  of  this'  method  of  finding  the 
ilogarrthms  of  numbers  con ftftit^g. of  v fix  figures, 
-wcwHl   refume  the  number  1342,375,  -ufed  in 
^eUft  ioftance,  and  find  its  logarithm .  by  the 
iprccetfcs  here  defer  ibed.     In  the  firft,  place  then 
I  fabtraft  frofti  this  number  the  number  5  ex- 
preffed  by  -its  lowsft  figure,  and   fp  obtain  the 
number  542*370,  which  confifts  likewife  of  ]ix 
figures,    and  falls  fhort  of  the  , given  number 
542,375  by  lefs  thanio.    To  this  jfecond.num- 
ber  1   add  10^  and  fo  obtain  ~a .  third  number 
-542,380,  which  is_greater  than  the  given  num- 
ber 542,375.     I  then  confider  that  the  numbers 
542,370  and  542,380  are  refpedtively  equal  to 
10  x  54i^37  and  ro  X  54^38,  and  therefore 
their  logarithms   are  refpedtively  equal  to  1  ■+• 

log.  54,237  and  1  -J-  log.  54.23s*  that  is>  (as 
will  appear  by  looking  out  the  logarithms  of 
54,237  and  54,238  in  the  tables  in  the  manner 
defcribedin  Obf.  3.)  to  1  4-  4  73.4>295*j7>  and  1 

+  4-734>3°3»7>  or  co  5-734>295>7  and  5-734, 
3°3>7>  and,  having  found  thefe  logarithms,  lap- 
ply  the  foregoing  proporion,  and  fay,  as  542, 

380  —  542,370:  542,375  —  54M7°  C:  log- 
542,380  —  log.  542,370  :  log.  542,375—  log. 

542,370or)::  5.734,303,7  —  5-734>295>7  :  kg- 
542,375—5.734,295,7;  that  is,  as  10  :  5  :: 

.ooo^ooSo    :    log.    542,375    —  5-734>295>7  > 
therefore  log.  542,375  .—   5.734,  295,7  is  ~ 
5  x  .000,008,0  —  .000,004,0,  and  log  542,375 
10 


is 
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is  —  5734i*95>7  +  .000,004,0  =  5  734>*$9#- 
QED. 

Notei  In  the  foregoing  obfervations,  we  have 
all  along  fuppofcd  the  numbers  whofe  logarithms 
are  fought  to  be  whole  numbers ;  becaufe,  by 
what  was  (hewn  in  Art.  238,  the  logarithms  of 
all  other  decimal  numbers,  whether  mixt  num- 
bers or  fractions,  may  be  derived  from  thefe  by 
changing  only  the  indexes.  Thus,  if  we  have 
found  the  logarithm  of  the  whole  number 
5,423758  to  be  6.734,300,3,  we  may  cafily 
derive  the  logarithms  of  54.237,58  and  .005, 
423,758  from  it,  by  fubtra&ing  in  the  firft  cafe  5, 
and  in  the  fecond  9,  from  its  index  6,  which 
will  give  us  1.734,300,3   for  the  logarithm  of 

54.237,58,  and  —  3  +  .734>30O»3  *or  Ac  loga- 
rithm or  .005,423,578. 

6tbfy,  We  muft  now  fliew  how  when  any 
logarithm  is  given  to  feven  places  of  figures  be- 
iides  the  index,  the  number  correfponding  to  it 
may  be  found  by  Sberwins  tables.  Now  this  may 
be  done  in  the  following  manner.  Look  out  the 
three  frtft  figures  of  the  fractional  part  of  the  lo- 
garithm in  the  column  figned  o,  and  the  four  laft 
figures  in  the  feveral  colums  figned  o,  1, 2, 3, 4,  5, 
&c.  and  you  will  find  in  one  of  thofe  columns 
either  thofe  four  figures  themfelves,  or  tour 
other  figures  very  nearly  equal  to  them.  If  you 
find  the  figures  themfelves  fet  down  in  any  of 
thofe  columns,the  number  anfwering  to  the  given 
logarithm  will  confift  of  iive  fignificant  figures; " 
whereof  the  four  higheft  are  thofe  fet  down  in 
the  column  figned  num,  diredtly  over-againft,  jor 

ia 
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in  the  fame  line  with,  the  four  laft  figures  of 
the  logarithm,  and  the  fifth,  or  lowed,  figure 
is  that  with  which  the  column  that  contains 
the  four  laft  figures  of  the  logarithm  is  figned. 
And  the  places  of  thefe  figures  are  determined 
by  the  index  of  the  logarithm. 

Thus,  if  it  be  required  to  find  the  number 
correiponding  to  the  logarithm  4«734>295>7,  we 
muft  firftlook  out  the  three  figures  734  amongft 
the  three  *firft  fig&res  of  the  logarithms  that  are 
fet  down  in  the  column  figned  o,  and  then  look 
out  the  four  remaining  figures  2957  in  the  feve- 
rak  col  urns  fign'd  o,  1,  2,  3,  4,   &c.    and  we 
fhall  find  them  in  the  column  figned  7  ;  and  even 
with  them  in  the  column  of  numbers  figned 
Numy  we    fhall    find  the  four  figures    5+23. 
Therefore  54237  are  the  five  fignificant  figures 
of  which  the  number  that  correfponds  to  the 
logarithm  4.734,295,7  confiftsj  and  confequent- 
ly,  as  the  index  of  that  logarithm  is  4,  the  num- 
ber correfponding  to  it  will  be  54,237. 

If  the  given  logarithm  be  6.734,295,7  inftead 
4.734,295,7,  the  number  correfponding  to  it 
will  be  two  places  higher  than  in  the  former 
cafe,  or  will  be  5,423,700. 

If,  when  we  have  found  the  three  firft  figures 
of  the  fractional  part  of  the  given  logarithm  in 
the  given  column  figned  o,  we  do  not  find  the 
four  laft  figures  of  it  fet  down  exactly  in  any  of 
the  columns  figned  o,  r,  2,  3,  4,  5,  &c.  that 
that  is,  *if  we  do  not  find  the  given  logarithm 
exadtly,  we  muft  look  out  the  two  logarithms 
that  are  next  greater  and  lefs  than  the  given  lo- 
garithm, or  between  which  the  given  logarithm 
lies,  and  the  two  numbers,  correfponding  to 
thofe  logarithms.     We  muft  then   fubtradlthe 

S  f  leffer 
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leffer  of  the  two  tabular  logarithms  from  the 
greater,  and  alfo  from  the  given  logarithm,  and 
the  leffer  of  the  two  correfponding  tabular  num- 
bers from  the  greater,  and  then  lay,  as  the  dif- 
ference of  the  two  tabular  logarithms  is  to  the  dif- 
ference of  the  leffer  tabular  logarithm  and  the 
given  logarithm,  fo  is  the  difference  of  the  two 
correfponding  tabular  numbers  to  the  difference 
of  the  leffer  tabular  number  and  the  number 
correfponding  to  the  given  logarithm.  Therefore 
if  the  fourth  quantity  found  by  this  proportion 
is  added  to  the  leffer  tabular  number,  the  fum 
will  be  equal  to  the  number  correfponding  to  the 
given  logarithm,  or  will  be  the  number  fought. 

Thus,  if  it  be  required  to  find  the  num- 
ber correfponding  to  the  logarithm  6  734, 
300,3,  which  is  not  to  be  found  exactly  in 
tables,  we  muft  take  the  logarithms  6.734,303,7 
and  6.734,295,7  that  are  the  next  greater  and 
lefs  than  the  given  logarithm  fet  down  in  the 
tables,  and  muft  look  out  the  numbers  that  be- 
long to  them,  which  we  (hall  find  to  be  5,423, 
800  and  5,423,700.  We  muft  then  fubtraft 
the  logarithm  6.734,295,7  from  the  logarithms, 
6.734,300,3  and  6.734,303,7,  which  will  leave 
the  remainders  .000.004,6  and  .000,008,0,  and 
the  number  5,425,700  from  the  number  5,425, 
€00,  which  will  leave  the  remainder  100,  and 
make  the  following  proportion,  (the  grounds 
and  reaion  of  making  which  were  explained  in 
the  laft  obiervation,)  to  wit,  as  000,008  o  is  to 
.000,004,6,  fo  is  100  to  the  difference  of  the 
number  5,423,700  and  the  number  fought; 
therefore  that  difference  is  —  .000,004,6  x  100 

♦000,008,0 

=  4< 
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~46  x  100  =  460  —  S7*S>  or  nearly  58  ;  and 

8o~        8 
confcquently  the  number  fought  is  5423700  -+- 

58,  or  5>4*3>758- 

If  the  given  logarithm  be  4.734,300,3  inftead 

of  6.734,300,  the  number  correfponding  to  it  will 

be  two  places  lower  than  in  the  former  cafe,  or 

will  be  54237.58  5  if  the  logarithm  be  2.734,300, 

3,  the   number  correfponding  to  it  will  be  542 

•375>8>  if  y-734>3°°>3»  it  will  be  542,375,800; 
if  10.734,300,1,  it  will  be  54,237,580,000;  the 
foregoing  methods  difcovering  always  the  fignifi- 
cant  figures  of  the  correfponding  number  as  far  as 
feven  figures*  and  *  no  more  ;  and  this  equally, 
whether  the  loweft  of  thofe  feven  figures  belong3 
to  the  place  of  units,  or  to  any  other  place  above 
or  below  it. 

Thefe  are  the  methods  by  which  the  loga- 
rithms of  given  numbers  interpolated  between 
the  tabular  logarithms,  may  be  difcovered,  and 
are  the  foundations  of  the  rules,  given  for  that 
purpofe  in  tbe  fecond  chapter  of  the  difcourfe 
prefixed  to  Sberwins  tables  3  in  which  he  fhews 
how  the  logarithms  of  numbers  confifting  of  fix 
or  feven  figures,  and  the  number  correfponding 
to  a  given  logarithm  may  be  found  by  the  help 
of  the  numbers  fet  down  in  the  two  laft  co- 
lumns of  number?  to  the  right-hand;  the  for- 
mer of  which  columna  contains  the  differences 
of  the  tabular  logarithms,  and  is  therefore 
marked  with  the  letter  D,  and  the  latter  the 
proportional  parts  of  the  differences  of  the  tabular 
logarithms,  (or  the  parts  bf  thofe  differences  that 
bear  the  lame  proportion  to  them  as  the  differ- 
ences of  intermediate  numbers  interpolated  be- 
tween the  corrcfppndent  tabular  numbers  bear 

5i  fa  to 
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to  the  differences  of  the  tabular  numbers)  and 
is  therefore  marked  with  the  letters  Pts* 

Some  examples  of  arithmetical  operations    per- 
formed by  the  help  of  Shcrwmfs  tables  gf  Briggs'j 
logarithms. 

240.  To  illuftrate  further  the  foregoing  arti- 
cles, and  to  fhew  more  evidently  the  ufe  of  lo- 
garithms in  abridging  arithmetical  calculation, 
we  will  here  fubjoin  a  few  examples  of  the  fe- 
veral  operations  of  arithmetic  performed  by  tht 
help  of  Briggss  logarithms  carried  to  feven 
places  of  figures,  as  they  are  contained  in  Sber* 
10/Vs  tables. 

And  \fty  Let  it  be  required  to  find  the  pro- 
duct of  the  multiplication  of  the  two  numbers 
7589  and  6757.     Here  we  muft  look  out  in  the 
tables  the  logarithms  of  thefe  numbers,  which 
we  fhall  find  to  be  3.880,184,6  and  3-829,753,9; 
and,  adding  thefe  two  logarithms  together,  we  * 
muft  look  out  their  fum  7-709,938,5,  in  the  ta- 
bles, and   the   number  correfponding  thereto, 
which  (by  the  directions  in  obf.  6,  of  art.  239) 
we  (hall  find  to  be  51,278,870,  will  be  tl\e  pro- 
duct fought,  as  far  as  it  can  be  exprefled  by  fe- 
ven fignificant  figures.     But  in  this  particular 
cafe  'tis  eafy  to  determine  the  eighth  or  laft  fi- 
gure, for  we  heed  only  confider,  that  if  we  had 
actually  multiplied  the  number  7589  by  6757, 
the  firft  ftep  would  have  been  to  multiply  9  by 
7,  which  would  have  .produced  63  ;  therefore  3 
will  be  the  loweft  figure  in  the  produft  of  thofc 
numbers,  and  confequently  their  exatt  produd; 
will  be  51,278,873. 
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2dfy,  Let  it  be  required  to  multiply  the  deci- 
mal fraction  .007,34  by  the  decimal  fraction  .000, 
876*  Here  we  muft  look  out  in  the  tables  the 
logarithms  of  thefe  fractions,  which  we  {hall 
find  to  be  —  3  -+-  .865,696,1  and —  .4  -+-  -942, 
504,1s  and,  adding  thefe  logarithms  together, 
we  muft  look  out  their  fum  ( — 6-|-  1.808,200,  a 
or)  —  54-  .808,200,2  in  the  tables, and  the  num- 
ber correfponding  thereto,  which  we  {hall  find 
to  be  .000,006,42  9,84^  will  be  the  product 
fought. 

$dly>  Let  it  be  required  to  find  the  quotient 
that  arifes  by  dividing  the  number  78596  by 
278.  Here  we  muft  look  out  in  the  tables  the 
logarithms  of  thefe  numbers,  which  we  (hall 
find  to  be  4.895,400,4  and  2444,044,8;  and, 
fubtra&ing  the  latter  logarithm  from  the  former, 
we  muft  look  out  the  remainder  2.451,355,6  in 
the  tables,  and  the  number  correfponding  there- 
to, which  we  {hall  find  to  be  282.7194,  will  be 
the  quotient  fought 

4tbly,  Let  it  be  required  to  divide  the  decimal 
fraction  .347  by  the  decimal  fradtion  .00478. 
Here  we  muft  firft  look  out  in  the  tables  the 
logarithms  of  thefe  fractions,  which  we  ihall  find 
to  be  —1  +.540,329,5  and  —  3  -f-  .679,427,9 ; 
and  then  fubtradting  the  latter  logarithm  from 
the  former,  we  muft  look  out  the  remainder 
1.860,901,6  in  the  tables;  and  the  number  cor- 
refponding thereto,  which  we  (hall  find  to  be 
72.594,15,  will  be  the  quotient  fought. 

5/A/y,  Let  it  be  required  to  divide  the  decimal 
fraftion  .00478  by  the  decimal  fraction  .347, 
which  is  greater  than  .00478.     Here,  as  before, 

we 
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we  muft  look  out  in  the  tables  the  logarithms  of 
thefe  fractions,  which  we  fliali  find  to  be  —  34- 
.679,427,9  and  —  1  4-  .540,329,5;  *nd,  fob- 
tradHng  the  latter  of  thefe  logarithms  from  the 
former,  we  muft  look  out  the  remainder  — 2  + 
.139,098,4  in  the  tables,  and  the  number  cor- 
responding thereto,  which  we  fhall  find  to  be 
.01377522,  will  be  the  quotient  fought. 

6tbJyy  Let  it  be  required  to  find  the  600th 
power  of  1.05.  Here  we  muft  look  out  in  the 
tables  the  logarithm  of  1.05,  which  we  £hall 
find  to  be  0.021,189,3;  and,  multiplying  this 
logarithm  by  600,  we  muft  look  out  the  pro- 
duct 12.7135800  in  the  tables,  and  the  number 
correfponding  thereto,  which  we  fliall  find  to 
be  5,171,065,000,000,  will  be  the  power  fought. 

This  example  contains  a  folution  of  the  fol- 
lowing que  ft  ion,  to  wit,  how  much  a  fum  of 
money  will  be  increafed  in  a  courfe  of  600  years 
by  lending  it  at  the  intereft  of  5  per  cent. per  an. 
and  at  the  end  of  every  year  adding  the  intereft 
to  the  principal,  and  lending  the  whole  new 
principal  thence  arifing  at  the  fame  intereft-  For 
if  the  original  fum  be  called  a%  the  fecond  fum  (or 
that  produced  by  the  addition  of  the  intereft  to 
principal  at  the  end  of  the  firft  year)  b,  the  third 
fum  c,  the  fourth  d,  the  fifth  e,  and  fo  on,  'tis 
evident  that,  as  the  intereft  of  the  firft  fum  a  is 

equal  to    -  X  a>  or  —5  that  of  the  fecond  fum  b 
^  100  20 

c  b 

to  — ?-   x  b.  or  —  *  that  of  the  third  lum  €  to 
100  20 

r  Q 

—   X  cy  or  —  ?  that  of  the   fourth  fum  d  to 

100       20  s  x 

ico 
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-$-  x  d,  or  -  j&c  the  fecond  fum  will  b  be  ss 
100  20 

^  4-  1-iff  ,* the  third  fum  *  will  be  ~  b  -f-  . 
4o     20 

i.-?i*,  the  fourth  fum  d  will  be  =  c  -fc-  £   . 
20     20  d     2id 

—  ™9  the  fifth  fum  *  will  be  =-*+~~20* 
arid  fo  of  all  the  reft  $  that  is,  every  new  fum 
will  be  to  the  foregoing  in  the  fame  proportion 
as  2 1  to  20.  or  the  feveral  fums  a,  bt  <r,  </,  e,  &c. 
at  the  ends  of  the  feveral  years  are  a  fene*  of 
continual  proportionals.     Therefore  if  the :  firft 
fum  be  called  i,  and  the  fecond  bt  the  follow- 
ing fums  will  be  b\  b\  *♦,  t$c.  or    will  be 
the  feveral  powers  of  the  fecond  fum  b,    and 
confequently  the  laft  fum,  ot  that  produced  at 
the  end  of  the  600  years,   will  be  the   600th 
'  power  of  the  fecond  term  b.     We  may  there- 
fore conclude,  that  if  any  fum  of  money  be 
called  1,  the  fum  that  will  be  produced  in  600 
years  by  laying  it  out  at  compound  intereft  at 
c  per  cent,  in  the  manner  here  defenbed  will  be 
?as  nearly  as  can  be  expreffed  by  feven  fignifi- 
cant  figures)  equal   to  5,171,065,000,000  times 

the  original  fum.  .  .     ,  r       u 

Thus,  for  inftance,  if  the  original  fum.be  a 
farthing,  the  fura  thence  produced  by  compound 
intereft  at  5  per  cent,  in  600  years  will  be  5, 1 7 1 , 
065,000,000  farthings,  or  (if  we  divide  this 
number  by  960,  which  is  the  number  of  far- 
things contained  in  a  pound  fterling)  5,386,526, 
0+2  pounds  fterling.     And  it  is  eafy  to  perceive 
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that,  by  the  fame  kind  of  reafoning  as  was  made 
ufe  of  in  the  prefent  inftance,  all  other  cafes 
whatfoever  of  compound  intereft  may  be  reduced 
to  the  finding  any  propofed  power  of  a  given 
quantity,  and  may  accordingly  be  folved  by  a 
table  of  garithms. 

7/AJy,  Let  it  be  required  to  find  the  600th 

root  of  tfrf  .number  5, 1 7 1 ,065,000,000.     Here 

we  muft  look  out  in  the  tables  the  logarithm  of 

/5>* 7 1*065,000,000,  which  we  fliall  find  to  be 

/  J2.7 13, 580^)  j  and,  dividing  the  logarithm  by 

^00^  we  muft  look  out  the  quotient  .021,1 89,3 

in  the  tables,  and  the   number  correfponding 

thereto,  which  we  fliall  find  to  be  j  ,05,  will  be 

the  root  fought. 

This  example  contains  a  folution  of  the  re- 
verfe  of  the  foregoing  queftion  in  compound  in- 
tereft, namely,  how  much  a  fum  of  money 
called  1  will  be  increafed  in  one  year,  if 
by  annually  adding  the  intereft  to  the  prin- 
cipal it  increafes  in  a  courfe  of  600  years  to 
5, 1 7  \ , 065, 000, 000,  or  5, 1 7  i ,  065, 000, 000, 
times  it's  original  value :  for  from  this  example 
it  appears  that  it's  value  at  the  end  of  the  firft 
year  will  be  1.05,  or  105  of  it's  original  value, 

100 
and  (confequently)  the  rate  of  intereft  5  per 
■  Cent. 

The  great  facility  with  which  thefe  very  high 
powers  and. roots  are  obtained  by  the  help  of 
logarithms,  affords  a  ftriking  proof  of  their  ufe- 
fulnefs  in  abridging  calculations,  fince  without 
them  the  labour  of  performing  thefe  operations 

would 
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would  be  fo  exceeding  great  that  they  would  al~ 
moft  be  impradticable. 

8/Z>/y,  Let  it  be  required  to  find  the  6th  pow- 
er of  the  fraction  .05.  Here  we  muil  look  out 
in  the  tables  the  logarithm  of  this  fradion, 
which  we  fliall  find  to  be  —  2  -f-  .698,970,0 ; 
and,  multiplying  this  logarithm  by  6,  we  muft 
look  out  the  product  —  8  -f-  .193,820,0  in  the 
'  tables ;  and  the  number  correfponding  thereto, 
which  we  {hall  find  to  be  .000,000,015,625,  will 
be  the  power  fought. 

gtbly,  Let  it  be  required  to  find  the  8th  pow- 
er of  the  decimal  fra&ion  .05.  Here  we  muft 
look  out  in  the  tables  the  logarithm  of  .05,, 
which  we  (hall  find  to  be  —  2  -f-  .698,970,0  ; 
and,  multiplying  this  logarithm  by  8,  we  muft 
look  out  the  produd —  11  4-  .591,760,0  in 
the  tables,  and  the  number  correfponding  there- 
to, which  we  fliall  find  to  be  .000,000,000,039, 
062,49,  will  be  the  power  fought. 

iothly%  Let  it  be  required  to  find  the  fqttare 
root  of  the  number  5.  Here  we  muft  look  out 
in  the  tables  the  logarithm  of  the  number  5, 
which  we  fliall  find  to  be  0.698,970,0 ;  and^ 
diving  this  logarithm  by  2,  we  muft  look  out 
the  quotient  .349,485,0  in  the  tables,  and  the 
number  correfponding  thereto,  which  we  fliall 
find  to  be  2.236,068,  will  be  the  root  fought. 

1  itbfyy  Let  it  be  required  to  extract  the  cube 
root  of  the  fraction  \y  or  .5.  Here  we  muft 
look  out  in  the  tables  the  logarithm  of  the  frac- 
tion .5,  which  we  fliall  find  to  be  —  1  +.698, 
970,0;  and,  dividing  this  logarithm  by  3,  we 
muft  look  but  the  quotient  (which  will  be  = 

Tt  —  1 

a 


**-? 
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—  i  4- .698,970,0  _  —  .333,333,3  -h  .232, 

3  3 

990,-0  =  —  .100,343,3  —  )  —  1+  •899»°5°.>7« 

and  the  number  correfponding  thereto,  which 
we  (hall  find  to  be  .793,705,4,  will  be  the  root 
fought. 

Recapitulation  of  what  has  been  /aid  in  the  fore- 
going articles  concerning  numerical  logarithms. 

241.  Having  now  explained  the  nature  and 
moft  important  properties  of  numerical  loga- 
rithms, and  particularly  thofe  of  Briggs's  fyftecn, 
as  far  as  I  apprehended  was  neceflary  towards 
forming  a  clear  and  juft  conception  of  them, 
and  this  being  done  at  great  length  that  no  dif- 
ficulties might  occur  in  the  reading  them,  it  may 
not  be  amifs  to  recapitulate  in  few  words  the 
feveral  particulars  that  have  been  demonstrated 
concerning  them,  that  they  may  with  the  greater 
eafe  be  comprehended  in  one  ftiort  and  general 

view. 

In  the  jfi  place  therefore  it  has  been  fliewh, 
that  in  arithmetical  calculations  wherein  onry 
whole  numbers  are  concerned,  the  operatioijs 
of  multiplication,  divifion,  rafing  powers,  and 
extracting  roots,  may  be  performed  by  the  ad- 
dition, fubtradtion,  multiplication,  and  divifioli 
of  the  correfponding  logarithms. 

2d!y,  We  have  explained  what  is  meant  by 
negative  logarithms,  and  the  defign  of  intren 
ducing  them,  namely  to  diftinguifli  the  more 
readily  from  each  other  ratios  of  majority  and 
ratios  of  minority. 
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3^/y,  It  has  been  fhewn  how,  if  negative  lo- 
garithms be  admitted,  we  may  find  in  a  table 
of  logarithms  (that  is,  in  a  table  -of  the  loga- 
rithms of  whole  numbers)  the  logarithms  of 
given  mixt  numbers  and  fradtioqs,  and  the  mixt 
numbers  and  fradtions  that  correfpond  to  given 
logarithms. 

4ttfyy  We  have  fhewn  that,  if  negative  lo- 
garithms be  admitted,  the  fame  rules  that  are 
given  for  the  performance  of  arithmetical  ope- 
rations by  the  nelp  of  logarithms  when  the  num- 
bers concerned  in  them  are  whole  numbers  hold 
good  when  thofe  numbers  are  mixt  numbers  or 
fradtions. 

Thefe  four  particulars  are  true  of  all  fyftcms 
of  numerical  logarithms  whatfoever. 

Stbly,  We  have  defined  the  particular  fyftems 
of  numerical  logarithms  known  by  the  names  of 
leafier  &  logarithms  and  Briggss  logarithms, 
and  have  obferved  that  they  are  only  different 
names  given  to  quantities  that  are  meafures  of 
the  ratios  to  which  they  belong. 

6tbly%  We  have  fhewn  the  great  excellence 
of  Briggss  fyftem  above  Napier\  anj  all  o- 
ther  fyftems  whatfoever,  in  that  it  is  peculiarly 
adapted  to  the  decimal  notation  now  in  ufe,  and 
have  explained  the  analogy  that  is  thereby  pre- 
served between  tjxe  logarithms  of  whole  num- 
bers, mixt  numbers,  and  fradtions,  and  fhewn 
how  from  the  logarithms  of  whole  numbers  we 
may  with  the  greateft  eafe  derive  the  logarithms 
of  mixt  numbers  and  fradtions. 

.  Jtfrty*  We  Jbave  defcribed  Sberivins  logarithm 
U>ic  JaWes,  and  giveji  fcveral  inftances  of  the 

T  t  2  manner 


n 
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manner  of  finding  by  them  the  logarithms  of 
given  numbers,  and  the  numbers  of  given  lo- 
garithms. 

And  Stbly,  We  have  given  examples  of  all 
the  different  operations  of  arithmetic  performed 
by  the  help  of  Briggs's  logarithms,  as  contained 
in  Sberwiris  tables. 

An  eajy  method  of  performing  arithmetical  opera- 
tions^ wherein  fraSlions  are  concerned^  witbr 
out  the  help  of  negative  logarithms,  by  re- 
ducing them  to  operations  by  whole  numbers* 

242.  There  would  now  remain  nothing  more, 
as  I  apprehend,  to  be  faid  upon  this  fubjedt, 
were  it  not  that  the  confideration  of  negative 
logarithms  may,  notwithftanding  all  the  endea- 
vours that  have  been  made  to  explain  it,  appear 
ftill  to  fome  obfcure  and  perplexing.  For  this 
reafon  we  fhall  now  endeavour  to  (hew  how  that 
confideration  may  beintirely  avoided,  and  all  arith- 
metical operations  wherein  fractions  are  concern- 
ed, be  reduced  to  operations  by  whole  numbers. 
Now  the  manner  of  doing  this  will,  as  I  con* 
ceive,  be  bcft  explained  by  examples ;  we  fhall 
therefore  refume  thofe  of  the  foregoing  exam- 
ples in  which  fradtions  are  concerned,  and  per* 
form  them  without  the  help  of  negative  loga« 
rithms.  as  follows. 

Let  it  firft  be  required  to  multiply  the  deci- 
mal fraction  .007,34  by  the  decimal  fraction 
.000,876.  Look  out  in  the  tables  the  logarithms 
of  the  whole  numbers  734  and  876,  which  you 
wi)l  find  to  be  2.865,696,1  and  2.942,504,11 

and 


TTT 
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and,  adding  thcfe  logarithms  together,  look  out 
their  fum  5-808,200,2  in  the  tables ;  and  the 
number  correfponding  thereto,  which  we  fhall 
find  to  be  642,984,  will  be  the  produft  of  the 
whole  numbers  734  and  876.     But  ^007,34  is 


734 


,  and  .000,876  is  — *  there- 

\  '  1009,000 


1  OO,000 

fore  .00734  X    .000,876  is  =r     ^P4 — '  - 


1 00,000,000,000 

=  5l£?9l4 =  .000,006,429,84.    QED. 

100,000,000,000  '  ^~ 

'Tis  evident  the  fame  method  of  reafoning 
may  be  applied  to  all  other  cafes  whatfoever  of 
multiplication,  where  either  fractions,  or  mixt 
numbers,  are  concerned ;  fo  that  all  thofe  cafes 
may,  if  we  pleafe,  be  reduced  to  the  cafe  of 
finding  by  a  table  of  logarithms  the  product  of 
two  whole  numbers. 

2dlyy  Let  it  be  required  to  find  the  quotient 
that  arifes  by  dividing  the  decimal  fraction  .347 
by  the  decimal  fraction  .00478.  Look  out  in 
the  tables  the  logarithms  of  the  whole  numbers 
3470  and  478,  which  you  will  find  to  be  3.540, 
329,5  and  2*679,427,9;  and,  fubtra&ing  die 
latter  logarithm  from  the  former,  look  out  the 
remainder  0.860,901,6  in  the  tables;  and  the 
number  correfponding  thereto,  which  we  fhall 
find  to  be  7*259,415,  will  be  the  quotient  of  the 

divifion  of  3470  by  478,  or  will  be  =  ^p  But 

•347"  =  ^^-,  and  ,004,78  is  =  —42 —  , 
'  10,000  T '  100,000 

there- 
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therefore  -3-4£  is   =  MZ?_ 

•OO478  10,000 

' 10,000 

J  OOO 

X   100,000        3470 

-778—  =  1^8  x  IO  =  7-2^4'5  x  10 
=  72594,15.    QED. 

■ 

Note,  In  this  lafl  procefs,  the  whole  number 
3470  was  chofeu  for  a  dividend  rather  than  the 
whole  number  34^,  that  the  dividend  might,  be 
greater  than  the  divifor,  and  consequently  that 
the  quotient  might  be  greater  than  unity,  and  £0 
have  an  affirmative  logarithm.  And  it  is  evi- 
dent that  it  is  equally  eafy  to  deduce  the  quotient 
of  the  fractions  from  that  of  the  whole  num- 
bers in  either  cafe. 

3*//y,  Let  it  be  required  to  divide  the  decimal 
fraction  .00478  by  the  decimal  fraftion.347  which 
is  greater  than  .00478.  Look  out  m  the  tables 
the  logarithms  of  the  whole  numbers  478  and 
347,  which  you  will  find  to  be  2.679,427,9  and 
2. £40,729,5 ;  and,  fubtrading  the  latter  loga- 
rithm from  the  former,  look  out  the  remainder 
0*139,098,4  in  the  tables  ;  and  the  number  cor- 
refponding  thereto,  which  we  fhall  find  to  be 
1 .377,(22,  wiH  be  the  quotient  of  the  divifion 
of  47.8  by  347,  or  will  be  =c  478     But  .00478 

347 

is  -^ ,   and  .347  is  —  ^47.  .    therefore 

100,000  JT/  ioco 
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.0047$    .  478 

.347~  "  =  Wo*  ^478         x  .  «>oo  = 

.347       100,000  347 

lOOO 

J2* ■  =  im?5±*  =.OJZi775i22.QED. 

100X347  m  IOO  ^  **//*>  ^ 

4^/y,  Let  it  be  required  to  find  the  fixth 
power  of  the  decimal  fraction  .05.  Look  out  in 
the  tables  the  logarithm  of  the  whole  number  5, 
which  you  will  find  to  be  0.698,970,0  $  and, 
multiplying  this  logarithm  by  6,  look  out  the 
produdt  4. 1 93,820,0  in  the  tables ;  and  the  num- 
ber correfponding  to  that  produdt,  which  we 
fhall  find  to  be  15625,  will  be  the  fixth  power 
of  5,  or  will  be  =  5*.     But  .05   is  —  5 


and  confequently   ^6  is  =r  5*    _^ 


loo1 


6 

IOO 


^     — z — ZTIZ"  >  therefore  .0  c  6  is  — 
1,000,000,000,000*  J         — 

=  .000,000,015,625.    QED. 


1,000,000,000,000 

$tbly>  Let  it  be  required  to  find  the  8th  pbwer 
of  the  decimal  fraction  .05.  Look  out  in  the 
tables  the  logarithm  of  the  Svhole  number  5, 
which  you  will  find  to  be  0.698,970,05  and, 
multiplying  this  logarithm  by  8,  look  out* the 
product  5591,760,0  in  the  tables  j  and  the 
number  correfponding  to  that  product,  "which 
we%all  find  to  be  390,624.9  will  be  the  Sfh 
Power  of  5,  or  =  5*.    But  .05  being  =   5  .  it 

lOO  * 

follows.' 


H 
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follows  that  *05  8  will  be  =  5| 


,8 

IOO 


~: — : ;  therefore   .oc$     is   z: 

10,000,000,000,000,000 '  i 

100,624.0 

-2-Z iz =     .000,000,000,010, 

10,000,000,000,000,000  J7> 

062,49.    QED. 

btbly>  Let  it  be  required  to  extract  the  cube- 
j;oot  of  the  decimal  fradlion  .5.  Multiply  this 
fraction  into  1000,  and  the  produd  will  be  the 
whole  number  500.  Then  look  out  in  the  tables 
the  logarithm  of  500,  which  you  will  find  to 
be  2.698,970,0 ;  and,  dividing  this  logarithm 
by  3,  look  out  the  quotient  .899,656,7  in  the 
tables  -,  the  number  correfponding  to  that  quo- 
tient, which  we  fliali  find  to  be  7.937,054,  will 
be  the  cube  root  of  the  number  500,  or  will  be 

=  */'  ?oo.  But  becaufe  .5  is  =  — — %  it  follows 
v    J  J  1000 

y/    1000  IO 

J*  .5  is  =  W^  -  .793,705,4.  QED. 

Note,  We  multiplied  the  given  fraction  .5 
into  1000  rather  than  100  or  10,  or  made  choice 
of  the  whole  number  500  in  this  procefs  rather 
than  50,  or  5,  that  the  cube  root  of  the  deno- 
minator of  the  fraction  — — ,  which  is  equal  to 

1000  ^ 

die  given  fra&ioa  .5,  may  be  one  of  the  integral 
powers  of  10,  as  10,100,1000,  and  not  a  furd 
quantity,  as  would  be  the  cube-root  of  xo  or  100. 

From 
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Froffa  thteft  eirttnplfes  'tis  tify  tb  perceive  that 
aitjr  othfet  inft&nces  of  aHththettcal  operations 
wherein  fractions  are  concerned,  may  be  per* 
fortited  ifl  thfe  fertic  manner  by  the  help  of  a 
tiMfe  of  Ibgarithms  without  introducing  the  con- 
fider&tfoti  of  negative  logarithms,  to  wit,  by 
fifflffltotirfg  ihftead  [of  the  fractions  whole,  or 
mtxt,  numbers  that  have  the  fame  fignificant 
figures  With  them,  and  performing  the  opera- 
tions concerning  thefe  whole,  or  mixt  numbers, 
and  then  from  the  numbers  thence  arifing 
deriving  thofe  which  the  fractions  would  have 
produced  by  confidering  in  what  proportion 
the  former  numbers  mult  be  greater  than  the 
latter. 

Of  arithmetical  complements. 

243.  There  is  another  artifice,  though,  I 
think,  a  much  lefs  natural  one  than  the  fore- 
going, that  has  been  made  ufe  of  to  avoid  the 
consideration  of  negative  logarithms,  to  wit, 
the  ufe  of  arithmetical  complements ;  of  which, 
as  they  are  frequently  mentioned  ill  books  that 
treat  of  logarithms,  the  reader  may  perhaps  be 
glad  to  have  fome  account.  We  fliall  therefore 
now  endeavour  to  explain  them. 

Hitherto,  whenever  we  have  tifed  the  con- 
clfe  and  imperfect  phrafe  of  the  logarithm  of  a 
number,  we  have  underftood  thereby  the  loga? 
rithm  of  its  ratio  to  unity,  which  is  the  fenfe  in 
which  that  phrafe  is  moil  commonly  taken  ;  and 
in  this' cafe  it  is  evident  the  logarithm  of  unity 

U  u  itfelf, 
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itfelf,  being  the  logarithm  of  a  ratio  of  equa- 
lity, muft  be  o.     But  if,  inftead  of  unity,    we 
chufe  fome  fradtion,  or  quantity  lefs  than  unity, 
for  the  quantity  to  which  we  refer  all  other  num- 
bers, or  which  we  make  the  common  confe~ 
quent  of  all  the  ratios  whereof  other  numbers 
are  the  antecedents,  fo  that  when,  we  (peak  of 
the  logarithm  of  any  number, .  we  mean  thereby 
the  logarithm  of  the  ratio  of  that  number  (not 
to  unity  as  before,  but)  to  this  affumed  fraction, 
it  is  evident  the  logarithm  of  unity  will  not  now 
be  o,  but  will  be  the  logarithm  of  the  ratio  of 
unity  to  the  affumed  fraction ;  and  therefore,  as 
that  ratio  is  a  ratio  of  majority,  will  be  an  affir- 
mative logarithm:    and,   in  like  manner,  the 
logarithms  of  all  fra&ions  greater  than  the  a£ 
fumed  fraction,  being  the  logarithms  of  ratios 
of  majority,  will  be  affirmative  logarithms.     If 
therefore  we  aflume  a  fradtion  that  is  lefs  than 
any  of  the  fra&ions  that  can  occur  in  the  arith- 
metical operations  that  are  to  be  performed,  it  is 
evident  that  all  the  logarithms  that  we  (hall  have 
occafion  to  confider  in  the  courfe  of  thofe  opera- 
tions will  be  affirmative  logarithms.     Upon  this 
foundation  'tis  ufual  to  aflume  the  fra&ion  .ooo, 

000,0001,  or ,    or  — -—  ,     for 

10,000,000,000  1010 

the  common  confequent  of  the  ratios  of  all 
other  numbers,  when  the  fra&ions  that  occur 
in  the  calculations  are  not  lefs  than  that  fraction : 
and  upon  this  fuppofition  'tis  evident  the  loga- 
rithm of  unity,  (being  the  logarithm  of  the  ratio 

of  an  unit  to = ,  or  of  the  ratio  of 

J  0,000,000,000 

10,000, 
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10,000,000,000  to  1,  or  io1  °  to  i,  and  confe- 
quently  equal  to  ten  times  the  logarithm  of  1  o 
to  1)  will  be  =  io,  the  logarithm  of  10  will 
be  =  ii,  that  of  100  =12,  chat  of  1000  = 

n,  that  of  — ,  or  .i,  =0,  that  of  —       or 
J  10  "        y  100, 

.01,  =  8,  that  of ,  or  .00  \  =  7,  and  fo 

jooo  ' 

00,  the  place  of  each  of  thefe  numbers  above  or 

below.the  place  of  units  being  determined  by  the 

excefs,  or  defeti:,    of  its  logarithm,  above    or 

below  10,  or  the  logarithm  of  unity.     If  the 

fractions  that  occur  in  ths  calculations  are  lefs 

than  .000,000,000,1,  or    ,  we  muft  aflume 

the  fraction  — - — .  or  1  in  the  hundredth  place 

iolo°  r 

below  the  place  of  units  (which  is  vaftly  lefs- 
than  any  fractions  that  ever  occur  in  calcula- 
tions,   and  therefore   will    always   anfwer  the- 
purpofe  defigned  of  producing  affirmative  loga- 
rithms ;  and  if  it  did  not,  we  might  take  a  ftili 
fmaller  fradtion) ;  and  upon  this  fuppofition  'tis1 
evident  the  logarithm  of  unity  will  be  100,  and 
thofe  of  10,100,1000,    .1,  .01,    .001,  &c.    will- 
be  101,102,103,99,98,97,  &c.  the  places  of  th&fe 
numbers  above  or  below  the  place  of  units  bfiing 
determined  by  the  exceffes  or  defeats  of  their 
logarithms  above  or  below  100,  or  the  logarithm 
of  unity.     In   general,  the  logarithms'   of  all 
other  numbers  whatfoever,  as  well  as  the  powers 

of  10  and  - ,  will  on  the  former  of  thefe  fuppa- 
10  rr 

fitions  be  greater  than  their  common  logarithms 

U  u  2  by 
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by  10,  and  on  the  latter  fuppofition  by  100. 
And  hence  it  is  that  the  indexes  of  theft;  new 
logarithms,  when  the  numbers  to  which  they 
belong  are  fractions,  ar6  called  arithmetical 
complements *  for  as  thefe  new  logarithms  of 
fractions  may  be  derived  fr.oqa  their  comapon 
logarithms  by  adding  to  them,  or  to  their  in- 
dexes io,  or  ioo,  and  the  indexes,  of  the  com- 
mon logarithms  of  fractions  are  negative,  it 
follows  that  if  the  indexes  of  the  new  logarithm* 
of  fractions  be  added  to  the  indexes  off  their 
common  logarithms  confidered  as  affirmadft; 
their  Aims  will  be  always  equal  to  10,  or  ioo, 
or  the  indexes  of  the  new  logarithms  of  frac- 
tions will  be  the  arithmetical  corpj^lements  of 
the  indexes  of  common  logarithms  considered 
as  affirmative,  to  io,  or  ioo.  Thus,,  for  in- 
ftance,  the  common  logarithm  of  the  fraction 
.00478  is  —  3  -+-  .679,42  7,9,  and  its  new  lo- 
garithm is  upon  the  firft  of  the  foregoing  fuppo- 
fitions  —  10  —  3  4-  .679,427, 9,  —  7.679, 
427>9»  &nd  upon  the  fecond  fuppofition  —  100 

-T-  3  +.679,427,9  -  97679>427>9t  and  7and 
97  are  the  arithmetical  complements  of  3  (the 
index  of  the  common  logarithm  of  the  fra&iou 
.00478)  to  10  and  100. 

Now  let  a  and  b  be  any  two  fractions  what- 
foever,  whofe  product  a  b,  and  likewife  the 

iBEith  power  of  a%  is  greater  than  ■ — - .    Then, 

fince  in  multiplication,  it. always  holds,  as  well 
when  either,  or  both,  the  factors, are  fractions 
or  mixt  numbers,  as  when  they  are  both  whole 
numbers,  that  unity  is  to  either  of  the  fadtorsas 

the 
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the  other  factor  i$  to  the  produft,  we  (hall  have 
1 :  *  ;:•  A  :  a  A.  -  Thfcscfore  die  logarithm  of 
the  nf//0  of  1  to  a  will  be  equal  to  the.  loga- 
rithm of  the  ratio  of  A  to  a  A,  or  log.  1  :  a  is  =3 


log»£:*£;  that  is,  JagLi:    -— r#%  —  log.  *  • 

cording  to  the  new  ftfife  ifti  which  the  crppceO* 
fion  of  the  logprith$t  of  a  aambcr  is  now  t*>  be 
tafeen^V  log.  1.  —  log.  *  =  jog  £-~  *  A,  whence* 
it  foUbwjsthat  log.  *  #=  log;  *  -f^.  lag.  A  —  teg.-1 
1,  and  log.  A  =  log.  i-ft.  log.  a  b—  log^  *** 
that  is,  if  the  fractions  *  and  £  ^re  to  be  mjulti- 
plierf  tagethc^  and  w«  are- required  to  find  their 
produft  a  A,  we  muft  add  together  the  loga- 
rithms of  the  factors  a  and  A,  and"  from  their 
fum*  fubtradt  the  logarithm  of  unity,  and  the 
number  correfponding  to  tHe  remainder  thence 
obtained,  will  be  the  produfr  fought ;  and  if 
we  are -to  divide  the  firadtton  a  A  by  the  fra&ion 
a\  and'find'the quotient  b\  we  muft  add  the  lb- 
garithm .  of  the  dividend  aAx.o  the  logarithm  of 
unity;  and  fronr  their  fum  ltrbtradl  the  loga- 
rithm of  tHe  divifor  *,  and  the  number  corre- 
fpondingto  the  remainder  thence  obtained  will 
pe  the  quotient  fought.  Again,  fince.  it  holds 
in  all  cafes,  as  well  when  a  is  a  mixt  number, 
or  fraction,  as  when  it  is  a  whole  number,  that 
the  ratio  of  unity  to  the  01th  poWer  of  the  num- 
ber a.  or  to  a  ra,  is  equal  to  m  times  the  ratio  of 
Uftky  to  that  number  itfdf,  it.  follows  that  die 
kgwithm  of  the  .ratio  of  rto*m  is  equal  to  m 
tifWJS  tho  logarithm  of  the*  ratio  of  1  to  a%  or 
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log.  I  :  a  m  is  =  m  x  log.  i  :  *,  that  is,  log.  I : 


I  I 

1 .:  — — .  —m  log.  a  :  — j^,   or  (according  to 

the  new  rfenfe  in  which  the  expreflion  of  the 
logarithm  of  a  number  is  now  to  be  taken)  log. 
Ivt-  log.  amis  ~m  x  log.  i  —  m  x  log-  a. 
Confequcntly.log.  a  «*   is  =  m   x  log-  a  — 

fin-—   i  x  log  i,  and  log.  a  = 

^lfl±Ji-}.  ^USBL1  s  that  is,  if  the  frac- 
as 

tion  d  \l  to  be  raifed  to  the  mth  power,  we  muft 
multiply  the  iegarithm  of  unity  into  m — i,  and 
the  logarithm  of  a  into  w,  and  fubtrafting  the 
former  produdt  from  the  latter,  the  remainder. 
will  be  the  logarithm  of  the  power  a  m  that  was 
required ;  and,  if  the  /nth  root  of  the  fra&km 
a  m  be  required,  we  muft  multiply  the  logarithm 
of  unity  by  m—  I,  and  add  the  product  to  the 
logarithm  of  a  ^  \  and,  dividing  the  fum  thence 
obtained  by  my  the  quotient  will  be  the  loga- 
rithm of  a>  or  the  root  fought.  'Tis  evident 
thefe  rules  will  be  the  fame,  if  inftead  of  i 


io,a 


we  chufe    I       or  i  divided  by  any  other  higher 

io,00> 
power  of  10,  for  the  common  fra<5tion  to  which- 
we  refer  all  other  numbers,  provided  that  frac- 
tion be  lefs  than  a  b  and  a  ",.  or  than  all  the 
numbers  that  occur  in  the  calculation ;  for  upon 

that 
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that  condition  only  the  foregoing  reafonings  de- 
pended. 

244.  We  -will  now  perform'  the  foregoing 
examples  of  arithmetical  operations  in  whicf 
fractions  are  concerned  by  the  help  of  thefe 
arithmetical  complements,  as  follows. 

Examples  of  operations  in  arithmetic  performed 
'     by  the  help  of  arithmetical  complements. 

In  the  \ft  place  let  it  be  required  to  multiply 
the  decimal  fraction  .007,34  by  the  decimal' 
fraction  .000,876.  Look  out  in  the  tables  the 
logarithms  of  the  whole  numbers  734  and  876, 
which  you  will  find  to  be  2.865,696,1,  and 
2.942,504,1 }  and  fince  thefe  are  their  common 
logarithms,  or  the  logarithms  of  their  ratios  to 
unity,  it  follows  that  the  logarithms  of  their  ratios 
to    '     will  be  (io  4-  2.865,696,1  and  10  -f* 

2-942,504, 1,  or)  12.865,696,1  and  12.942, 
504,  • ;  that  is,  if  we  make  the  logarithm  of 
unity  —  10,  the  new  logarithms  of  the  whole 
numbers  734  and  876  will  be  12.865,696,1  and 
12.942,504,1.  But,  becaufe  734  and  876  are 
equal  to  .00734  X  100,000,  and  .000,879  * 
1000,000,  or  exceed  the  fractions  .00714  and 
.000876  in  the  proportions  of  100,000  to  1  and 
iooo,coo  to  1,  and  confequently  the  ratios  of 
734  and  876  to  1    exceed  the  ratios  of  .00734 

10'°  .     .     ». 

and  .000,876  to_i    .by  the  ratios  of  iop,coo  to 

I  and  1000,000  to  1,  it  follows  that  the  loga- 
rithms 


3*8  11  £  M  £  ft  ¥  S  gf 

rithms  of  Ac  ratios  of  734  and  876  to     1 


io,# 

mull  exceed  the  logarithms  of  thfc   r*tht  of 

.00734  and  .000876  to 1^  by  the  logarithm* 

iox* 
of  the  ratios  of  100,000  to  1,  and  1000,000  to  i, 
that  is,  by  5  and  6.    Therefore  log*  -00734  is  = 

fog-  734  —  5  =  ".865,6961  —5  -  7-8*^*96, 1 
and   log.    .000876  is   =   log.  876  —  6   = 

M.94fc,$o4fi  T  6  —  ^MM0^1*  that  is, 
the  new  logarithms  of  the  fra&kms  .00734 
and  .000,876  will  be  7^65,696,1,  and  6.942, 
504,1.  Having  thus  obtained  thefe  logarithms, 
we  muft,  according  to  the  rule  juft  now  given 
for  multiplication,  add  them  together,  and  from 
their  fum  14.808,200^  fubtrdft  the  logarithm  of 
unity,  to  wit,  10,  and  the  remainder,  to  wit, 
4.808,^00,2,  will  be  the  logarithm  of  the  pro- 
duflE  fought  Now,  becaufe  the  number  cor- 
refponding  to  the  common  logarithm  0.808,200, 
je,  or  to  the  new  logarithm  10.808,200,2,  is 
6.429,84,  and  the  logarithm  10.808,200,2  is 
greater  than  the  logarithm  4.808,200,2  by  6,  it 
follows  that  the  logarithm  of  the  ratio  of  6.429, 
84  to   1    exceds  the  logarithm  of  the  ratio  of 

io" 

the  produd  fought  to    1      by  6,  or  by  the  lo- 

io'° 
garithm  of  the  ratio  of  1000,000  to  1 5  therefore 
tne  ratio  6.429,84  to    1     is    greater    than   the 

"To7* 
rath  of  the  produd  fought  to i_  by  the  rath 

io,a 

of 


Plane  TRIGONOMETRY.     32$ 

of  1000,000  toi ;  confequently  6.429,84  is  equal 
to  1000,000  times  the  product  fought,  and 
therefore  the  product  fought  is    —   6.429,84 

1000,000 

=  •600,006,429,84*     QEDi 

Note,  We  have  in   this  example  dwelt  yeiy 
long  upon  the   method  of  finding  the  new  lo- 
garithms of  the  fra&ions  .00734  and  .000,876, 
and  the  fra&ion  correfponding  to  the  new  loga- 
rithm 4.808,200,2,    that   we   might   keep  the 
grounds  and  reafons  of  that  method  continually 
in  view  5  but  thefe  being  now,  I  prcfume,  fuffi- 
ciently  explained,  it  will  be  convenient  to  express 
thefe  things  in  a  more  concile  manner,  and  to 
determine  the  indexes  of  the  new  logarithms  of 
fractions  at  once  by  the  number  of  places  below 
the  place  of  units,  at  which  the  firft  fignificant 
figures  of  the  fractions  enter,  and  vice  verfa  the 
places  of  the  firft  fignificant  figures  of  the  frac- 
tions by  the  indexes  of  the  logarithms,  agree- 
ably to  what  was  obfervcd  in  Art.z^    And  in 
this  manner  we  fhall  now  perform  all  the  re- 
maining examples,  and  alfo  the  foregoing  ex- 
ample over  again. 

Let  it  therefore  be  required  in  the  firft  place  to 
multiply  the  fradion  00734  by  the  fradlion  .ooo, 
876.  Here  I  firft  find  by  the  tables  that  the  frac- 
tional parts  of  the  logarithms  of  theie  fractions  are 
•865,696,1  and  .942,504,1 ;  and,becaufe  the  firft 
fignificant  figure  of  the  fraction  .  0073 4  enters  in 
I  the  third  place  below  the  place  of  units,  and  the 
firft  fignificant  figure  of,  the  fraflion  .000,870 
.enters  in  the  fourth  place  below  the  place  of  units, 

X  x  Icon- 
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I  conclude  that  the  index  of  tHe  fogarfttim  of  j 
the  former  fradtion  is  10  —  3,  or  7,  and  tfiii 
index  of  the  latter  fraftion  is  iov  —  4,  or  6. 
Therefore  the  compleat  logarithms  of  the  frac- 
tions .00734  and  .000,876  are  7-865,696,1  and 
6.942, 504,  i.  The  fum  of  thefe  logarithms  is 
14.808,200,2,'  from  which  if  we  fubtraft  10,  or 
the  logarithm  of  unity,  there  will  remain  4.808, 
200,2  for  the  logarithm  of  the  product  fought 
But  by  the  tables  it  will  appear  that  the  lignifi- 
cant  figures  of  the  number  correfponding  to  die 
logarithm  4.808,200,2  are  642984;  and,  be- 
caufe  the  index  of  this  logarithm  is  4,  or  10  — 
6,  it  follows  that  the  firfi  fignificant  figure  of 
the  number  correfponding  to  it  will  enter  in  the 
fixth  place  below  the  place  of  units  :  confequently 
that  number,  or  the  product  fought,  will  be 
.000,006,429,84. 

2dly,  Let  it  be  required  to  find  the  quotient 
that  arifes  by  dividing  the  decimal  fraction  .347 
by  the  decimal  fradion  .00478.  By  proceeding 
in  the  fame  manner  as  in  the  foregoing  exam- 
ple, we  fhall  find  the  logarithms  of  thefe  fra> 
tions  to  be  9*540,329,5  and  7*679,427,9.  The 
former  of  thefe  logarithms,  being  the  logarithm 
of  the  dividend,  muft,  according  to  the  rule 
given  above,  be  added  to  the  logarithm  of  unity, 
to  wit,  jo,  and  from  the  fum  thence  obtained, 
to  wit,  19.540,329,5,  we  muft  fubtrad  the 
latter  logarithm  7.679,427,9,  or  logarithm  of 
the  divifor  .00478,  and  the  remainder  11.860, 
90  ,6  will  be  the  logarithm  of  the  quodent 
fought.   Therefore  that  quotient  is  —  72.594, 1 5. 

%dly%  Let  it  be  required  to  divide  the  decimal 
fra&ion  .00478  by  the  decimal  fraction    .347. 

To 
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6  7*679,427,9  the  logarithm  of  the  dividend 
00478  add  10  the  logarithm  of  unity,  and  from 
'  efum  17*679,427,9  fubtrad  9.540,329,5,  and 

e  remainder  8.139,098,4  will  be  the  logarithm 
f  the  quotient  fought,  which  is  therefore  ™ 

°i3>775>22-  "       '    . 
4fhfy9    Let  it  be  required  to  find  the  fixth 

power  of  the  frattion  .05.    The  logarithm  of 

this  fraction  is  8.698,970,0;  multiply  therefore 

this  logarithm  by  6,  and  10,  or  the  logarithm 

of  unity,  by  (6 — 1  or)  5,  and  from  the  former 

product,    to  wit,    52.193,820,0,    fubtradt    the 

latter  product,   to  wit,  50,  and  the  remainder 

2.193,820,0  will  (by  the  rule  above  demon- 

ftrated)  be  the  logarithm  of  the  power  fought, 

which  therefore  is  —  .000,000,015,625. 

$tb/y9  Let  it  be  required  to  find  the   eighth 

power  of  the  fraction  .05.    Here  we  muft  make 

the  logarithm  of  unity  =  100,    becaufe  the 

eighth  power  of  .05  is  lefc  than      1        Now  if 


io'° 


the  logarithm  of  1  be  taken  =  100,  the  loga- 
rithm of  .05  will  be  =  98.698,970,0,  which  mul- 
tiplied by  8  gives  789.591,760,0,  from  which, 
if  we  fubtratt  (8—1  or)  7  times  the  logarithm 
of  unity,  or  700,  the  remainder  89.591,760,0 
will  be  the  logarithm  of  the  power,  fought, 
which  therefore  will  be  =  .000,000,000,039, 
062,49. 

6tbly,  Let  it  be  required  to  extract  the  cube 
root  of  the  decimal  fraction  .5.  The  logarithm 
of  this  fraction  is  9.698,970,0,  10  being  taken 
for  the  logarithm  of  unity.  Therefore,  accord- 
iflg  to  the  rule  given  above,  we  muft  multiply  10 

X  x  2  into 


.» •  * 
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into  (3—1  or)  2,  and  add  the  product  20  td  the 
logarithiji  9.698,970,0,  and  then  divide  the  fum 
29,698,970,0  thence  obtained  by  3  5  the  quo- 
tient 9.899,656,7  of  this  divifion  will  be  the  lo- 
garithm of  the  root  fought,  which  will  there- 
fore be  =  .793^5,4. 

From  thefe  examples  it  is  eafy  to  perceive, 
that  any  other  inftances  of  arithmetical  opera- 
tions wherein  fra&ions  are  concerned,  may  be 
performed  in  the  fame  manner  by  the  help  of  a 
tpble  of  logarithms,  without  introducing  the 
qpnfideratipn  of  negative  logarithms,  to  wit,  by 
die  ufe  of  thef?  arithmetical  complements,  or  by 

chufing  the  fmall  fraction  — —,  or  — — - ,      in- 
0  101  iox#. 

#ead  of  unity,  fqr  the  common  confequent  of 
the  ratio}  whereof  $11  other  numbers  are,  when 
\ye  fpeak  of  thqr  logarithms,  confidered  as  the 
qntepedents.  But  sis  this  fuppofition,  by  changing 
the  language  commonly  made  ufe  of  in  treating 
of  this  fubject,  and  annexing  a  new  fenfe  to  the 
imperfect  expreflion  of  the  logarithm  of  a  num- 
ber, may  create  fome  kind  of  perplexity  and 
confufion,  it  feems  reafonable  to  conclude,  that 
the  former  piethod  of  avoiding  the  confideration 
of  negative  logarithms  explained  in  Art.  242,  by 
confidering  the  fractions  as  whole  numbers  dur- 
ing the  whole  procefs,  and  then  finally  dimi- 
nishing the  refults  of  the  operations  in  a  due  pro- 
portion, is  preferable  to  this  latter  method  of 
^voiding  them  by  the  help  of  arithmetical  com- 
plements, 


of 
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Qfthe  different  manners  in  which  logarithms  have 
been  explained  by  different  writers. 

245.  We  (hall  now  endeavour  to  give  fome 
account  of  the  different  manners  -in  which  lo- 
garithms have  been  explained  by  fome  of  the 
mod  eminent  writers  on  them,  and  particularly 
of  the  conceptiqj)  given  of  them  by  Lord  Na* 
pier  their  celebrated  inventor. 

Mr.  Maelaurins  manner  of  explaining  logarithms. 

Take  any  line  AB,  (fig.  jy.)  at  pleafure ;  and 
let  the  line  A  M  be  fuppofed  from  being  at  fir  it 
equal  to  the  given  liije  A  B  to  increafe  proporT 
t tonally  ad  infinitum  by  the  motion  of  a  point  M 
moving  from  B  towards  D,  that  is,  with  a  motion 
io  accelerated,  that  the  portions  of  the  line  B  M 
generated  by  the  point  M  in  equal  times,  foal  I 
bear  always  the  fame  proportion  to  the  quanti- 
ties to  which  they  are  added, .  fo  that,  if  B  C 
and  C  M  are  any  two  portions  of  the  line  A  D 
generated  in  equal  times,  C  M  {hall  be  to  AC 
as  BC  to  AB :  and  let  OP  be  a  line  that  begins 
to  be  generated  from  nothing  by  the  motion  of 
the  point  P  moving  from  O  towards  T,  at  the 
fame  time  that  the  line  A  M  begins  to  increafe 
from  being  equal  to  the  given  line  AB  ;  and  let 
the  velocity  of  the  point  P  be  any  uniform  ve- 
locity.    Then 'twill  be  evident 

In  the  firft  place,  that  AB,  AC,  AM  are  con- 
tinual proportionals,  or  that  the  ratio  of  AM  to 
AC  is  equal  to  that  of  AC  to  AB.    For   fines 
*  CM 
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CM  is  to  AC  as  BC  to  AB,  it  follows,  compo- 
nendo,  that  A  M  is  to  A  C  as  A  C  to  A  B. 

2*//y,  Since  BC  and  CM  are  fuppofed  to  be 
generated  in  equal  times,  it  follows  that  if  OK 
and  KP  are  generated  in  the  fame  times  as  BC 
and  CM,  they  will  alfo  be  generated  in  equal 
times,  and  confequently,  becaufe  the  velocity 
of  the  point  P  is  uniform,  will  be  equal  to  each 
ether,  and  therefore  will  be  proportional  to,  or 
meafures,  or  logarithms,  of,  the  ratios  of  AC 
to  AB  and  AM  to  AC. 

3<//y,  If  in  the  line  AD  we  take  any  two  un- 
equal ratios  at  pleafure,  as  thofe  of  AM  to  AC 
and  AD  to  AM,  and  the  lines  KP,  and  PT  are 

Generated  in  the  fame  times  as  the  lines  CM  and 
ID,  they  will  be  proportional  to,  or  meafures, 
or  logarithms,  of,  thofe  unequal  ratios ;  that  is 
KP  will  be  to  PT  as  the  ratio  of  AM  to  AC, 
is  to  the  ratio  of  AD  to  AM.  This  follows  im- 
mediately from  the  laft  obfervation  :  for  fince 
the  portions  of  the  line  OT  correfponding  to 
any  two  equal  ratios  are  equal,  it  follows  that 
the  portion  correfponding  to  a  double  ratio  will 
be  double,  that  to  a  triple  ratio  will  be  triple, 
that  to  a  quadruple  ratio  quadruple,  and  that 
to  any  other  multiple  of  the  fimple  ratio  will  be 
the  fame  multiple  of  the  portion  of  O  T  corre- 
fponding to  the  fimple  ratio ;  and  confequently 
that  the  portions  of  the  line  O  T  correfponding 
to  the  quadruple  and  quintuple,  or  in  general  to 
the  m  and  n  multiples,  of  the  fimple  ratio y  will 
be  quadruple  and  quintuple,  or  m  fold  and  * 
fold  of  the  portion  correfponding  to  the  fimple 
rdtio ;  that  is,  the  portions  of  the  line  O  T  cor- 

refpond- 
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rcfponding  to  any  two  commenfurablc  ratios 
whalfoever,  and  confequently  to  any  two  incom- 
mensurable ratios  whatfoevcr,  (for  after  proving 
this  in  the  cafe  of  commenfurable  ratios  it  may 
eafily  be  (hewn  to  be  true  likewife  in  the  cafe  of 
in  commenfurable  ratios  by  an  exabfiirdo  demon- 
stration), that  is,  in  general,  the  portions  of  the 
like  OT  correfponding  to  any  two  ratios  what- 
foever  taken  on  the  line  AD,  as  for  inftance,  the 
ratios  of  AM  to  AC  and  AD  to  AM,  are  re- 
spectively proportional  to,  or  logarithms  of,  the 
ratios  to  which  they  correfpond.    QED. 

Fig.  yj. 
d     <4    c    B      C      M         EFD 
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Again,  let  us  now  fuppofe  that  the  line  AM, 
after  having  been  increased  ad  infinitum,  in  the 
manner  juft  defcribed,  is  made  to  decreafe  pro- 
portionally ad  infinitum  by  the  motion  of  the 
point  M  in  a  direction  contrary  to  its  former  di- 
rection, fetting  out  from  B  with  the  fame  velocity 
it  had  in  that  point  when  it  began  to  move  in 
the  direction  AD,  that  is,  let  it  be  fuppofed  to 
decreafe  at  fuch  a  rate  that  the  portions  loft  in 
equal  times  (hall  always  bear  the  fame  propor- 
tion to  the  correfpondent  remainders  of  the  line 
AB,  fo  that,  if  Be  and  eft,  are  defcribed  in  equal 
times,  Be  fhall  be  to  ck  as  cp  to  pA :  and  let 
the  point  P  move  with  the  fame  uniform  velo- 
city from  O  towards  /  that  it  before  moved  with 
from  O  towards  T.     Then  'tis  evident 

In 
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In  xhtjirft  place  that  A  c  is  to  A  B  as  A  ft  to 
A  <:,  or  that  the  ratio  of  Ap  to  Ac  is  equal  to 
the  ratio  of  A  c  to  A  B.  For  fince  Ap  is  to  r  p 
as  A c to  Be,  it  follows,  eomponendo,  that  A p 
:  Ac  :  :  A  f :  A  B. 

2<#y,  Since  8  c  and  c  ft  are  fuppofed  to  be  ge- 
nerated in  equal  times,  it  follows  that  if  O  y  and 
and  y  if  are  generated  in  the  fame  times  as  B  i 
and  c  p>  they  will  aifo  be  generated  in  equal 
times,  and  confequently,  becaufe  the  velocity  of 
the  point  P  is  uniform,  will  be  equal  to  each 
other,  and  therefore  will  be  proportional  toj  or 
meafures,  or  logarithms,  of,  the  ratios  of  Ac  to 
AB  and  A  p  to  Ac. 

%dly>  Since  the  portions  of  the  line  O  /  corre- 
sponding to  equal  ratios  are  equal,  it  follows  (by 
the  fame  kind  of  reafoning  as  was  ufed  juft  now 
in  the  third  observation  concerning  the  portions 
of  the  line  O  T)  that  the  portions  of  tnat  line 
correfponding  to  any  two  unequal  ratios  taken 
on  the  line  Ad>  as  for  inftancd,  the  ratios  of  Ap 
to  Ac  and  Ad  to  Ap,  will  be  refpe&ively  pro- 
pdrtional  to,  or  meafures,  or  logarithms,  of, 
thofe  ratios. 

LaJIfyi  Since  the  velocity  with  which  the 
point  P  defcribes  the  line  O  /  is  fuppofed  to  be 
the  fame  with  that  wherewith  it  defcribed  the 
line  O  T,  it  follows  that  the  portions  of  the  line 
O  t  generated  in  any  times  whatfoever  are  equal 
to  the  portions  of  the  line  O  T  generated  in  the 
fame  times,  or  that  the  portions  of  the  line  O  / 
correfponding  to  any  ratios  whatfoever  taken  on 
the  line  A  d  are  equal  to  the  portions  of  the  line 
O  T  correfponding  to  the  fame  ratios  taken  on 
the  line  A  D, 

246.  In 
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246.  In  this  manner  of  generating  logarithms 
'tis  evident  in  the  firft  place,  that  according  as 
the  uniform  velocity  afligned  to  the  point  P  is 
increafed  or  diminished  in  any  proportion,  while 
the  velocity  of  the  point  M  at  the  inftant  it  fets 
out  from  B  towards  either  D  or  d%  continues 
the  fame,  the  logarithms  of  given  ratios^  or  the 
portions  of  the  lines  OT,  O  /,  correfponding  to 
given  ratios,  will  be  increafed  or  diminifhed  in 
the  fame  proportion.  And  hence  it  appears* 
that  by  varying  the  velocity  of  the  point  P  we 
may  form  as  many  different  fyftems  of  logarithms 
as  we  pleafe. 

2dly>  Tis  evident  that,  as  thejine  AB  in-* 
creafes  ad  infinitum ,  the  velocity  of  the  point 
M  increafes  ad  infinitum ;  and,  as  the  line  A6 
decreafes  ad  infinitum,  the  velocity  of  this  point 
will  decreafe  ad  infinitum:  therefore  whatever  is 
the  velocity  afligned  to  the  point  P,  or  whatever  is 
the  proportion  of  that  velocity  to  the  velocity  of 
the  point  M  at  the  inftant  of  its  fetting  out  from 
B,  the  velocity  of  the  point  M  muft*  at  fome 
time  or  other,  either  in  the  increafe  or  decreafe 
of  A  B,  be  equal  to  the  velocity  of  P.  Now  the 
magnitude  of  the  line  A  M  at  the  inftant  the 
velocity  of  the  point  M  becomes  equal  to  that 
of  P  is  equal  to  the  modulus  of  the  fyftem  of 
logarithms  generated  by  the  point  P,  or  to  the 
fourth  proportional,  fo  often  mentioned  above, 
to  the  infinitely  fmall  difference  of  two  conti- 
guous portions  of  the  line  A  M,  the  lefikr,  or 
either  of  thofe  lines,  and  the  infinitely  fmall 
difference  of  the  correfpondent  portions  of 
Ac  line  Q  P,  as  mw  be  thus  demonftrated.  Let' 
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AE  be  the  magnitude  of  the  line  AM  at  the  iil-» 
ftant  thfe  velocity  of  M  becomes  equal  to  that  of 
P,  and  A  e  any  other  magnitude  of  A  M  taken 
at  pleafure.  Take  the  point  F  a  little  beyond 
the  point  E,  but  infinitely  near  it,  and  let  Af 
be  to  A  e  as  A  F  to  A  E.  Prom  this  proposition 
it  follows,  dividends,  that  ef  will  be  to  A  e  as 
EF  to  A  E.  But  becaufe  the  line  E  F  is  infinitely 
fmall,  'tis  evident  that  the  ratio  of  the  veloci- 
ties of  M  in  the  points  E  and  F  to  each  other 
will  be  infinitely  near  to  a  ratio  of  equality,  and 
confequently  that  the  line  E  F  is  equal  to  the 
line  chat  would  have  been  generated  in  the  fame 
time  by  the  velocity  in  E,  and  therefore  to  the 
line  that  is  generated  in  the  fame  time  by  the 
velocity  of  the  point  P,  and  confequently  (be- 
caufe e  f  and  E  F,  being  the  differences  of  the 
terms  of  equal  ratios,  are,  by  the  definition  of 
the  manner  in  which  the  line  AM  increafes  and 
decreafes,  defcribed  in  equal  times)  to  the  line 
that  is  generated. by  the  point  P  in  the  time  of 
the  generation  of  the  line  ef.  Therefore  as  the 
infinitely  fmall  difference  ef  of  the  contiguous 
terms  A  e,  A/,  is  to  the  A  e  the  leffer  of  thofe 
terms,  fo  is  the  portion  of  the  line  O  P  corre- 
fponding  to  the  difference  e  f,  or  the  logarithm 
of  the  infinitely  fmall  ratio  of  A/  to  A  e,  to  the 
line  A  E.  Confequently  A  E  is  the  modulus  of 
the  fyftem  of  logarithms  defcribed  by  the  point 
P.    QED. 

%dly>  It  fo'lows  from  the  foregoing  demon- 
ftration,  that  the  logarithms  of  equal  ratios  in 
different  fyftems  of  logarithms  are  to  each  other 
in  the  fame  proportion  as  the  moduli  of  thofe  fy£» 
terns,    as  has   been  fhewn  above  in  Art.  22c, 

For 
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For  fince  e  f  :  A  e  ::  log.  A/:  AE,  it  follows 

a7 

that  if,  while  the  ratio  of  A/  to  A  ey  and  con* 
fequently  that  of  ej  to  he  continues  the  fame,  the 
third  quantity  of  the  proportion,  or  the  logarithm 
of  the  ratio  of  A/  to  A  e,  be  increafed  or  di- 
minifhed  in  any  proportion,  the  fourth  quan- 
tity A  E,  or  the  modulus  of  the  fyftem,  muft  be 
increafed  or  diminifhed  in  the  fame  proportion  : 
and  therefore,  as  the  logarithms  of  all  equal 
ratios  in  different  fyftems  of  logarithms  bear  to 
each  other  the  fame  proportions,  whether  thofe 
ratios  be  finite  or  infinitely  fmall,  the  logarithms 
of  equal  ratios  in  different  fyftems  of  logarithms 
are  to  each  other  in  the  fame  proportion  as  the 
moduli  of  thofe  fyftems,     QED. 

This  is  the  account  given  of  logarithms  by 
Mr.  Maclaurinm  his  excellent  treatife  on  flux- 
ions, book  i.  chap.  6.  only  with  this  difference, 
that  whereas  we  have  here,  for  the  lake  of  pre- 
ftrving  a  confiftency  with  the  foregoing  articles, 
retained  our  former  definition  of  logarithms,  and 
of  the  modulus  of  a  fyftem  of  logarithms,  to  wit, 
that  logarithms  are  meafures  of  ratios,  and  the 
modulus  of  a  fyftem  of  logarithms  a  fourth  pro- 
portional to,  the  infinitely  fmall  difference  of 
two  quantities  whofe  proportion  is  infinitely  near 
to  a  ratio  of  equality,  the  leffer  of  thofe  quan- 
tities, and  the  logarithm  of  their  ratio  in  that 
fyftem,  and  have  then  (hewn  that  the  portions 
of  the  lines  O  T,  Q  /,  are  proportional  to  the 
ratios  taken  on  the  lines  AD,  A  d,  that  corre- 
fpond  to  them,  and  therefore  are  the  logarithms 
of  thofe  ratios,  and  like  wife  that  A  E,  or  the 
magnitude  of  thfe  line  A  M  at  the  inftant  the  ve- 
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locity  of  M  becomes  equal  to  that  of  P,  is  equal 
to  the  fore-mentioned  fourth  proportional,  and 
therefore  is  the  modulus  of  the  fyftem,  he  on  the 
contrary  defines  the  portions  of  O  T  and  O  /  ge- 
nerated in  any  times  whatever,  to  be  the  loga- 
rithms of  the  correfpondent  portions  of  the  lines 
A  P,   Ad,  (for  he  does  not  in  his  definition 
fuppofe  any  connexion  between  logarithms  and 
rattos,)  and  the  line  AE,  or  the  magnitude  ofthq 
line  A  M  at  the  inftant  the  velocity  of  M  becomes 
equal  to  that  of  P,  to  be  the  modulus  of  the  fyf- 
tem, and  then  proves  that  thefe  logarithms  are 
meafures  of  the  correfpondent  ratios  taken  on 
the  lines  AD,  A  d,  or  of  the  ratios  of  the  por- 
tions of  thofe  lines  whofe  differences  arc  gene- 
rated in  the  fairie  times  with  thefe  logarithms, 
and  alfo  that  the  logarithms  of  equal  ratios  in  dif- 
ferent iyftems  of  logarithms  are  proportional  to 
the  moduli  of  thofe  fyftems,  from  whence  the 
other  property  of  thc'modulty  to  wit,  their  being 
equal  to  the  fourth  proportionals  above-men- 
tioned, may  eafily  be  derived. 

Lord  Napier'j  manner  of  explaining  logarithms. 

247,  The  idea  of  logarithms  given  by  lord 
Napier  is  but  a  part  of  the  foregoing  s  for  he 
only  fuppofed  the  line  A  B  to  decreafe  propor- 
tionally by  the  motion  of  the  point  M  from  B 
towards  A.  The  reafoji  of  his  making  this  fup- 
pofition  I  take  to  have  been  this:  the  principal 
defign  of  his  invention  being  to  abridge  frigo- 
nometrical  calculations,  in  which  'tis  mod  ufual 
and  convenient  to  determine  angles  by  their 

fine* 
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fines  rather  than  by  their  tangents  and  fee  ants, 
be  adapted  it  to  the  finding  the  logarithms  of 
fines,  or  of  their  ratios  to  the  radius ;  and  there- 
fore, as  all  the  fines  in  a  circle  axe  lefs  than  the 
radius,  he  chofe  to  fuppofe  a  right  line,  from 
being  at  firft  equal  to  a  certain  given  magnitude; 
as  A  B,  by  which  he  reprefented  the  radius  of  a 
circle,  to  decreafe  continually  ad  infinitum,  and 
thereby  become  fucceffively  equal  to  all  the  fines 
of  the  circle,  whereby  the  logarithms,  or  por- 
tions of  the  line  O  t  generated  in  the  fame  times 
with  the  decrements,  of  the  line  A  B,  would  ex- 
hibit the  Ipgarithms  of  the  fines  that  were  equal 
to  the  remainders  of  that  line.    This,  I  ima- 
gine was  the  reafon  of  his  chufing  to  fuppofe  the 
line  A  M  to  decreafe  proportionally  rather  thju^ 
to  increafe  proportionally ;   and  hence  alfo,  as 
in  making  ufe  of  fines  preferably  to  tangents  and 
fecants,  (all  which  lines  it  is  ufual  to  refer  to* 
and  denominate  from,  the  radius)    he  found 
more  frequent  occafion  to  confider  ratios  of  mi- 
nority than  ratios  of  majority,  he  applied  the 
terms  affirmative  and  negative  in  a  different  man-  • 
ner  from  later  mathematicians,  and  called  (he 
former  kind  of  ratios  and  their  logarithms  af- 
firmative, as  being  the  plainer  and  more  fami- 
liar appellation,  and  the  latter  kind  of  ratios  and 
their  logarithms  negative. 

248.  Further,  as  the  given  line  A  B  (fig.  77,) 
was  to  reprefent  the  radius  of  a  circle,  which  in, 
tables  of  fines  and  tangents  is  moft  generally 
denoted  either  by  1 ,  or  by  fome  power  of  1  o, 
or  number  wherein  1  is  the  only  fignificant 
figure;  as  10,000,100,000^1900,000,  lord  A^^ 
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fier  thought  proper,  in  conformity  to  this  well- 
known  cuftom,  to  call  it  1000,000,  or  to  give 
the  name  of  unity  to  the  i,ooo,oooth  part  of 
A  B,  or  to  denominate  all  the  portions  of  the 
lines  A  d  and  O  /  from  their  relation  to  the 
1000,000th  part  of  AB:  and  laftly,  amongft 
the  infinite  variety  of  velocities  that  might  be 
afligncd  to  the  point  P,  he  chofe  the  initial  ve- 
locity of  the  point  M,  or  fuppofed  the  uniform 
velocity  of  P  to  be  equal  to  the  firft  velocity  of 
M  at  the  inftant  of  its  beginning  to  move  from 
the  point  B.  And  hence  arofe  his  firft  fyftem 
of  logarithms. 

249.  Tis  evident  that,  as  the  velocity  of  P  is 
here  fuppofed  to  be  equal  to  the  firft  velocity  of 
M,  and  confequently  the  line  AB,  which  is 
here  called  i,oco,ooo,  is  the  value  of  A  Mat 
the  inftant  the  velocities  of  P  and  M  are  equal, 
and  therefore  is  equal  to  the  modulus  of  the 
fyftem,  thefe  numerical  logarithms  are  fuch  as 
would  arife  by  calling  the  modulus  of  the  fyf- 
tem 1000,000,  and  therefore  are  not  exactly  the 
fame  with  thofe  which  were  called  by  the  fame 
name,  to  wit,  Napier's  logarithms,  in  Art.  236, 
and  which  refulted  from  fuppofing  the  modulus 
of  the  fyftem  to  be  called  1 ;  but  they  are  equal 
to  thofe  logarithms  multiplied  by  1000^000,  and 
and  therefore  confift  of  the  fame  fignificant 
figures,  only  raifed  higher  towards  the  left- 
hand.  But,  as  the  fame  purpofes  in  calculation 
are  anfwered  with  equal  convenience  by  both 
thefe  fyftems,  and  by  any  other  fyftems  the  loga- 
rithms ot  which  confift  of  the  fame  fignificant 
figures,  'tis  ufiial  to  confider  all  thefe  different 

fyftems 
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fyftems  as  the  fame,  or  to  call  all  fyftems  of  lo- 
garithms wherein  the  modulus  is  denoted  either 
by  1 ,  or  1  o,  or  1 00,  or  1000,  or  any  other  power 
of  10,  or  number  wherein  1  is  the  only  fignificant 
figure,  by  the  name  of  Napier  s  logarithms. 

250.  The  reafon  why  lord  Napier  chofe  to 
denote  AB  by  1006,000  rather  than  j,  was 
probably  that  all  the  logarithms  of  his  fyftem 
might  be  whole  numbers,  a  circumftance  that, 
as  whole  numbers  were  formerly  efteemed  much 
clearer  and  eafier  to  conceive  than  fra&ions,  was 
thought  to  be  of  confiderable  importance,  and 
that  induced  the  calculators  of  tables  of  fines 
and  tangents  of  thofe  times  to  denote  the  radius 
of  a  circle  by  10,00c,  or  100,000,  or  1000,000, 
or  fome  other  high  power  of  1  o  rather  than  by  1 , 
that  all  the  lines  and  other  lines  in  the  circle 
might  be  whole  numbers.  And  the  reafon  why  he 
denoted  A  B  by  1000,000  rather  than  by  10,000, 
or  10,000,000,  or  any  other  power  of  10,  was 
becaufe  he  propofed  to  calculate  his  logarithms 
to  fix  places  of  figures. 

251.  Thefe  logarithms  of  Napier  s  firft  fyf- 
tem, or  which  refuit  from  fuppofing  the  modi;- 
lus  of  the  fyftem  to  be  denoted  by  1,  or  fome 
number  wherein  1  is  the  only  fignificant  figure, 
arefometimes  called  hyperbolic  logarithms,  (tho' 
without  any  propriety,  as  has  been  fhewn  in  Art. 
zyj>  becaufe  any  oae  afymptotic  area  whatfbever 
may  as  well  be  denoted  by  1,  or  1000,000,  or 
any  other  number  wherein  1  is  the  only  fignificant 
figure,  as  the  parallelogram  of  the  hyperbola) 
and  fometinaes  alfo  natural  logarithms  j  the  rea- 
fon of  which  latter  name  I  take  to  have  been 
derived    from    the    confideration  of  its   being 

more 
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riiote  obvious  and  natural  to  affign  to  the  point  P 
the  initial  velocity  of  the  point  M  than  any  other 
Velocity  greater  or  lefs  than  that  initial  velocity 
of  M. 

252.  In  this  firft  fyftem  of  numeral  logarithm^ 
invented  by  lord  $4apier>  the  logarithm  of  the 
ratio  of  10  to  1,  or  the  portion  of  the  line  Of 
generated  while  A  B  decreafes  to  a  tenth  part  of 
its  firft  magnitude,  or  (if  you  thufe  to  fuppofe 
the  line  A  B  to  increafe  rather  than  decreafe)  the 
portion  of  the  line  O  T  generated  while  AB  in- 
creafes  to  ten  times  its  firft  magnitude,  will  be 
to  AB  as  2,302,585,092,994,0  to  i,  as  will  ap- 
pear by  calculation;  and  therefore,  if  AB  is 
called  1,  will  be  =  2,302,585,092,994,0;  if 
AB  is  called  iooo,oco,  to  2,302,585.092,994,0; 
and  if  A  B  is  called  10,000,000,000,000,  to 
23,025,850,929,940. 

253.  But  this  fyftem  of  logarithms  lord  Na+ 
pier  afterwards  changed  for  another,  which  he 
found  to  be  vaftly  more  convenient  for  the  arith* 
metical  ufes  to  which  he  applied  them,  and 
which,  as  he  communicated  it  to  Mr.  Briggs 
thS  Savitian  profeflbr  of  geometry  in  the  uni- 
verfity  of  Oxford,  and  Mr.  Briggs  joined  with 
him  in  calculating  a  table  of  them,  and  after  his 
death  continued  to  profecute  the  fame  defign, 
are  ufually  known  by  the  name  of  Briggs's  loga- 
rithms* In  this  fecond  fyftem  the  logarithm  of 
the  ratio  of  10  to  1,  is  denoted  by  1,  or  iooo, 
000,  or  fome  number  wherein  1  is  the  only 
fignificant  figure,  (for  the  fyftems  arifing  from 
all  thefe  different  fuppofitions  are  considered  as 
the  fame  fyftem,  and  are  all  called  by  the  fame 

name) 
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name)  or  if  A  B  be  ftill  called  1,  or  1000,000, 
or  fome  other  number  wherein  1  is  the  only  fig- 
nificant  figure,  the  velocity  of  the  point  P  is  not 
fuppofed  to  be  equal  to  the  initial  velocity  of  the 
point  M,  but  to  be  lefs  than  that  velocity  in 
fuch  a  proportion  that  the  portion  of  the  line  Of 
generated  while  A  B  decreafes  to  a  tenth  part  of 
its  firft  magnitude}  or  the  portion  of  the  line  OT 
generated  while  AB  increafes  to  ten  times  its  firft 
magnitude,  {hall,  inftead  of  being  greater  than 
A  B  in  the  proportion  of  2.302,585,092,994,0 
to  1,  be  only  equal  to  A  B.  And  fince  it  has 
been  (hewn  above  that  the  moduli  of  different 
fyftems  of  logarithms  are  to  each  other  in  the 
fame  proportion  as  the  logarithms  of  equal  ratios 
in  thofe  fyftems,  and  the  logarithm  of  the  ratio 
of  10  to  1  is  lefs  in  this  latter  than  in  the  former 
fyftem  in  the  proportion  of  1  to  2.302,585,092, 
994,0,  it  follows  that  the  modulus  of  this  latter 
fyftem  will  be  lefs  than  the  modulus  of  the  for* 
mcrfyftem  in  the  proportion  of  1  to  2.302,585, 
092,994,0,  prof .434,294,481,903,2  to  i,  and 
therefore  (as  A  B  was  the  modulus  of  the  former 
fyftem)  will  be  =:  .434,294,481,903,2  x  A  B. 
Therefore  if  AB  is  called  i,  the  modulus  of 
Briggss  fyftem  of  logarithms  will  be  equal  to 
.434,294,481,903,2;  if  A  Bis  called  1000,000, 
to  434,294.481,903,2 ;  andif  AB  is  called  io, 
000,000,000,000,  to  4>H2>944>8 19,032. 

254.  'Tis  evident,  there  is  by  no  means  an 
abfolute  necefiity  in  explaining  the  nature  of 
Briggs's  logarithms  by  the  help  of  the  lines  A  M, 
OP#  and  in  /hewing  the  difference  between 
thofe  logarithms  and  thofe  of  Napier  s  firft  iyf- 
fein,  to  fuppofe  the  velocity  of  P  to  be  different 
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in  the  one  cafe  from  what  it  is  in  the  other,  or 
the  real  lengths  of  the  logarithms,  or  portions  of 
O  P,  correfponding  to  equal  ratios  in  die  two 
fyftems  to  be  different  from  each  other ;  but; 
if  we  pleafe,  we  may  in  both  cafes  fuppofe  die 
velocity  of  P  to  be  equal  to  any  given  velocity 
whatfoever,  as,  for  inftance,  to  the  initial  ve- 
locity of  M.  For  upon  this  fuppofition  we  need 
only  give  the  name  of  unity,  or  of  iooo,ooo,  or 
of  fome  number  other  wherein  i  is  the  only  figni- 
ficant  figure,  to  the  logarithm  of  the  ratio  of  10 
to  j  ,  (or  to  the  portion  of  the  line  O  P  generated 
while  A  B  increafes  to  ten  times,  or  decreafes  to 
the  tenth  part  of  its  firft  magnitude)  and  deno- 
minate all  the  portions  both  of  the  line  A  M  and 
the  line  O  P  by  proportional  numbers ;  and  the 
numeral  cxpreffions  of  the  portions  of  the  line 
O  P  will  be  Briggs's  logarithms  of  the  corre- 
fponding ratios.  But  then  'tis  evident  that  A  B  wifl 
not  now  be  called  i,  or  1000,000,  or  any  num- 
ber wherein  1  is  the  only  fignificant  figure,  but 
being  lefs  than  the  logarithm  of  the  rath  of  10 
to  1,  (which  in  this  cafe  is  called  1,  or  1000, 
000,  &c.)  in  the  proportion  of  1  to  2.302,585, 
092,994,0,  or  of  .434,294,481,903,  2  to  1, 
will  be  =:  ,434,294,481,903,2,  or  434,294.481, 
903,2,  &c.  And  upon  this  account,  as  the 
authors  who  have  explained  logarithms  in  this 
manner  have  generally  thought  it  to  be  conve- 
nient, though  not  neceffary,  to  give  the  fame 
name  to  A  B  in  both  cafes,  the  other  method 
of  diftinguifhing  thefe  different  fyftems  one  from 
another,  by  fuppoling  the  velocity  of  the  point 
P  to  be  diminifhed,  has  been  moft  commonly 
made  ufe  of. 
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As  to  the  advantage  of  Briggs's  fyftem,  or 
Napier  §  fecond  fyftem,  of  logarithms  above  Na- 
wier's  firft  fyftem  for  the  purpofes  of  calculation, 
they  have  been  already  very  fully  explained  in 
fome  of  the  former  articles.  We  {hall  there- 
fore fay  nothing  more  of  them  in  this  place. 

255.  We  have  hitherto  fuppofed  the  line  O  P 
to  be  generated  by  the  point  P  moving  with  an 
uniform  velocity,  and  the  line  A  M  to  increafe 
or  decreafe  proportionally :  but  this  conception 
of  the  generation  of  logarithms  is  more  confined 
than  it  need  be  j  for  if  we  conceive  the  velocity 
of  the  point  P  to  vary  in  any  manner  whatfoever3 
fo  as  to  defcribe  equal  lines  in  any  unequal  times, 
and  at  the  fame  time  conceive  the  velocity  of  the 
point  M  to  vary  in  fuch  a  manner  that  in  the 
lame  unequal  times  in  which  the  point  P  de- 
fcribes  equal  lines  the  point  M  /hall  defcribe 
proportional  lines,  then  'tis  evident  that  if  the 
pqints  M  and  P  fet  out  from  B  and  O  with  the 
fame  velocities  as  they  were  fuppofed  to  have  in 
any  particular  fyftem  of  logarithms  when  the  ve- 
locity of  P  was  uniform,  we  (hall  have  the  fame 
portions  of  the  line  O  P  belonging  to,  or  gene- 
rated in  the  fame  times  with,  any  given  por- 
tions of  the  line  AM  as  we  had  in  the  former 
cafe,  fo  that  the  portions  of  the  former  line  will 
be.  juft  as  before,  the  meafures  or  logarithms, 
of  the  ratios  of  the  correfpondent  portions  of 
the  latter  $  that  is,  if  B  C  is  to  A  B  as  CM  to 
AC,  and  confequently  A B  to  A  C  as  AC  to 
A  M,  and  while  the  point  P  generates  the  equal 
lines  OK,  KP,  &c.  the  point  M  generates  the 
lines  B C,  CM,  &c.  the  line  O  T  correfpond- 
ing  to  the  line  A  D,  or  generated  in  the  fame 
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time  as  the  line  B  D,  will  be  of  exadHy  the  fame 
magnitude  on  the  prefent  fuppofitioa,  as  when 
the  velocity  of  P  was  fuppoted  to  be  uniform  > 
for  if  the  line  A  D  be  divided  into  the  Came 
parts  AB,  BC,  CM,  ©V .  as  before,  the  line  OT 
will  confift  of  the  fame  parts  OK,  KP,  &c.  as  it 
did  before,  though  the  times  in  which  they  are 
generated  will  be  unequal. 

256.  According  to  this  idea  of  the  generation 
of  logarithms,  the  magnitude  of  the  logarithm 
of  a  given  ratio  depends,  as  before,  on  the  pro* 
portion  of  the  initial  velocities  of  the  points  P 
and  M  at  their  beginning  to  move  from  O  and 
B  5  or  fuppofing  the  velocity  of  M  in  B  is  the 
fame  in  all  cafes,  and  that  only  the  point  P  va- 
ries its  initial  velocity,  the  logarithm  of  a  given 
ratio  when  P  fets  out  with  one  velocity  will  be 
to  the  logarithm  of  the  fame  ratio  when  P  fets 
out  with  any  other  velocity,  as  the  former  velo- 
city is  to  the  latter.    For  'tis  evident,  that  the 
firft  little  portions  of  the  two  lines  O  P  generated 
by  the  two  different  velocities  of  the  point  P  in 
equal  infinitely  fmall  times,  will  be  proportio- 
nal to  thofe  velocities,  becaufe    thole    veloci- 
ties may  be  confidered  as  continuing  uniform 
during  the  times  of  their  defcription;  that  is, 
the  logarithms  of  a  given  infinitely  fmall  ratio 
on  the  two  lines  O  P  defcribed  by  the  two  dif- 
ferent initial  velocities  of  P  are  proportional  to 
thofe  initial  velocities.     And,  by  the  nature  of 
logaridims,  or  meafures  of  ratios,  the  logarithms 
pf  all  equal  ratios  in  different  fyftems  of  loga- 
rithms muft  be  in  the  fame  proportion  to  each 
Other ;   therefore  the  logarithms  of  any  given 
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finite  ratio  in  the  two  fyftems  of  logarithms  ge- 
rated  by  the  point  P  moving  with  two  different 
velocities  will  be  to  each  other  in  the  fame  pro  - 
portion  as  the  initial  velocities  of  the  point  P  at 
it6  fetting  out  from  O. 

257.  If  the  lines  OP,  A  M  are  generated  in 
the  manner  defcribed  in  the  two  laft  articles,  the 
velocities  of  the  points  P  and  M  when  they  have 
defcribed  any  two  given  correfpondent  lines  as 
OK  and  iC,  or  have  arrived  at  any  two  gitfea 
correfpondent  points  K  and  C,  will  be  in  the 
fame  proportion  to  each  other  as  they  were  be- 
fore when  the  velocity  of  P  was  fuppofed  ,to  be 
an  uniform  velocity  equal  to  the  velocity  with 
which  on  the  prefent  fuppofition  it  begins  to 
move. 

For  fince  CM  is  defcribed  in  the  fame  time 
as  K  P  on  this  as  well  as  the  former  fuppofition 
(though  this  time  is  not  now  equal  to  that  in 
which  8  C  and  O  K  are  defcribed)  the  uniform 
velocities  with  which  thofe  lines  would  be  de- 
fcribed in  the  fame  time  as  they  now  actually 
are  defcribed,  will  be  to  each  other  in  the  fame 
proportion  on  the  one  fuppofition  as  on  the 
other,  to  wit,  in  the  proportion  of  the  lines 
themfelves;  and  this,  how  fmall  foever  thefe 
lines  be  taken.  But,  if  we  take  them  infinitely 
fmall,  the  uniform  velocities,  with  which  they 
would  be  defcribed  in  the  fame  times  as  they 
now  actually  are  defcribed  will  be  equal  to  the 
velocities  with  which  they  begin  to  be  defcribed, 
or  to  the  velocities  of  the  points  M  and  P  at  C 
and  K  :  therefore  the  velocities  of  the  points  M 
and  P  at  C  and  K  will  be  to  each  other  in  the 

fame 
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fame  proportion  on  the  one  fuppofition  as  on  die 
other. 

Hence  it  follows  that  A  E,  or  the  length  of 
the  line  AM  at  the  inftant  the  velocities  of  P 
and  M  are  equal  to  each  other,  is  exactly  the 
lime  when  the  velocity  of  P  is  variable  as  when 
it  is  fuppofed  to  be  uniform,  provided  its  fir  ft 
velocity  in  the  Point  O  be  the  fame  in  both 
cafes.  Confequently  it  holds  in  general,  whether 
the  velocity  of  P  be  uniform  or  variable,  that 
A  E,  or  the  magnitude  of  A  M  at  the  inftant  the 
velocities  of  P  and  M  become  equal,  is  equal  to 
the  modulus  of  the  fyftem. 

258.  *Tis  evident  this  manner  of  reprefentiog 
logarithms  differs  in  no  other  refped  from  that 
of  confidering  them  as  abfeifies  of  the  axis  of  a 
logarithmic  curve  than  that  the  continual  pro- 
portionals correfponding  to  equal  lines  or  loga- 
rithms, are  here  fuppofed  to  be  taken  on  one  and 
the  fame  right  line,  whereas  in  the  logarithmic 
curve  they  are  reprefented  by  different  lines 
placed  parallel  to  one  another.  For  if,  at  the 
points  O,  K,  P,  T,  /,  &c .  (fig.  77.)  we  ered 
the  correfpondent  lines  AB,  AC,  AM,  AD,  Ad, 
&c.  at  right  angles  to  O  P,  'tis  evident  the  extre- 
mities of  thefe  lines  will  be  fituated  in  a  logarith- 
mic curve  of  which  O  P  is  the  axis.  And  hence, 
that  is,  on  account  of  this  great  fimilitude,  and 
almoft  identicalnefs  of  ttfefe  two  ways  of  repre- 
fenting  logarithms,  Dr.  Keill  obferving,  pro- 
bably,  that  the  contemplation  of  the  logarith- 
mic curve  was  Ampler  and  iefs  abftraded  than 
that  of  the  two  feparate  lines  AM,  OP,  has 
in  explaining  Napier's  manner  of  conceiving  lo- 
garithms 
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garithms  made  ufe  of  a  logarithmic  curve  for 
that  purpofe,  although  the  logarithmic  curve 
was  not  Known  till  many  years  after  lord  Na- 
pier's death. 

Of  the  manner  in  which  hrd  Napier  computed 
the  logarithms  of  bis  firft  fyftem>  commonly  calFd 
Napier'*  logarithms. 

259.  As  to  the  manner  in  which  lord  Napier 
computed  the  logarithms  of  his  firft  fyftem,  it 
is  not  mentioned  in  the  book  he  publifhed  upon 
this  fubjedt,  entitled  canon  mirificus  logarithm 
morum ;  but  I  take  it  to  have  been  as  follows. , 
Since  the  uniform  velocity  of  the  point  P  was  bf 
him  fuppofed  to  be  equal  to  the  firft  velocity  of 
the  point  M,  it  follows  that  the  firft  decrement 
of  the  line  A  M  generated  in  any  very  fliort  time 
by  the  point  M  at  its  firft  fetting  out  from  B, 
muft  be  very  nearly  equal  to  the  increment  of 
the  line  O  P  generated  by  the  point  P  in  the 
fame  time.  If  therefore  the  logarithm  of  any 
particular  ratio>  as,  for  inftance,  the  ratio  of 
10  to  1  is  to  be  found,  we  muft  proceed  thus : 

Between  A  B  and  -  AB,    or  1000,000,   and 

jo 

100,000,    infert  a  mean  proportional,    which 

may  be  done  by  multiplying  A  B  into  -   AB, 

10 

or  iooo^opo  into  100,000,  and  extracting  the 
fquare  root  of  the  product  -,  and  between  this 
mean  proportional  and  A  B,  or  1 000,000,  ano- 
ther mean  proportional ;  and  fo  on  continually, 
till  you  come  to  a  number  that  is  exceeded  by 

AB, 
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AB,  or  1000,000,  by  a  quantity  lcfs  than  the 
millionth  part  of  it,  or  than  i :  this  quantity, 
which  call  p  will  be  equal  to  the  logarithm 
of  the  laft-found  mean  proportional,  or  of  the 
ratio  of  1000,000  — q  to  1000,000,  Confe- 
quently  if  q  be  multiplied  by  a,  or  doubled,  as 
often  as  there  were  mean  proportionals  found  in 
the  procefs  made  ufe  of  to  obtain  it,  (or  as  often 

as  the  ratio  of  A  B  to  —  A  B,  or  of  1000,000 

•         *  10        * 

to  100,000,  was  bife&ed)  the  product,  which 
we  fhall  find  to  be  2,302,585,  will  be  the  loga- 
rithm of  the  ratio  of  1000,000  to  100,000,  or 
of  10  to  1.  And  in  the  fame  manner,  'tis  evi- 
dent, we  may  find  the  logarithm  of  any  other 
ratio. 

Tis  evident  thefe  logarithms  are  not  accurately 
the  fame  that  follow  from  the  definition  given 
above  of  Napier's  logarithms,  or  are  not  the  ex- 
alt numeral  values  of  the  line  O  P  that  would 
arife  by  fuppofing  AB  to  be  called  1000,000, 
and  the  velocity  of  P  to  be  equal  to  the  firft  ve- 
locity of  M ;  oecaufe  the  firft  increment  of  O  P 
is  not,  as  we  have  here  fuppofed  it,  exactly  equal 
to  the  contemporary  decrement  of  AM,  but 
fomewhat  greater  than  that  decrement.  But  they 
are  fo  nearly  equal  to  thofe  logarithms  that  they 
will  coincide  with  them  for  the  firft  fix  or  feven 
figures;  and  therefore,  where  greater  exa&» 
nefs  is  not  required,  may  be  juftly  confidered 
as  equal  to  them.  And  the  exaftnefs  of  this 
method  of  computation  may  be  carried  to  as 
great  a  degree  as  we  pleafe,  by  increafing  the 
number  of  mean  proportionals,  and  confequently 

diminish- 
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diminishing  the  excels  of  AB,  or  1000,000, 
above  the  laft-found  mean  proportional,  ad  in- 
finitumy  (as  for  inftance,  by  diminishing  that 
excefs  fo  far,  that  inftead  of  being  lefs   than 

X  A   B*     it    ihall    be    lefs   than 

1000,000 

X  AB)  and  making  the  con* 

1000^000,000,000  ' 

temporary  increment  of  O  P  equal  to  it* 

Of  the  manner  in  which  Mr.  Briggs  computed  the 

logarithm  of  bisjyftem. 

260.  The  method  by  which  Mr.  Briggs  com- 
puted the  logarithms  of  his  fyftem  is  not  very 
different  from  the  foregoing.  It  is  this.  He 
called  A  B  1,  and  made  the  logarithm  of  10,  or 
the  portion  of  the  lineOT  generated  while  AM 
increafes  to  ten  times  its  firft  magnitude,  equal 
to  A  B,  or  1 ,  and  then  extracted  the  fquaf  e-» 
root  of  io,  and  bife&ed  its  logarithm,  and 
again  extracted  the  fquare-root  of  that  fquare- 
root  and  bifedted  its  logarithm,  and  again  ex-» 
traded  the  fquare-root  of  that  laft  fquare-root 
and  bifeded  its  logarithm,  and  fo  on  continually 
for  fifty- four  times  fucceffively,  till  he  carnc  at 
laft  to  the  number  1000,000,000,000,000,127, 
819,149,320,032,344,2,  the  logarithm  of  which 
he  found,  by  the  continual  biiedt/ons  of  the  lo- 
garithm   of  10,    to  be    .000,000,000,000,000, 

°S?»5I  ,»l5I>23r>257>^27>02*  This  logarithm 
and  number -being  found,  the  logarithms  of 
all  other  numbers  may  be  determined  as  fol- 
lows. Extract  the  fquare-root  ot  the  num- 
ber whofe  logarithm  is  to  be*  found,  and  the 

A  a  a  •    fquarc* 
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fquare-root  of  that  fquare-root,  and  the  fquare- 
root  of  that  laft-found  root ;  and  fo  on  continu- 
ally, till  you  come  to  a  number  that  is  fo  nearly 
equal  to  i,  that  its  excefs  above'  i  begins  either 
in  the  16th,  or  fome  tower  place  of  figures  be- 
low the  place  of  units  >  and  call  this  excefs  q. 
Then  'tis  evident  we  {half  havfe  three  numbers, 
to  wit,  i,  i+  £,an£  i .000,000^00,000,000, 1 27 
819,149,320,032,344,2,  which  ape  all  exceed- 
ing near  to  a  ratios  of  equality  with  each  other  y 
confequently  the  ratios  of  thcfe  numbers  to  eacit 
ether,  and  the  logarithms  of  th^io  ratios,  wilt 
fee  proportional  to  the  differences  of  thefe  num- 
bers one  from  the  other,  that  is,,  a*  .000,000,, 
600,006,000, 127,819, 1 49,3  2o^>3^344,2r     (the 
excefs  of  the  laft  of  thefe  three  numbers  above 
the  firft,  or  I,)  is  to  q  (the  excefs  of  the  fecond 
of  thofe  numbers  above  the  firft)  fo  is  ,000,000, 
000,000,000,055,511,151,231,257,827,02,     th* 
logarithm  of  the  ratio  of  the  laft  of  thefe  nuo- 
bers  to  the  firft  to  the  logarithm  of  the  ratio  oi 
1  -4-  q  to  1,  or  of  the  lecond  number  to  the 
firft.     Confequently  the  logarithm  of  the  ratio 
of  1  +  £  to  1   will  be  obtained  by  this  propor- 
tion.    And  when  we  have  got  the  logarithm  of 
1  -r  y,  we  may  find  the  logarithm  of  the  num- 
ber whereof  1  -4-  q  is  the  root,  by  multiplying 
the  logarithm  of  the  ratio  of  1  +  q  to*  1  by  z 
as  often  as  we  before  performed  extractions  of 
tfye  fquare  root  to  obtain  1  4-  q ;  for  this  product 
will  be  the  logarithm  fought. 

261.  Thefe  are  the  methods  by  .which  Lord 
Napier  and  Mr.  Briggs  computed  their  fyftems 
of  logarithms.  But  the  practice  of  them  is  fo 
exceflively  laboripi^s,  that  mathematicians  foon 
fct  abouj  finding  eafier.  methods  of  computing 
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then ;  and  they  herein  £0  well  fucceded,  that  by 
4bme  of  the  infinite  fcriefes  invented  by  modern 
writers  for  that  purpofe  the  labour  of  computing 
the  logarithm  of  any  given  number  is  rendered 
almoft  inconfiderable.  Put  of  tbeJfe  wepropofe 
to  fay  more  in  another  place* 

Another  manner  of  conceiving  logarithms  different 

from  any  of  the  foregoing. 

262.  Some  authors  confider  logarithms  in  the 
following  manner.    They  conceive  a  geome- 
trical progreffion  of  numbers  to  be  formed  whofe 
firft  term  is  unity*  and  the  common  ratio  of  the 
terms  exceeding  fmall,  or  exceeding  near  a  ratio 
jq{  equality  *  and  .(as,  by  reafon  of  the  flow  in- 
<creafe  of  the  terms,  or  the  fmall  difference  be- 
tween evfcry  two  contiguous  terms,  all  numbers 
whatfoeyer  mud:  occur  »?  this  feries,    or  be 
equal  to  fome  of  the  terms  of  it,  either  accu- 
rately or  very  nearly)  they  confider  all  numbers 
as  being  equal  to  fome  or  other  of  the  terms  of 
this  feries,  and  confecjueutly  as  being  integral 
powers  of  the  fecoud  term  of  the  feries,  or  of  the 
firft  term  after  unity ;  and  the  indexes  of  thefe 
powers,  which,  'tis  evident,  are  proportional  to 
their  ratios  to  unity,  they  make  the  logarithms 
of  thofc  ratios.    Thus,  if  the  firft  term  after 
unity  is  1.000^000,1,  it  will  appear  by  calcula- 
tion, that  the  23,025,850th  term  of  the  feries 
will  be  (very  nearly)  equal  to   10,  and  confe-r 

xjuently  that  10 is  =  1.000,000, if3'0*5,850.        If 
therefore  1,  or  the  index  of  the  firft  term  after 
unity,  or  1.000,000,1,    or    1*000,000,1)%    be 

#nade  the  logarithm  of  1.000*000,1^,  (or  of  its 
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ratio  to  i)  23,025,850,  or  the  index  of 
i,ooc,ooo,Tft3>0>s>85°,  will  be  the  logarithm  of 
1 ,000,000,  j} 23,Q*5  *5°,  or  of  10.  And  in  like 
manner,  the  index  of  that  power  of  the  firft 
term  after  unity,  to  which  every  other  number 
is  equal,  will  be  the  logarithm  of  that  number. 
And  thus  we  have  a  fyftem  of  Napier  s  loga- 
rithms. If  we  fuppoic  the  common  ratio  of 
the  terms  to  be  fuch  that  theie  are  j  0,000,000 
terms  from  1  to.  10,  or  that  10  is  the  10,000, 
oooth  term  of  the  feries  after  unity,  and  the  firft 
term  of  the  feries  be  called  y,  'tis  evident  10 
will  be  equal  to  >XOjOCO'co° ;  and  in  this  feries  it 
will  appear  by  calculation  that  3  is  the  4,771* 
213  th  term  after  unity,  and  is  therefore  = 
y4f77*wf  ^ud  2  is  the  3,010,300th  term  after 
unity,  and  therefore  is  r^  yi>°10**° ;  and  every 
other  number  will  be  equal  to  fome  term  or 
other  in  the  feries,  and  therefore  will  be  equal 
to  fome  integral  power,  or  other,  of/,  or  of  the 
firft  term  after  unity  :  and  the  indexes  of  thefe 
powers  are  proportional  to  their  ratios  to  unity : 
if  therefore  we  make  1,  or  the  index  ofy,  or/*, 
the  logarithm  of  y,  or  the  logarithm  of  its  ratio 
to  unity,  'tis  evident  10,000,000,  or  the  index 
of  y"><x>°><xx> ,  will  be  the  logarithm  of  j1*0**^  ^ 
prof  10 j  4,771,213,  or  the  index  of  ^4»77i.«s, 
.will  be  the  logarithm  of  ywx  a,3>  or  3  j 
and  3,010,300,  or  the  index  of  yv*>™>y*>y 
will  be  the  logarithm  of  y%*w%  or  2.  And  in 
like  manner  the  index  of  that  power  of  y,  or  of 
the  firft  term  after  unity,  to  which  every  other 
number  is  equal,  will  be  the  logarithm  of  that 
number.  And  thus  we  flijdl  have  a  fyftem  of 
firigp's  logarithm?, 

Anth 
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Another  conception  of  logarithms  different  from 
the  laft9  and  all  tbejoregoing  ones. 

263.  Others  again  confider  Briggs's  loga- 
rithms in  a  fome  what  different  manner,  not  as 
being  the  indexes  of  the  integral  powers  ofy,  to 
which  the  numbers  whereof  they  are  the  loga- 
rithms are.  equal,  but  as  being  the  indexes  of 
the  powers  whether  integral  or  fractional,  of  the 
number  10  to  which  the  numbers  whereof  they 
are  the  logarithms  are  equal :  for  tp  fome  power 
of  10,  either  integral  or  fractional,  'tis  evident 
every  number  muft  be  equal.  They  conceive 
as  before,  a  geometrical  progreflion  to  be  form- 
ed, of  which  unity  is  the  firft  term,  and  the 
common  ratio  of  whofe  terms  is  fuch  that  the 
10,000,000th  term  of  the  feries  after  unity  i& 
equal  to  the  number  10,  and  consequently  that 
the  4,771,213th  term  after  unity  is  =  3,  and 
the  3,010,300th  term  after  unity  is  =  a :  but 
they  do  not  confider  10  as  being  the  1 0,000; 
oooth  power  of  the  firft  term  after  unity,  or  as 
being  —  y10*000  °°°,  and  3  as  being  ~  jvm>**i 
and  *  as  being  =  j*°x«w»  or  refer  all  the  terms 
of  the  feries,  to  the  firft  term  /,  but  refer 
them  all  to  the  number  10,  or  the  0,000,000th 
term  of  the  feries,  and  confider  y  as   being   — 

^,0iOMOi,  or  10  ,     and    3  as    being 

(r=  y4  77>  *  ' 3  —  J  0.ooo,ooo,ll4,77MI J  _  j Q.ooo,ooo,  1  x*77 *  *J3% 

■•^r  10-477.^^3^    and  2  as  being  (  =  y  3*°«^3«o  = 

jO'Ooo.ooo,!)  _  1 0.000,000,1x3,010,300)  _  ,Q  .301.030,0 

and  in  like  manner,  every  other  number  as  be- 
*ng  equal  to  fome  power,  either  integral  or  frac- 
tional, of  the  number  io.    And  the  indexes  of 

thefs 
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thefe  powers  of  10,  which  it  is  evident  are  every 
Inhere  proportional  to  their  ratios  to  tmity,  they 
make  the  logarithms  of  fkofe  ratios ->  that  is, 
they  take  i,  or  the  index  of  10,  or  iof,  for  the 
logarithm  of  io,  or  the  Ratios  of  10  to  r,  and 
*6nft<Juctitly  ♦477,121,3,  or  the  index  of 
£6.497,1**,  For  the  logarithm  of  io-w'"*  <#  ^ 
afift  .301J030,  or  die  index  of  io*01*0*00,  for  the 
idg*ri*htfi-of  10  3™  ^  an^  in  like  manner  tho 
iridex  of  feat  power  of  10  to  which  every,  other 
dumber  is  «qual  for  the  logarithm  of  that  num* 
htt.  Arid  thus  we  hav£  again  a  fyftem  of 
&r*ggs*s  logarithms :  for,  the  difference  between 
thefe  logarithms,  and  thofe  found  in  the  laft  ar- 
ticle being  only  in  the  places  of  the  figures  that 
compofe  them,  and  not  in  the  figures  them- 
felves,  they  are,  as  has  been  already  obferved* 
always  confidered  as  one  and  the  fame  fyftcra, 
and  are  called  by  the  fame  name  of  Briggs's  lo» 
garithms. 

Recapitulation  of  the  moft  material  properties  if 
logarithms  that  have  been  mentioned  in  this  dtf- 
Jertation. 

264.  But  of  all  thofe  different  methods  of 
Conceiving  logarithms  that  which  was  given 
above  at  the  beginning  of  this  Dijfertation  £cem% 
to  be  the  fimpleft  and  the  cleareft,  to  wit,  that 
they  are  any  quantities  that  are  proportional  to, 
or  taeafures  of,  ratios  j  orf  when  they  are  to  be 
confidered  as  numbers,  that  they  are  the  names* 
or  numeral  exprejjiom  of  fuch  quantities :  this  is 
the  moft  general,  clear,  and  ufeful  idea  that  can, 
as  I  apprehend,  be  formed  of  logarithms,  and 
the  only  one  that  need  be  remembered.  As  to 
what  further  is  moft  material  to  be  .remembered 

con- 
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foncerning  them,  k  teay,  I  think,  be  reduce^ 
to  thia,  to  wit,  that  there  are  two  geometrical 
figures  more  particularly  fitted  to  exhibit  thefo 
quantities  than  any  other  figures  whatfoever>  to 
wit,  the  hyperbola  and  logarithmic  curve ;  and  I 

therefore  that,  when  areas  are  confidered  as  lo~ 

Srithroe,  or  meafures  of  ratios,  we  ought  to* 
ve  roeourfe  to  the  former  of  thofe  figures,  and  ^ 

particularly  to  that  fimpleft  fpecies  of  it,  th* 
rectangular,  or  equilateral,  hyperbola ;  and, 
when  we  make  ufe  of  lines  for  that  purpofe,  wo 
ought  in  general  to  refer  them  to  the  latter  figure,  j 

or  the  logarithmic  curve  $  that  the  parallelogram  \ 

of  an    hyperbola  is  every  where  of  the  fame.  { 

magnitude  in  the  fame  hyperbola,  and  the  fub~  \ 

tangent  of  a  logarithmic  curve   is  every  where 
of  the  fame  magnitude  in  the  fame  logarithmic 
curve ;  that  the  parallelogram  of  an  hyperbola 
meafures  the  fame  ratio  in  that  hyperbola  as  the 
fubtangent  of  a  logarithmic  curve  meafures  in 
that  curve,  or  that  the  ratio  of  the  ordinates  in 
an  hyperbola  that  bound  any  afymptotic  area  that 
is  equal  to  the  parallelogram  of  the  hyperbola  is 
equal  to  the  ratio  of  any  two  ordinates  to  the 
axis  of  a  logarithmic  curve  that  intercept  a  por- 
tion of  the  axis  equal  to  the  fubtangent ;  that  the 
parallelogram  of  an  hyperbola  and  the  fubtan- 
gent of  a  logarithmic  curve  are,  each  of  them 
in  its  particular  fyftemof  meafures  or  logarithms, 
equal  to  the  fourth  proportional  which  Mr.  Cotes 
hks  called  the  modulus  of  the  fyftem ;  and  that 
the  fyftem  of  numeral  logarithms,  (or  names,  or 
numeral  expreffions  of  the  meafures  of  ratios) 
known  by  the  name  of  Napier's  logarithms,  and 
Sometimes  alfo  by  thofe  of  natural  and  hyperbo- 
lic; logarithm*,  is  that  which  rcfults  from  fup- 

pofin 


S 


36o    ••     ELEMENTS    0/     - 

pofing  the  parallelogram  of  an  hyperbola,  or  the* 
fub  tan  gent  of  a  logarithmic  curve,  or,  in  gene- 
ral, the  modulus  of  any  fyftem  of  logarithms,  tot 
be  called  1,  or  fome  number  wherein  z  is  thet 
only  fignificant  figure,  and  the  fyftem  of  nu- 
meral logarithms  ufually  known  by  the  name  of 
Briggss  logarithms  is  that  which  refults  from 
fuppofing  the  afymptotic  area  of  an  hyperbola 
intercepted  between  two  ordinates  that  are  to 
each  other  in  the  proportion  of  10  to  1,  or  the 
abfeifs  of  the  axis  of  a  logarithmic  curve  that  i» 
intercepted  between  two  ordinates  that  are  to 
each  other  in  the  proportion  of  10  to  1,  or,  in. 
general,  the  meafure  of  the  ratio  of  10  to  1  in 
any  fyftem  of  logarithms  to  be  called  1,  or  fome 
number  wherein  1  is  the  only  fignificant  figure. 

265.  Note,  Though  natural  and  hyperbolic 
logarithms  are  often  underftood  to  mean  the 
fame  fyftem  of  numeral  logarithms,  to  wit,  Na- 
pier $>  yet  fome  authors,  I  find,  diftinguifh  them 
one  from  another,  giving  only  the  name  of  hy- 
perbolic to  Napier* s  logarithm,  and  calling  thofe 
logarithms  natural  which  arife  by  dividing  all 
Napier's,  or  the  hyperbolic,  logarithms  by  2 ; 
thus,  according  to  thefe  writers,  2,302,585,  Gfr. 
is  the  hyperbolic,  or  Napier's  logarithm  of  10,  and 

— ^ — 1=L5> — •  or  1.151,292,  &c.  is  the  natural 

logarithm  of  10.     But  this  diftin&ion,  I  believe, 
is  not  a  common  one, 

266.  I  have  now  gone  through  all  I  propofed 
to  fay  concerning  logarithms,  great  part  of  which 
has  been  added,  not  fo  much  to  explain  the 
nature  of  thefe  quantities  (which,  I  hope,  hat 
been  done  with  tolerable  perfpicuity  in  the  for- 
mer 
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mer  part  of  this  difcourfe)  as  to  fatisfy  the  cu- 
riofity  of  thofe  who  might  be  defirous  of  know- 
ing in  what  manner  the  firft  inventors,  and  fe- 
veral  Qther  writers  who  have  con  fide  red  this  fub- 
jedt,  had  conceived  of  them,  and  of  feeing  the 
connection  of   thofe    fe veral  different  concep- 
tions of  them  one   with  another.     With  this 
view  all  the  articles  from  Art.  243,  to  the  pre- 
lent  article  have  been  compofed,  and  they  will, 
it  is  hapjd,  contribute  to  facilitate  to  young  be- 
ginners the  perufal  of  fome  of  the  moil  curious 
treatifes  upon  this  fubjed,  particularly  Lord  Na- 
pier's canon  mtrijkus  hgaritbmorum,  Mr.  Mac* 
lauriris  account  of  logarithms  in  the  6th  chap- 
ter of  the  firft  book  of  his  fluxions,  and  Dr. 
Kei/I's,    Dr.  Walliss,  and  Dr.  Halleys  treatifes 
of  logarithms.     Thofe  therefore  who  are  not 
defirous  of  knowing  all  thefe  particulars  con- 
cerning logarithms,  which,  it  muft  be  confeffed, 
are  not  necefliry  to  the  understanding  them, 
would  do  well  to  give  thefe  lalt  mentioned  ar- 
ticles, to  wit,   from  Art.  243*   to  the  prefent 
article,  t)ut  a  flight  and  tranfitory  reading. 

End  of  the  differ  tat  ion  on  the  nature  and  ufe  of 

logarithms. 

267.  We  now  proceed  to  demonftrate  the  Co* 
rollary  itfelf,  whicn  gave  rife  to  this  very  long  dif- 
fertation,  or  to  fhew  that  the  variable  line  that  is 
generate^  hy  the  motion  of  a  point  that  begins 
to  ippve  Tat  the  feme  inflant  of  time  that  the  arc 
R  A  (fig.  66.)  and  tangent  RP  begin  to  be  ge- 
nerated, and  continues  to  move  during  the 
whole  time  of  their  generation  with  a  velocity 
that  is  to  the  velocity  of  the  point  that  generates 
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the  tangent  R  P  as  P  V  to  P  T,  or  as  the  radia* 
CA  to  the  fecant  C  P,  is  equal  to  the  logarithm 
of  the  ratio  of  the  fum  of  the  feeant  CP  and  tan- 
gent RP  to  the  radius  CA  in  a  logarithmic  curve, 
whofe  fubtangent  is  the  radius  C  A,  or  is  equal 
to  the  portion  of  the  axis  of  fuch  a  logarithmic 
curve  intercepted  between  two  ordinates,  where- 
of the  leffer  is  equal  to  the  radius.  C  A,  and  the 
greater  to  the  fum  of  the  fecant  C  P,  and  tangent 
R  P,  Now  this  may  be  (hewn  in  the  following 
manner. 

Put  y  for  a  line  that  is  always  equal  tor 
the  fum  of  the  tangent  R  P  and  excefs  P  A 
of  the  fecant  C  P  above  the  radius  C  A, 
and  V  for  the  line  that  is  generated  by  the 
velocity  P  V.  Then  'tis  evident,  that  the  lines 
y  and  v  will  be  two  variable  lines,  that  both  be* 
gin  to  be  generated  from  nothing  at  the  fame 
inftant  of  time,  to  wit,  at  the  inftant  the  are 
R  A  begins  to  be  generated,  and  increafe  toge- 
ther continually  ever  after,  and  the  velocity  of  y 
will  be  to  that  of  v  at  every  inftant  of  time  during 
their  generation,  as  PT-f-TV,  the  infinitely  final! 
incrcmentofy,  toPV,thecontemporary  increment 
of  v;  and  therefore,  on  account  of  the  iimila- 
rity  of  the  triangles  PTV,  CPR,  as  CP  -f.  RP 
to  CA,  or  CA  -+-  P A  +  RP  to  CA,  that  is,  as 
CA  •+•  j  is  to  CA.  We  have  therefore  a  variable 
line  v  that  increafes  from  o  at  the  fame  time  that 
another  variable  line  CA  -+-  y  increafes  from  a 
certain  given  magnitude  CA  to  a  greater  mag- 
nitude C  A  -f-jr,  and  the  velocity  of  the  increafe 
of  CA-f-y  is  to  the  contemporary  velocity  of 
the  line  v  at  every  inftant  of  time  during  their 
generation  as  the  magnitude  of  the  line  CA  -\-y 

at 
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-  at  that  inftant  of  time  is  to  the  given  line  CA. 
It  follows  therefore  from  Art.  205,  that  the 
line  v  is  equal  to  the  abfcifs  of  the  axis  of  a  lo- 
garithmic curve  whofe  fubtangent  is  the  given 
line  CA  that  is  intercepted  between  two  ordi- 
nates,  whereof  the  lefler  is  equal  to  CA,  and  the 
greater  to  CA  -f- y,  or  CP  -f-  RP ;  or  the  line 
v  is  equal  to  the  logarithm  of  the  ratio,  pf  CP 
-f-  RP,  the  fum  of  the  fecant  and  tangent,  to 
CA  the  radius  of  the  circle,  in  a  logarithmic 
curve  whofe  fubtangent  is  the  radius  CA. 
QED. 

268.  It  was  (hewn  in  Prop.  23,  that  the  ratio 
of  the  fum  of  the  fecant  and  tangent  of  a  circular 
arch  to  the  radius,  is  equal  to  any  one  of  the 
following  ratios ;  to  wit,  the  ratio  of  the'  fum 
of  the  radius  and  fine  to  the  cofine ;  that  of  the 
radius  to  the  difference  of  the  fecant  and  tan- 
gent; that  of  the  cofine  to  the  difference  of  the 
radius  and  fine ;  and  that  of  the  radius  to  the 
tangent  of  half  the  complement  of  the  given 
arch  to  a  quadrant.  It  follows  therefore,  that 
the  line  v  is  equal  to  the  logarithm  of  any  one 
of  thefe  ratios,  as  well  as  to  that  of  the  ratio  of 
jhe  fum  of  the  fecant  and  tangent  to  the  radius, 
in  a  logarithmic  curve,  of  which  the  radius  CA 
is  the  fubtangent. 

269.  It  will  be  of  confiderable  ufe  in  many 
mathematical  inquiries  to  determine  the  relations 
of  the  velocity  of  the  line  v  to  the  velocities  of 
the  other  lines  in  a  circle  as  well  a9  to  the  velo- 
city of  the  line^,  or  the  fum  of  the  velocities  of 
the  fecant  and  tangent :  for  if  this  be  done, 
whenever  in  the  (olution  of  a  mathematical 
p/oblem,  a  line  occurs  that  is  related  to  anyone 
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of  the  lines  belonging  to  a  circle  in  the  manner 
here  defcribed,  wefhall  be  able  to  conclude  im- 
mediately, without  any  further  reafoning  upon 
it,  that  it  is  equal  to  the  logarithm  of  any  one 
of  the  ratios  njentioned  in  the  laft  article  in  a 
logarithmic  curve  of  which  CA,  the  radius  of 
the  circle,  is  the  fubtangent.  Now  'tis  evident, 
that  in  Fig.  66,  we  have 

PV  :  PT  ::  CR  :  CP  :;  CD  :  CA. 
PV :  TV  ::  CR  :  RP  ::  CD  :  DA. 
PV  :  BD  ::  CPq  :  CRx  RP  ::  CAq  :  CDx  AD. 
PV  :  A*  ::  CP  :  CR :;  CA  :  CD. 
And  PV  :  ab  ::  C?q  :;  CRy  ;  Qkq ;  CDq. 

That  is,  the  velocity  of  the  lipe  v  is  to  that  of 
the  tangent  RP  as  die  radios  tQ  tfye  fecant,  or 
co  fine  to  the  radius;  to  that  of  the  fecant  as  the 
radius  to  the  tangent,  or  cofipe  to  the  fine  ;  to 
that  of  the  verfed  fipe,  as  the  fquare  of  the  fe- 
cant to  the  redtangle  upder  the  radius  and  tan- 
gent, or  as  the  fquare  of  the  radius  to  the  rect- 
angle under  the  fine  and  cofine  -,  tp  that  of  the 
arch  as  the  fecant  to  the  radius  or  radius  to  tjie 
cofine ;  and  to  that  of  the  fine  as  the  fquare  of 
the  fecant  to  the  fquare  of  the  radius,  or  as  the 
fquare  of  the  radius  to  the  fquare  of  the  cofine. 

Of  the  figures  of  tangents  and  fecant s. 

270.  We  (hall  now  fhew  in  what  manner 
the  figures  of  tangents  and  fecajits  may  be  re- 
duced to  certain  qiymptotic  areas  of  an  hyper- 
bola, and  confequgptly  their  areas  of  an  hyper- 
termini  d  by  the  help  of  a  table  of  logarithms ; 
for  it  is  pvjdeqt  frpn*  the  foregoing  articles  that 

every 
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every  afymptotic  area  in  an  hyperbola  may  be 
mealured  by  the  help  of  fuch  a  table. 

271.  In  the  quadrant  CAB  (fig.  78.)  of  a 
circle  whofe  center  is  C,  and  radius  C  Af 
take  any  arcs  A  E,  AG,  A  N  5  and  draw 
their  tangents  AF,  AH,  AO,  and  fecantf 
CF,  CH,  CO.  Then,  if  the  right  line  a  b  (in 
fi%*  79)  be  taken  equal  to  the  quadrantal  arch 
AB,  and  the  portions  of  it,  ae,  ag,  an  to  the 
arches  AE,  AG,  AN ;  and  at  the  points  e9  g, », 
be  ere&ed  the  right  lines  eT9  gV,  np9  at  right 
angles  te  die  line  aby  and  reipedtively  equal  to 
the  tangents  AF,  AH,  AO,  and  at  etf ery  other 
point  in  the  line  am  perpendicular  line  equal 
to  the  correfponding  tangent  in  the  circle  CAB  ; 
and  the  curve  aTYp  be  drawn,  in  which  the 
extremities  of  all  thofe  perpendiculars  are  fitu- 
ated  ;  the  figure  aTVpna  is  called  the  figure  of 
tangents.  And,  if  die  right  line  a  b  (in  fig .  80.) 
be  taken  equal  to  the  quadrantal  arch  AB,  and 
the  portions  of  it,  ae,  ag,  an,  be  taken  equal  to 
the  arches  AE,  AG,  AN;  and  at  the  points 
e,  gy  n,  be  eredted  the  right  lines,  e  d,  ga,  nt9 
at  right  angles  to  the  line  a  b,  and  refpedtively 
equal  to  the  fecants  CF,  CH,  CO,  and  at  every 
other  point  in  the  line  a  n  a  perpendicular  equal 
to  the  correfponding  fecant  in  the  circle  CAB; 
and  the  curve  Dda$  be  drawn,  in  which  the 
extremities  of  all  thefe  perpendiculars  are  fitu- 
ated ;  the  figure  a Dt&Jna  is  called  xht  figure  of 
fecants. 

272.  Let  J'/T  (fig.  81.)  be  a  reftangular,  or 
equilateral,  hyperbola,  whofe  center  is  C,  vertex 
V,  and  afymptotes  CQ  and  CJt ;  and  let  the  femi- 
tranfverfe  axis  CV  be  equal  to  the  chord  of  the 

quadrant 
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quadrant  AB  of  the  circle  CAB.  Then  'tis 
evident,  that  if,  from  the  vertex  V  we  draw  the 
ordinate  Va  parallel  to  the  afymptote  C  Q,  this 
ordinate  will  be  perpendicular  to  the  other  a- 
fymptote  CK,  and  will  be  equal  to  the  portion 
of  it  Ca,  and  each  of  thefe  lines  Va,  Ca  in  the 
hyperbola  $VT  will  be  equal  to  the  radius  CA 
of  the  circle  CAB,  and  confequently  the  red- 
angle  under  them,  or  the  parallelogram  of  the 
hyperbola,  will  be  equal  to  the  fquare  of  ths 
radius  CA. 

27  j.  Now  the  figure  of  tangents  aTVpna, 
corresponding  to  the  circular  arch  AN,  is  equal 
to  the  logarithm  of  the  ratio  of  the  radius  CA 
to  tbe  cofine  of  the  arch  AN  meafured  in  this 
hyperbola,  or  to  the  afymptotic  area  intercepted 
between  any  two  ordinates  in  it  that  are  to  each 
ether  in  the  proportion,  of  the  radius  CA  to  the 
toQne  of  the  arch  AN ;  as  may  be  thus  demon* 
itrated. 

Draw  the  fine  NS  of  the  circular  arch  AN, 
and  in  the  afymptote  Ca  of  the  hyperbola  $Vt 
t^ke  Qs  equal  to  the  cofine  CS  of  the  arch  A  N, 
and  through  the  point  s  in  the  afymptote  Ca 
draw  the  ordinate  si  meeting  the  hyperbola  in  & 
Then,  fince,  by  the  property  of  the  afymptotes, 
si  is  to  Va  as  Ca  to  O,  and  Ca  and  Ci  are  re- 
fpedively  equal  to  the  radius  CA  and  cofine  CS, 
it  follows  that  the  ordinates  si,  Va  are  to  each 
other  in  the  fame  proportion  as  the  radius  CA 
and  cofine  CS.  We  are  therefore  to  (hew  that 
the  figure  of  tangents  aTVpna  is  equal  to  the 
afymptotic  area  Vasi  intercepted  between  the 
ordinates  si  and  Va. 

la 
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In  the  circular  arch  AN  take  the  point  L  in- 
finitely near  to  N*  and  draw  LR  the  fine,  A  M 
the  tangent,  and  CM  the  fecant  of  the  arch  AL# 
In  the  line  a  n  (Jig.  yg.J  take  n  I  equal  to  the  in- 
finitely fmall  arch  NL,  and  draw  the  ordinate  Ik) 
and  from  k  draw  the  line  k  y,  parallel  to  /  n% 
meeting  n  p  in  q.  Laftly,  in  the  afymptote  Ca 
take  s  r  equal  to  the  infinitely  fmall  difference 
SR  of  the  cofines  CS,  CR  of  the  contiguous 
arches  AN,  AL,  and  through  the  point  r  in  that 
afymptote  draw  the  ordinate  r  a  meeting  the 
hyperbola  in  d ;  and  from  d  draw  the  line  d  /, 
parallel  to  C  *,  meeting  s  $  in  /.  Then  will  /  k  be 
-AM,  and  rdzuCa  x  V a  =  CAy  = 

Cr  CR 

C  M.  Therefore  r  d  is  to  /  k  as  C  M  to  A  Mf 
or  as  C L  to  L  R.  But,  by  Art.  162,  In  is 
to  s  r  (or  L  N  to  S  R)  as  CL  to  LR*  Therefore 
rd  :  I k  :: ,/ n :  s  r>  whence  Ik  x  /»,is  rr  r  d 
X  jr.  But  becaufe  the ordinates  s $,  r  din  the 
hyperbola  iVT  are  infinitely  near  to  each  other* 
it  follows  that  the  redangle  r  d  X  s  r  is  equal  to 
the  mixtilinear  area  Ssrdi  and  lor  the  fame 
reafon  the  redtangle  t  k  x  in  in  the  figure  of 
tangents  aTVpna  is  equal  to  the  mixtilinear  area 
kin  p.  Therefore  the  mixtilinear  area  k  I  np 
is  equal  to  the  mixtilinear  area  $  s  rd  And  in 
the  fame  manner  it  may  be  {hewn  that,  if  the 
figure  aTVpna  be  divided,  by  ordinates 
drawn  infinitely  near  to  each  other,  ,into  an  in- 
finite number  of  fuch  little  areas  as  k  In  p,  and 
the  afymptotic  area  2  s  a  V  be  divided  into  the 
fame  number  of  fmall  areas,  fuch  as  is  rd,  cor- 
refponding  to  thofe  of  the  figure  aTVpna>  every 
little  area  in  the  one  figure  will  be  equal  to  the 

corfef- 
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correfpoftdihg  little  area  in  the  other  figure.  Cdn- 
fequently  the  whole  figure  a  T  V  p  n  a  is  equal 
to  the  whole  figure  tsaV.    QED. 

274.  The  figurfe  of  fecants  a  D  &  in  a,  corre* 
fponding  to  the  tifttildf  arch  AN,  is  equal  tof 
tne  logarithm  of  the  ratio  of  the  fum  of  the  ra- 
dius C  A  and  fine  NS  to  the  cofiiie  CS  meafiited 
in  thte  hyperbola*,  or  to  the  afymptotic  atea  in- 
tercepted between  any  two  Ordinate*  in  it  that 
are  to  each  other  in  the  proportion  of  CA-f-  NS 
to  C  S ;  as  may  be  thus  demonftrated. 

Take  a  N(in/£.8i.)  equal  to  the  fine  NS,  and 
thro*  N  draw  the  ordinate  N«  meeting  the  hyper- 
bola in  »;  and,  by  the  property  of  the  afymptotes, 
si  will  be  to  N*  as  CN,  or  Ca+a  N,  to  C  x,  and 
confequently  as  CA-f-  NS  to  CS.  We  arc 
therefore  to  {hew,  that  the  figure  of  fecants 
a  D  u  in  a  is  equal  to  the  afymptotic  area  i  s  N  n 
intercepted  between  the  ordinates  s  i  and  N  n* 

In  the  right  line  a  n  (fig.  80.)  take  nl  equal  to 
the  infinitely  fmall  arch  L  N,  and  draw  the  on 
dinate  ly\  and  from  y  draw  the  line  ypy  paral- 
lel to  /  »,  meeting  n  i  in  p.  From  L  in  the  cir- 
cular arch  A  B  draw  the  line  L  P,  parallel  to 
C A,  meeting  NS  in  P.  And  laftly,  in  the 
afymptotc  C  N  {fig.  81.)  take  N  X  equal  to  N  P 
the  infinitely  fmall  difference  of  the  fines  N  S, 
L  R,  and  draw  the  ordinate  x  / ;  and  from  / 
draw  the  line  lmy  parallel  to  x  N,  meeting  N  n 
(produced,)  in  tn.  Then,  by  the  property  of  the 
afymptotes,  we  ihall  have  Cx:  Ca  ::Va  :  xl^ 

*ndconfequendyx/  =  -^  « 

CS+LR ;  andj    by  ArU  ****    c  A  :   C  S    :: 

LN 
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L  N  :  P  N,  and  confequently  P  N,  or  x  N,  is 

LNxCS     _.      c  ' 

=  — C"AT"  #    Therefore  x  /  x  A  *  is  = 

CAfxCSxLN_     CS 
CA^xCA~COTLR  XUUN:= 

gjjCA^x  CAx  LN=C^M  X  LN  - 

CM— AM x x  LN=CMxLN— AM  x  LN. 
Confequently  CM  x  LN,  or  its  equal  the  rect- 
angle I  y  X  in  in  the  figure  of  fecants  aD*faa$ 
is—  AMxLN  +  x/xx».  But  AMxLNis 
equal  to  the  re&angle  Ik  x  in  in  the  figure  of 
tangents aTVpna>  or,  by  Art.2j$>  to  the  reft- 
angle  r  d  x  sr  m  the  hyperbola  $  VT.  There* 
fore  the  reftangle  iy  x  /  n  in  the  figure  of  fe- 
cants aDuSna  is  equal  to  the  fum  of  the  two  red- 
angles  r  d  X  sr  and  x  /  X  X  N  in  the  hyperbola 
iVT.  But,  becaufe  the  ordinates  /y,  0  </  (in 
jjEj.  80.}  are  infinitely  near  to  each  other,  the 
rectangle  lyXln  will  be  equal  to  the  mixtiliriear 
area  y  in  $-,  and  for  the  fame  reafon  the  redt- 
angles  r  d  x  sr  and  X /  X  X N  will  be  equal  to 
the  mixtilinear  areas  $  s  r  d  and  /xN»,  Con- 
fequently the  mixtilinear  area  y  in  Sin  the  figure 
of  fecants  dDa&na  is  equal  to  the  furn  of  the  two 
mixtilinear  areas  d  s  r  d  and  /x  N  a  in  the  hy- 
perbola f  VT.  And  in  the  fame  manner  it  may 
be  {hewn,  that  if  the  figure  dDaha  be  divided, 
by  ordinates  drawn  infinitely  near  to  each  other, 
into  an  infinite  number  of  fuch  little  areas  as 
y  I  n  J,  and  each  of  the  afymptotic  areas  }s  aV 
and  Va  N»  be  divided  into  the  fame  number  of 
fmall  areas,  fuch  as  hrdzvui  /xN»,  correfpond- 
ing  to  thofe  of  the  figure  aDxS/ia,  every  area  in 

C  c  c  tha 
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the  figure  aDa$na%  will  be  equal  to  the  fofll  df 
the  two  correfponding  little  portions  of  the  a-^ 
fymptotic  areas  $  s  aV  and  /xN».  Confe- 
quently  the  whole  figure  of  fecants  dDaSna  is 
equal  to  the  fum  of  the  two  afymptotic  areas 
isaV  and  V  a  N  n>  or  to  the  afymptotic  area 
isNn.  •  QEt>. 

275.  It  follows  from  thefe  two  demonftra- 
tions,  that  the  figure  of  fecants  aD^na  is  equal 
to  the  fum  of  the  correfponding  figure  of  tan- 
gents aTVpna  and  the  afymptotic  area  isaV. 

276.  And,  becaufe,  by  Art.  213,  the  afymp- 
totic areas  correfponding  to  the  fame  ratio  in  dif- 
ferent hyperbolas  are  always  in  the  fame  pro- 
portion to  each  other  as  the  parallelograms  of 
.thofe  hyperbolas,  however  the  fpecies  of  thofe 
hyperbolas,  or  the  proportion  of  their  axes,  may 
differ  one  from  the  other,  it  follows  that  the 
figure  of  tangents  aTVpna  correfponding  to  any 
given  circular  arch  AN  is  equal  to  the  logarithm 
of  the  ratio  of  the  radius  of  the  circle  to  the  co- 
fine  of  that  arch  in  any  hyperbola  whatfoever 
(as  w,  11  as  a  rectangular  one)  the  parallelogram 
of  which  is  equal  to  the  fquare  of  the  radius  of 
the  circle ;  and  the  figure  of  fecants  dDuBna  cor- 
refponding co  any  given  circular  arch  AN  is 
equal  to  the  logarithm  of  the  ratio  of  the  fum 
of  the  radius  of  the  circle  and  the  fine  of  that 
arch  to  its  coiine,  or  to  the  fum  of  the  logarithms 
of  the  ratios,  of  the  radius  of  the  circle  to  the 
cofine  of  that  arch,  and  of  the  jum  of  the  radius 
and  the  fine  of  that  arch  to  the  radius,  or  laftly, 
to  the  fum  of,  the  figure  of  tangents  aTVpna 
correfponding  to  that  arch,  and  the  logarithm  of 
the  ratio  of  the  fum  of  the  radius  of  the  circle 

*  * 
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and  the  fine  of  that  arch  to  the  radius,  in  any 
hyperbola  whatfoever  (as  well  as  a  rectangular 
one)  the  parallelogram  of  which  is  equal  to  the 
fquare  of  the  radius  of  the  circle. 

277.  The  figures  of  tangents  and  fecants  are 
evidently  infinite  in  length,  or  the  points  n  (in 
fig.  7 9  and  80. )  may  be  taken  fo  near  to  the 
points  b  that  the  diitances  of  the  curves  aTVpy 
and  aDaty  from  their  bafes  at  thofe  points,  or 
the  lengths  of  the  ordinates  ftp,  n&,  mall  be  a 
greater  than  any  affigned  length  whatfoever. 
For,  as  the  arch  AN  may  be  taken  fo  nearly 
equal  to  the  quadrant  AB,  that  its  tangent  AO 
and  fecant  CO  (hall  each  of  them  exceed  any 
affigned  line  whatfoever,  and  the  whole  bafes 
a  b  are  equal  to  the  quadrant  A  B,  the  abfeifles 
^  n  to  the  arch  AN,  and  the  ordinates  npy  n  $ 
to  the  tangent  A  O  and  fecant  C  O,  it  follows 
that  the  abfdiTes  a  n  may  be  taken  fo  nearly 
equal  to  the  whole  hafes  a  b  that  the  ordirfates 
np,  n  h  fhall  be  greater  than  any  affigned  line 
whatfoever.     QED. 

278.  Hence  k  is  evident,  that  if,  through  the 
extreme  points  b  of  the  bafes  ab  we  draw  the 
lines  h  x  perpendicular  to  them,  the  curves 
^T  V  py  and  D  a  $ y  will  approach  continually 
to  thefe  perpendiculars,  and  may  be  made  to 
come  fo  near  them,  that  their  diftance  from  ■ 
them  (hall  be  lefs  than  any  affigned  line  whatfo- 
ever, but  will  never  actually  meet  them  5  or,  in 
other  words,  the  perpendiculars  bx  are  ajymptotes 
to  the  curves  aTVpy  and  DaSy. 

279.  Further,    the   figures   of  tangents  andTT 
fecants  are  infinite  in   magnitude  as  well  as  jo 
length,  or  the  abfeifles  a  n  (in^g ,  79  and  80.) 

C  c  c  z  may 
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.  may  be  taken  fo  nearly  equal  to  the  whole  bafcs 
a  b  that  the  areas aTVpna  and aDccSna  (hall  each 
of  them  be  greater  than  any  afiigned  area  how 
great  foeven  For  fince  thefe  areas  arc  equal  to 
the  logarithms  of  the  ratios  of  the  radius  C  A 
to  the  cofine  of  the  arch  A  N,  and  of  the  fum 

of  the  radius  and  the  fine  of  that  arch  to  its  co- 

*  *_  •  ♦ 

fine,  in  any  hyperbola,  as  ^  VTV  the  parallelo- 
gram of  which  is  equal  to  the  fquare  of  the  ra- 
dius C  A  y  and  the  arch  A  N  may  be  taken  fo 
nearly  equal  to  the  quadrant  A  B  that  the  ratio 
of  the  radius  to  its  cofine,  and,  afortiori^  the 
ratio  of  the  fum  of  the  radius  and  its  fine  to  its 
cofine,  ihall  be  greater  than  any  afiigned  ratio 
Tyhatibever,  and  confequently  that  the  logarithms 
of  thefe  ratios,  or  the  afymptotic  areas  in  the 
hyperbola  $  VT  that  meafure  them,  fhall  be 
greater  than  the  logarithm  of  any  afiigned  ratio9 
or  than  the  afymptotic  area  in  that  hyperbola 
that  gieafures  any  afiigned  ratio ;  and  the  lines 
a  b  are  equal  to  the  quadrant  A  B,  and  the  ab~ 
fcifles  a  n  to  the  arch  A  N  \  \t  follows,  that  the 
abfeifles  a  n  may  be  taken  fo  nearly  equal  to  the 
lines  a  b  that  the  areas  aTVpna  and  aDo^na 
fljall  eaph  of  them  be  greater  than  the  afymp- 
totic area  that  meafures  any  afiigned  ratio  how 
great  foever  in  the  hyperbola  SVTy  and  confe- 
quenfly  than  any  afiigned  area  how  great  fo- 
ever.- 'QED. 

280,  The  curves  aTVpy  and  Dafyof  the 
£gur*s  of  tangents ;.  and  fecants  aTVpna  and 
aDaha  are  convex  towards  their  bafes  a  b ;  as 
njay  be- thus  demonftrated.  Let  the  arc  E  G  be 
fqppoled  to  be  equal  to  G  N,  and  confequeqtly 

'  the 
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the  portions  eg  of  the  abfcifles  an  {in  Jig*  79 
and  80)  to  be  equal  to  the  portions  £  0.  Draw 
the  ordipates  eTy  gV,  np,  and  ed>  g»t  n$->  and 
the  chords  Tp,  d$,  cutting  the  middle  ordi- 
nates^V,  g  *  (pioduccd,  if  need  be)  in  b  and 
m.  From  V  draw  V  n,  parallel  to  a  b>  meeting 
np  in  n,  and  from  T  draw  T^,  parallel  to  a  b9 
meeting  #V  in  t  and  np  in  *  -,  and  in  like  man-* 
ner  from  a  draw  oc  0  parallel  to  a  6,  meeting  *  i 
in  6,  and  from  d  draw  dtp,  parallel  to  a  by  meet- 
ings x  in  s,  and  n  $  in  0. 

Then  it  is  evident,  in  the  firft  place,  that  we 
(hall  have  /  V  (  =  gV—gt  -gV^-eT  =  AH— 
—  AF)  =  FH,  and  n/>  {—  np  —  nu  rr  np  — 
gV=  AO — AH)  —  HO.  But,  becauie  the  arcs 
EG,  GN  are  equal,  'tis  plain  HO  will  be  greater 
than  FH.  Therefore  up  is  greater  than  tV9 
and  confequently  tV  is  lefs  than  half  the  fum  of 
n/>  and  tVy  or  than  half  *p.  But  from  the 
fimilarity  of  the  triangles  bt T,  pirT,  it  follows 
that  t  b  is  to  ^p  as  T  t  to  T?r,  or  eg  to  e  n  \  and 
eg  is  half  of  e  n  ;  therefore  /  £  is  half  of  irp>  and 
confequently  is  greater  than  t  V.  Therefore  the 
arch  T/>  falls  below  its  chord,  or  is  nearer  than 
its  chord  to  the  bafe  a  b,  and  therefore  is  con- 
vex towards  that  bafe ;  that  is,  the  curve  of  the 
figure  of  tangents  is  convex  towards  its  bafe. 
QED. 

Secondly,  'Tis  plain  that  in  Fig.  80,  we  (hall 
have  j*  {-g* — gs^g*  —  e  d)  =  CH  — 
CF,  andflj  (=i/^~  tiQ  -ni-ga)  —  CO  — 
CH.  But,  becauie  the  arcs  EG,  GN  are  equal, 
it  follows,  from  Prop.  24,  Carol.  3  and  4,  that 
CO  — .  CH  is  greater  than  CH  —  CF.  There- . 
fore  6$  is  greater  than  sa,  and  confequently  s  a 

is 
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islefs  than  half  the  fum  of  0<J  and  sec,  or  than 
half  <p$.  But  from  the  fimilarity  of  the  triangles 
m  $  d,  $(pdr  it  follows  that  s  tn  is  to  (f>  S  as  ds 
to  d  <p,  or  *£  to*«;  and  eg  is  half  of  **; 
therefore  i  wis  half  of  <p  S.  and  confequently 
is  greater  than  s «.  Therefore  the  arch  d  $  falls 
below  its  chord,  or  is  nearer  than  its  chord  to 
the  bafe  a  b>  and  therefore  is  convex  towards 
that  -  bafe ;  that  is,  the  curve  of  the  figure  of 
fecants  is  convex  towards  its  bafe,     QED. 

28  £.  If,  inftead  of  the  arch  A  N,  we  make 
its  tangent  A  O  the  bafe  upon  which  we  eredfc 
the  fecants  perpendicularly,  the  curve  that  will 
be  thereby  formed,  or  in  which  the  extremities 
of  all  the  fecants  will  be  fituated,  is  a  rectangular 
hyperbola,  whofe  axis  is  equal  to  the  diameter  of 
the  circle  CAB.  Let  the  right  line  a  0  (fig.  82.) 
be  equal  to  the  tangent  A  O,  and  the  feveral 
portions  of  it  af>  ah>  a  k^a  m  to  the  tangents 
AF,  AH,  AK,  AM ;  and  at  the  points  *,  f, 
b,  k,  my  0,  ereft  the  perpendiculars  a D$  fb9  bc9 
id,  me,  og,  refpedtively  equal  to  the  radius  CA 
tod  the  fecants  CF,  CH,  CK,  CM,  CO :  the 
curve  D  bede  gy,  in  which  the  extremities  of 
all  thefe  perpendiculars  are  fituated,  is  a  reft- 
angular,  or  equilateral  hyperbola,  whofe  axis  is 
equal  to  2  C  A,  or  the  diameter  of  the  circle 
CAB.  For 'tis  evident,  from  the  generation  of 
this  curve,  that  the  fquare  of  every  perpendicu- 
lar to  the  bafe  a  0  is  equal  tp  the  fun*  of  the 
iquares  of  the  corresponding  abfcifs  of  that  bafe 
and  of  the  line  a  D ;  thus,  id  q  is  (—  CKy  ■= 
AKy  -+-  C  Ay)  —  akq-i-aDq;  which  is  the 
property  of  an  equilateral  hyperbola  whofe  ver- 
tex 
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tex  is  D  and  center  a,  or  whofe  femi-axis  is  a  £>, 
and  therefore  is  equal  to  the  radius  CA,  and 
confequently  its  whole  axis  to  2CA,  or  the  dia- 
meter of  the  circle  CAB.     QED. 

282.  This  manner  of  generating  an  equila- 
teral hyperbola,  by  deriving  it  from  the  circle> 
we  have  here  mentioned,  partly  as  a  previous 
itep  to  the  demonftration  which  we  (hall  juffc 
now  give  of  a  very  curious  and  remarkable  ana- 
logy between  the  external  area  a Dgo  of  an  equi- 
lateral hyperbola  and  the  curve  of  a  parabola, 
and  partly  as  an  inftance  to  fhew,  that  the  pro- 
perties of  the  lines  belonging  to  a  circle,  may  be 
of  ufe  in  determining  thole   of  other  figures, 
with  which  one  would  not  at  firft  fight  imagine 
it  was  fo  nearly  connected :  indeed,  not  only  the 
equilateral  hyperbola,  but  alfo  ellipfes  and  pa- 
rabolas may  be  derived  from  the  circle  by  very 
eafy  and  obvious  methods  -,  for,  from  the  equa- 
lity between  the  fquare  of  the  chord  of  a  circu- 
lar arch,  and  the  rectangle  under  the  verfed  fine 
of  that  arch,  and  the  diameter  of  the  circle,  it 
follows  that,  if  the  chords  of  a  fet  of  circular 
arches  be  placed  at  right  angles  to  the  diameter 
of  the  circle  at  the  extremities  of  the  refpedtive 
verfed  fines  of  thofe  arches,  or  in  thofe  points  of 
the  diameter  where  the  fines  of  thofe  arches 
meet  it,  the  extremitieb  of  thofe  chords  will  be 
fit ua ted  in  the  curve  of  a  parabola,  whofe  prin- 
cipal parameter  is  equal  to  the  diameter  of  the 
circle  j    and  'tis  well  known  that,   if  a  fet  of 
fines,  or  of  lines  drawn  perpendicular  to  a  given 
diameter  of  a  circle,  be  all  either  increafed  ;or : 
diminifhed  in  the  fame  proportion,  the  curve 

that 
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that  will  be  thereby  formed,  or  in  which  tht 
extremities  of  thefe  lines  will  be  fituated,  will 
be  an  ellipfe.  And  in  like  manner,  many  other 
ufeful  curves  may  be  derived  from  the  circle,  to 
the  ready  underftanding  of  which,  the  know- 
ledge of  the  properties  of  the  lines  belonging  to  a 
circle  will  be  found  extremely  ufeful. 

283.  Another  thing  to  be  obferved  concern- 
ing the  foregoing  manner  of  generating  the  hy- 
perbola Dtfy,  is  that  it  is  as  good  and  as  eafy  a 
pradical  method  as  can  be  defired,  of  adhially 
defcribing  a  rectangular  hyperbola,  by  finding 
as  many  of  its  points  D,  A,  c,  </,  &c.  as  we 
pleafe. 

A  remarkable  analogy  between  the  external  area 
of  a  reEtangular  hyperbola  and  the  curve  of  a 
parabola. 

.284.  The  analogy  juft  now  fpoken  of  be- 
tween the  external  area  aDgo  of  the  redtangular 
hyperbola  D  Uy  and  the  curve  of  a  parabola  is 
this.  If  in  the  parabola  GVH  (fig.  83.)  whofe 
vertex  is  V  and  focus  F,  and  whote  parameter  is 
equal  to  a D  the  femi-axis  of  the  hyperbola  Ddy, 
we  take  the  ordinate  GH  to  the  axis  equal  to  the 
abfeifs  a  0  of  the  fecond  axis  of  that  hyperbola, 
and  cutting  the  axis  of  the  parabola!  in  £,  the 
parabolic  arch  G  V  will  be  to  the  femi-ordinate 
GE,  and  confequcntly  the  parabolic  arch  GVH 
to  the  whole  ordinate  GH,  in  the  fame  propor- 
tion as  the  hyperbolic  area  aDgo  to  the  re&angle 
ufider  the  abfeifs  a  0  and  femi-axis  ^  D  j  or,  if 

4VF 
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4VF  is  —  a  D,  and  GH  is  =  a  o9  we  fhall  have 
GVH  :  GH;:  aDgo  :  a  D  x  ao. 

Conceive     the    parabolic    fegment   GVHG 
>  to  be  divided  into  an  infinite   number  of  infi- 
nitely fmall  parts,  (whether  equal  or  unequal,  is 
of  no  confequence)  by  the  fcveral  o\  dinates  to 
the  cxib,  tv9  n9  rsy  rsy  &c.  of  which  let   /  v 
be  the  ordinate  next  above  the  bafe  GH.     Take 
the  portion  a  m  of  the  line  ao  equal  to  the  ordi- 
nate /  v,  and  the  following  portions  of  a  0,  to 
wit,  az,  az,  az9  &c.  equal   to  the  following 
ordinates  rs9  rs,  rs9  &c.    and  through  the  ex- 
tremities  m,  z,    z9  z>  &c.    of    thefe  portions 
of  a  o  draw  the  ordinates  m  ey  zp%  zp,  zpy  &c. 
meeting  the  hyperbola  in  ey  p9  p,  p%  6cc.  From 
D,  the  vertex  of  the  hyperbola  Drfy,  draw  DP 
parallel  toao,  meeting  og  inP;    from/,  the 
extremity  of  the  ordinate  /  v,  draw  1 /,  parallel 
to  the  axis  EV,  meeting  the  ordinate  GH  in  l$ 
and  from  the  extremities  r>  r,  r,  &c.  of  all  the 
other  ordinates  rsy  rs,  rs,  &c.  draw  lines   pa- 
rallel to  the  axis  EV,  meeting  the  next  lower 
ordinates  in  the  points  b,  b,  b,  &c.  and  con- 
ceive thefe  lines  to  be  produced  till  they  meet 
the  loweil  ordinate  GH  in  the  points  n,  n%  ny  6cc. 
Tis  evident,  that  by  this  means  the  hyperbolic 
area  aDgo7  and  the  redtangle  aDPo  will  each  of 
them  be  divided  into  the  lame  number  of  infi- 
nitely fmall  parts  by  the  ordinates  m  ey  zpy  z/>, 
zpy  &c.  as  the  parabolic  arch  G  V  is  divided  in- 
%  to  by  the  ordinates  tv,  rsy  rs,  rs,  6cc.  and  the 
femi-ordinates  G  E  by  the  lines   //,  rn,  rny  m, 
&c.  If  therefore  we  can  /hew  that  the  innately 
fmall  mixtilinear  area  egomisto  the  infinitely 
fmall  rectangle  t?f  P  in  the  fame  proportion  as  the 

Ddd  in6nitely 
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Jnfinitcly  fmall  portion  G  /  of  the  parabolic  arcfa 
GV  to  the  infinitely  fmall  portion  G  /of  the  femi- 
ordinate  G  E,  and  that  every  one  of  the  following 
mixtilinear  areas  p  e  m  z/pp  z  z,  &c.  is  to  the 
correfpondent  portion  of  the  redtangle  aDPo  in 
the  fame  proportion  as  the  correfponding  portion 
tr^  or  rr,  of  the  parabolic  arch  GV  is  (to  the 
difference  t  b  or  rb  of  the  halves  of  the  two  con- 
tiguous ordinates  tv  and  rj,  or  r  s  and  r  j,  be- 
tween which  that  portion  of  the  arch  GV 
is  intercepted,  or)  to  the  correfponding  por- 
tion /  # ,  or  n  n,  of  'the  femi-ordinate  G  E,  it 
will  follow  that  the  fum  of  all  the  mixtilinear 
areas  eg  o  m,  pe  m  z,  p  pz  z,  &c.  will  be  to 
the  fum  of  all  the  correfpondent  portions  of  the 
rectangle  tfDPfl,  in  the  fame  proportion  as  the 
fum  of  all  the  infinitely  fmall  portions  G/,  /r, 
rr,  &c.  of  the  parabolic  arch  GV,  to  die  fum 
of  all  the  portions  G/,  lny  nn,  &c.  of  the  femi- 
ordinate  GE ;  that  is,  the  whole  hyperbolic  area 
cDgo  will  be  to  the  whole  re&angle  aDPo  in  the 
fame  proportion  as  the  whole  parabolic  arch  GV 
to  the  whole  femi-ordinate  GE,  and  confe- 
quently  as  the  parabolic  arch  GVH  to  the  whole 
ordinate  GH. 

Draw  GK  touching  the  parabola  GVH  inG 
and  meeting  its  axis  in  K,  and  from  the  extre- 
mity g  of  the  ordinate  og  in  the  hyperbola  Hdy 
draw  gq  parallel  to  a  o,  meeting  m  e  (produced) 
in  q.  This  done,  the  pfopofition  may  be  de- 
monftrated  as  follows, 

Becaufe  the  arch  Gt  is  infinitely  fmall,  it  may 
be  confidered  as  coinciding  with  the  tangent 
GK;  confequently  the  triangles  Gtl  and  GKE 
will  be  fimilar,  and  Gt  will  be  to  G/  as  GK  to 

GE. 
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GE.  But,  becaufe  the  parameter  of  this  para- 
bola is  —  a  D  —  the  radius  C  A  of  the  circle 
CAB,  it  follows,  that  CA  :  GE  ::  GE  :  E  V, 
and  confequently  CA  :  2  GE  ::  GE  :  2  EV,  and 
therefore  (becaufe  the  tangent  A  O  is  -  a  0  — 
GH  =  2  GE,  and,  by  Simfons  Con.  Seft.  lib.  1. 
prop.  10,  the  fubtangent  EK  is  =2  EV)  CA  : 
AO  ::  GE  :  EK.  Therefore  (by  El.  6  6.)  the 
triangles  CAO,  and  GEK  are  fimilar,  and  con- 
fequently GK  :  EK ::  CO  :  CA.  Therefore  Gt 
is  to  Gl ::  CO  :  CA  : :  og  :  dD  : :  og :  0  P  ::  og  x 
om  :  0P  x  0  ^^  that  is,  the  infinitely  fmall 
retfangle  og  qm  is  to  infinitely  fmall  redhngle 
wP  as  the  infinitely  fmall  portion  Gt  of  the 
parabolic  arch  GV  correfponding  to  the  redt- 
anglie  0  g  q  tn  to  the  difference  G  /  of  the 
halves  of  the  two  contiguous  ordinates  GH 
and  tvy  between  which  the  fmall  arch  G  /  is  in- 
tercepted. But  becaufe  the  ordinates  me,  0  g 
are  infinitely  near  each  other,  the  mixtilinear 
area  e  g  om  will  be  equal  to  the  redtangle  ogmq; 
therefore  the  mixtilinear  area  eg  om  is  to  the 
rectangle  m  P  as  G  /  to  G  /.  And  in  the 
fame  manner  it  may  be  (hewn  that  every 
following  mixtilinear  area  p  e  m  z9  p  p  z  z9 
&c.  in  the  hyperbola  D  dy  is  to  the  corre- 
fponding portion  of  the  re&angle  a DP0,  as  the 
portion  tr,  or  rr,  of  the  parabolic  arch  GV, 
correfponding  to  that  mixtilinear  area,  to  the 
difference  of  the  halves  of  the  two  contiguous 
ordinates,  tv,  and  rs,  or  rs  and  rs>  between 
which  that  portion  of  the  arch  GV  is  intercept- 
ed, or  to  the  portion  /»,  or  »  n>  of  the  femi- 
ordinatc  G  E  correfponding  to  that  portion  of  the 
aicji  GV.    Therefore  the  whole  hyperbolic  area 

D  d  d  2  aDg$ 
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aDgo  13  to  the  whole  reft  angle  aDPo  as  the 
whole  parabolic  arch  GV  to  the  whole  femi- 
ordinate  GE,  and  confequently  as  the  parabolic 
arch  GVH  to  the  whole  ordinate  GH.  QED. 
28s.  From  the  foregoing  article  it  follows, 
that  the  hyperbolic  area  aDgo  is  equal  to  a 
re&angle  whofe  bafe  is  equal  to  the  parabolic 
arch  GVH  and  altitude  to  the  parameter  of  that 
parabola,  or  to  the  femi-axis  aD.  For  aDgo  : 
a-o  x  a  D  ::  GVH  :  GH  ::  GVH  :  a  0  ::  GVH 
y  aD  ;  ao  x  a  D.  Therefore  aDgo  is  == 
GVH  x  aD. 

Mr.  Cotes'*  conftruStion  of  a  parabolic  arch. 

286-  Having  thus  demonftrated  this  analogy 
between  the  hyperbolic  area  aDgo  and  the  pa- 
rabolic arch  GVH,  it  will  not  be  difficult  to 
deduce  from  it  the  elegant  conftru&ion  which 
Mr.  C  tes  has  given  for  finding  the  length  of  a 
parabolic  arch  in  hisHarmonia men/urarumyp. 22. 
This  conftrudtion  is  as  follows,  Bifeft  the  fe- 
jni-crdinate  GE  in  L,  and  draw  the  line  LV, 
and  produce  it  to  M,  fo  that  LM  (hall  be  the 
logarithm  of  the  raiio  of  tha  fum  of  the  lines 
LV  and  VE  to  the  line  LE  in  a  fyftem  of  lo- 
garithms whofe  modulus  is  VF,  or  a  fourth  part 
of  the  parameter  of  the  parabola  GVH,  or  (hail 
be  equal  to  fuch  a  portion  of  the  axis  of  a  loga- 
rithmic curve,  whofe  fubtangent  is  equal  to  VF, 
as  is  intercepted  between  any  two  ordinates  that 
are  to  each  other  in  the  proportion  of  LV  -f-  VE 
to  LE j  the  right  line  V M  will  be  equal  to  the 
parabolic  arch  GV, 

side- 
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A  ilemonjlration  of  this  cmftruftion. 

In  order  to  demonftrate  this  conftru&ion, 
draw  the  afymptote  a  R  of  the  hyperbola  D  dy% 
cutting  the  ordinate  og  in  *,  and  From  the  points 
D  and  g  draw  the  lines  D  N,  g  R  perpendicular 
to  this  afymptote,  and  meeting  it  in  N  and  R. 

Then  'tis  evident  in  the  firft  place,  that  the 
right  angle  D  a  0  is  bilcded  by  the  afymptote  a  R, 
and  consequently,  that  the  angles  R  a  o>  Ka  D, 
tfDN,  cqli>  Rag",  and  Rga,  are  each  of  them 
equal  to  half  a  right  angle.  Therefore  0«  is  = 
oa>  ctR     g  R,   and  D  N  =  a  N.      Therefore 

*Nqis  —  *^,and«R*  =5^}  and  the  tri- 

2  2 

angle  *ND  is  =r   — = — ,  the  triangle  aRy 

2  4 

«R      a?q         1   v       •      1  tf^    t» 

—      — —  -^-,  and  the  triangle  ae*  — — .  rur- 

24  2 

ther  the  parallelogram  of  this  hyperbola  is  = 

DN  x  *N  —  *Nq  —  —  j    and,    becaufe  the 

2 

triangles  D^N,  gaR  are  fimilar,  and  confe- 
quentiy  aD  is  to  *g  as  DN  to  £R,  the  afymp- 
totic  area  DNR£,  which  inealures  the  ratio  of 
DN  to  gR,  will  alfo  be*  the  mcafure  of -the  ratio 
of  a D  to  #j. 

2d!y\  Becaufe  GL  is  taken  —  LE,  and  VK  is, 
by  the  nature  of  the  parabola  —  VE,  the  tri- 
angles GKE  and  LVE  are  fimilar  -,  but  it  was 
fhewn  in  the  preceding  demonftration,  that  the 
triangles  GKE  and  CO  A  are  fimilar;  therefore 
the  triangles  LVE  and  COA  are  fimilar,  and 
LE  is  to  L  V  as  CA-to  CO,  and  -confequently 

CO 
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CAvLV  v 
CO  is  =  ~~le~"'    ^0  Ae  ratio  of  LV  -f- 

VE  to  LE  wijl  be  equal  to  the  ratio  of  CO-i-AO 
to  CA. 

Therefore  GVH  x  CA  is 
a=GVH  x  aD 

=  hyperbolic  area  <jD^<? 

=-  triangle  a«o  -+-  triangle  tfDN-f-the  mixtilinear 
area  DN«£ 

=?  triangle  aao  -f-  triangle  aDN  4-  afymptotic 
area  DNRg — triangle  «  R  g 
a<P  ,'  «D»  •         aD     a?i 

r=  -—  -f-  — -f-  log. i- 

=  —  +    -_-  +  log.-- —  qr  — "« 

2 .  4  <£— «« 4 

2         4  «£— •**  .       4 

ig*  f  *D*     .         aD  — og*4-2ogy.ao — a<fl 


2        4  °  og—ao  4 

__*o*     ao*       aD*—  og*    .        *D    .  2orx« 

~~  "^ : — ' — -f-log. r-  - 

2         4  4  4  &<£— <tt  4 

""4         4         4  <£— *«      "T" 

_  AOi         CA;  __CO*     .  *  CA 

~    4      +     4         T~  "*"    g*  CO— AO 
COxAO 


rrkg.  CA  -     C0XA° 


CO— AO  ^        2 

.       CO+-AO     ,  COxAO 

=   log.  — ~ —    H . 

6       CA         ~       2 

.      LV-i-VE  ,  COxGH 

=  loS'    "LE—  +—z 


=  log, 
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LV-hVE    ,  or.         Tt? 

T       LV-hVE        CAxLV  ._ 

=  IoS'-LE-+    -LIT     X2LE 

LV^VE 
=  log.  — rp h  2C A  x  LV,  and  confequendjr 

LV4-VE 
GVxCA  is  -  CA  x  LV  +i  log/^^— 5 

that  is,  the  rcftangle  under  the  arch  GV  and 

CA,  the  parameter  of  the  parabola,  is  equal  to 

the  fum  of  the  redtangle  under  the  right  line 

LV  and  parameter  CA  and  half  the  afymptotic 

area  that  meafures  the  ratio  of  L V  -+-  VE  to  LE 

in  the  hyperbola  D  dy  whofe  parallelogram  is  ~ 

tf*Dq     CAq 

- —  or .    But  the  half  of  the  afymptotic 

area  that^  meafures  this  ratio  in  the  hyperbola 

CAq 

Ddy  whofe  parallelogram  is is  equal  to  the 

4m 

whole  afymptotic  area  that  meafures  the  fame 

ratio  in  an, hyperbola  whofe  parallelogram  is  but 

half  of  tne  parallelogram  of  this  hyperbola,  or 

CAq 
is  equal  to .    - .    Therefore  GV  x  CA  xi  z=z 

CA  x  LV  -}-  the  afymptotic  area  that  meafuret 
the  ratio  of  LV-f-VE  to  LE  in   an  hyperbola 

CAq 

whofe  parallelogram  is .     But  (by  Art.  z  1 6) 

4 
this  afymptotic  area   is  equal  to  the  re&angle 

whofe  bafe  is  fuch  a  portion  of  the  axis  of  a  lo- 

CA 

garithmic  curve  whofe  fubtangent  is  —  ,  or  VF, 

as  meafures  the  fame  ratio  of  LV  +  VE  to  LE 

that 
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in  that  curve,  and  whofe  altitude  is  equal  to  CA, 
that  is,  to  the  redaogle  LM  x  CA.  Therefore 
GV  X  CA  is  -  LV  X  CA  +  LM  x  CA,  and 
confequently  GV  is  —  LV  +  LM  —  VM. 

QED. 

Of  the  radius  of  curvature  of  a  logarithmic  curve. 

287.  We  fhall  conclude  this  Corollary  with  a 
determination  of  the  radius  of  curvature  of  the 
logarithmic  curve  at  any  point  affigned,  and  of 
the  point  where  this  radius  is  leaft,  or  the  cur- 
vature of  this  curve  is  greateft ;  for  'tis  eafy  to 
perceive  that  the  curvature  of  this  line  decreafes 
ad  infinitum  on  both  fides  of  any  given  point  in 
it,  and  confequently  that  there  muft  be  fome 
one  point  in  it  at  which  the  curvature  is  greater 
than  at  any  other  point  in  it  whatsoever.  But 
firft  we  muft  obferve,  that  in  the  following  de- 
termination of  the  radius  of  curvature  it  k  taken 
for  granted  that,  the  limit  of  the  interferons 
of  two  contiguous  perpendiculars  to  the  tangents 
of  a  curve ;  or  the  point  to  which,  as  the  di-* 
fiance  of  thefe  perpendiculars,  or  the  arch  in- 
tercepted between  them,  is  continually  dj mi- 
nified, their  interferon  continually  approaches, 
and  to  which  it  may  be  made  to  come  nearer 
than  within  any  afligned  diftance;  or,  in  the 
language  of  kifinitefimajs,  the  ultimate  inter- 
fettion  of  thefe  perpendiculars  when  the  arch 
intercepted  between  them  is  infinitely  fmall ;  I 
fay,  it  is  here  taken  for  granted,  that  this  point 
is  the  center  of  the  circle,  which  has  the  fame 
curvature  with  the  curve  in  the  point  where  the 
upper  extremities  of  the  two  perpendiculars  co- 
incide ; 
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jncide ;  or  of  the  circle  which  ■  has  the  fame 
tangent  with  the  curve  in  thar  point,  and  touches 
it  fo  clofely  that  no  other  circle  can  pafs  between 
that  circle  and  the  curve.  Thus  let  B  F  (Ft jr.  84 
be  a  fmall  arch  of  any  curve,  BG  a  line  perpen- 
dicular to  the  tangent  at  B,  and  G  the  point  to 
which,  if  we  fuppofe  the  point  F  to  move  to- 
wards B,  the  interferon  of  a  perpendicular  to 
the  tangent  at  F  will  continually  approach  as  to 
its  limit ;  it  is  here  fuppofed  that  the  point  G 
will  be  the  center,  and  the  line  BG  the  radius,  of 
the  circle  that  has  the  fame  curvature  with  the 
curve  BF  in  the  point  B,  or  between  which  and 
the  curve  B  F  no  other  circle  can  be  drawn. 
Whoever  is  defirous  of  feeing  an  accurate  de- 
monftration  of  this  may  find  one  in  the  402* 
article  of  Mr.  Mac/aurins  fluxions  $  for  it  is 
there  demonftrated,  that  the  tangent  to  the  evo- 
lute  curve  is  the  radius  of  a  circle  of  equal  cur- 
vature with  the  curve  of  evolution  at  the  point 
where  it  meets  that  curve  $  and  from  the  nature 
of  evolute  lines  'tis  evident  that  the  other  ex- 
tremity of  this  tangent,  or  radius  of  curvature, 
which  is  fituated  in  the  evolute  linfe,  is  the  limit 
of  the  interfe&ion  of  two  contiguous  tangents 
to  the  evolute,  or  of  two  contiguous  perpendicu- 
lars to  the  curve  of  evolution.  This  article  of 
Mr.  Mac/aurins  fluxions  contains  a  definition 
of  evolute  curves  and  curves  of  evolution,  as 
well  as  a  dernonftration  of  the  property  of  them 
here  mentioned,  and  is  totally  independent  of 
all  that  goes  before,  and  therefore  may  be  read 
and  underftood  by  itfelf  without  confulting  either 
any  other  book,  or  any  other  part  of  that  book. 

E  e  e  As 
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As  to  a  demonftration  of  this  property  of  the 
limit  of  the  interferons  of  two  contiguous  per- 
pendiculars (or  of  the  co-incidence  of  this  limit 
with  the  center  of  curvature)  independent  of 
the  properties  of  evolute  lines,  and  derived 
merely  from  the  confideration  of  tangents  and 
perpendiculars,  it  is  what  I  have  not  been  able 
to  meet  with  in  any  of  the  authors  I  have  feen  i 
and,  I  believe  it  would  be  pretty  difficult  to 
make.  This  being  premifed,  the  radius  of  cur- 
vature in  the  logarithmic  curve  may  be  found  as 
follows, 

288.  Let  ABT  (Fig.  84.)  be  a  logarithmic 
curve  whofe  axis  is  SM ;  B  and  F  any  two  points 
in  it  infinitely  near  to  each  other ;  BK  and  FL 
perpendiculars  to  the  axis  SM,  drawn  through 
thofe  points,  and  meeting  the  axis  in  K  and  L; 
BH  and  Fb  tangents  to  the  curve  in  thofe  points, 
meeting  the  axis  in  H  and  b ;  and  BG  and  FG 
perpendiculars  to  the  tangents  BH  and  Ft>, 
meeting  each  other  in  G,  and  the  axis  in  M 
and  N.  Laftly,  draw  BO,  parallel  to  the  axis, 
meeting  the  ordinate  LF  (produced)  in  P,  and 
the  perpendicular  FG  in  O. 

Then  'tis  evident  the  triangles  GBO,  GMN 
will  be  fimilar,  and  confequently  GM  will  be 
to  GB  as  MN  to  BO  j  and,  dividendo>  BM  : 
BG::  MN  — BO  :  BO,  If  therefore  we  can 
find  the  magnitude  of  BM,  and  the  proportion 
of  MN — BO  to  BO,  or,  which  amounts  to  the 
fame  thing,  the  proportion  of  MN  to  BO,  the 
magnitude  of  BG  will  be  thereby  determined. 

Now,  becaufe  the  arch  BF  is  infinitely  fmall, 
and  confequently  may  be  confidered  as  coin- 
ciding with  the  tangent  BH,  it  follows  that  the 

triangles 
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triangles  BPF,  BOF  will  be  reftilinear  triangles 
fimilar  to  each  other,  and  to  the  triangles  BHK, 
BKM,  BHM  And,  'tis  evident  likewife,  that 
the  triangles  FLA,  FLN,  and  FAN  ire  fimilar 
to  each  other. 
Therefore  in  the  Jirft  place  we  have  KH  x 

BH  ::  BK  :  BM,  whence  BM  is  ^^HRX^ 

2dly,  We  have  KH  :  BK  ::  BK  :  KM, 
and  Lb  :  LF,  or  BK  —  PF  :;  LF,  or  BK 
—  PF  :  LN;    and  BP,    or  KL  :  PF  ::  KH  ; 

BK.     Therefore  KM  is  =  jtyj-;  LN  is  = 

Tiyr    ~"  PF  * 

- — =-* =  (becaufe  by  the  nature  of  the 

curve  the  fubtangertts  K  H,  Lb  are  equal) 
BK  —  PF  *  _  BK*  — 2BK  x  PF+PF*  .  flnfi 
— KH KH ' 

KL  is-™^??.     Therefore  MN  (=  KM 

~KN  =  KM  — LN+KL)  is-8*'  — 

KH 

BK'+aBKxPF-PFi         KHxPF  = 

"KH  "+"  ~BK 

2BK  x  PF— PFi       KH  x  PF 
KH    .     .    +_bK_ 

aBK^xPF—. BK x PFq  •+-  KHi  x PF  =: 

BKTKH 
(becaufe  PF  is  infinitely  fmaller  than  BK  and ' 
KH,  and  confequently  BK  x  PFi  than  2BKi  x 

PF  and  KH^  x  PF) 2BKq*PF  ±,™^PF 

x      J  BKxKH 

E  e  e  2  aBK1 
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Therefore  3^,  MN  is  to  KL  as 
gBKi  x  PF  -f  KH  1  x  PF      KH  x  TF 

"  BKxKH  t0  ~BK~   '  °r 

KH'J  v  PF  '  '■ 

-** — svvf »   and  therefore  as  2  BK<i  -f-  KH*  to 

KHV  or  as  BK«  -+-  BH*  to  KH<?.  But  KL : 
BO  ::  BP  :  BO  ::  BPi  :  BFi  ::  KH<  :  BH*. 
Therefore,  ex  aquo,  MN  is  to  BO  : :  BK*  -f- 
BH«  :  BH  %  and,  dividendo,  MN  —  BO  :  BO 
::  BK< :  BH  .  But  BM  :  BG ::  MN  — BO  : 
BO  j  therefore  BM :  BG ::  BK< :  BH<.     And  it 

was  before  fhewn  that  BM  is  =—   *       j  there- 

xtxs  v  RFC 

fore  BK"  :  BH< ::  ~  *„-  :  BG}  confequent- 

KH 

>   do-         BH'   v  BHxBK  _  BH* 

ly  bi»  is  _-  gj^-  x  — KH  -   _  BK  x  KH. 

QED. 

289.  Hence  we  may  derive  the  following 
very  elegant  and  Ample  ccnftru&ion  of  the  ra- 
dius of  curvature  BG  at  the  point  B.  From  H, 
the  point  in  which  the  tangent  BH  cuts  the  axis 
SM,  draw  HR  perpendicular  to  the  axis,  meet- 
ing the  perpendicular  to  the  tangent  BH  in  R  r 
in  line  MR  will  be  equal  to  the  radius  of  curva- 
ture BG.  For  MR.  is  to  MH  ::  MH  :  MB  :: 
BH  :  BK}  and  MH  :  KH  ::  BH"  :  KH\ 
Therefore  MR  :  KH  ::  BH*  :  BKX  KH<   and 

1   AAD         BH'xKH        BHJ 
confequently  MR  =    fcK  x  KH' =  BKTKH 

=  BG.    QED. 

This  conftruclion  is  given  by  Mr.  John  Ber- 
nouitli.     [Sec  vol.  ii.  of  his  works,  p.  383.] 

790.  Sine* 
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2go.  Since  the  radius  of  curvature  BG  is  = 
BHJ  BHyKH       .  .    ..     , 

BK  M=BKxnP  °f  "  m  *•  famC  Pr°- 
portion  to  the  fubtangent  KH  as  BH  *  to  B  K  x 
KHq,  it  follows  that  it  muft  always  be  greater 
than  that  fubtangent.  For,  as  BH  fubtends  the 
right  angle  BKH,  'tis  evident  it  muft  always  be 
greater  than  either  BK  or  KH,  and  confe- 
quently  BH3  will  always  be  greater  than  BK 
XKH\ 

291.  Further,  as  the  ordinate  BK  increafes 
ad  infinitum,  the  tangent  BH  increafes  ad  infi^ 
nitum  like  wife ;  confequently  its  proportion  to 
the  fubtangent  KH,  which  is  always  of  a  givea 
magnitude,  and  the  proportion  of  its  fquare  to 
thefquare  of  KH,  increafes  ad  infinitum.  But 
its  proportion  to  the  ordinate  BK  evidently  ap- 
proaches to  a  ratio  of  equality  as  its  limit. 
Therefore  the  fum  of  the  ratios  of  BHq  to  KH9 
and  of  BH  to  BK,  or  the  ratio  of  BHJ  to  BK 
X  KH%  increafes  ad  infinitum ;  that  is,  the  ratio 
•of  the  radius  of  curvature  BGto  the  fubtangent 
KH  increafes  ad  infinitum  as  the  ordinate  BK  in- 
creafes; and  confequently,  as  the  fubtangent 
KH  is  always  of  a  given  magnitude,  the  radius 
of  curvature  increafes  ad  infinitum  as  the  ordi- 
nate BK  increafes. 

292.  Again,  as  the  ordinate  BK  decreafes  ad 
tnfinitnm,  the  tangent  BH  decreafes  to  a  certain 
given  magnitude  as  its  limit,  to  wit,  the  fub- 
tangent KH  ;  confequently  its  proportion  to  BK 
increails  ad  infinitum ,  and  its  proportion  to  KH, 
and  confequently  the  proportion  of  its  fquare  to 
the  fquare  of  KH,  approaches  continually  to  a 

ratio 


1 


S9o  ELEMENTS    c/ 

ratio  of  equality  as  itslimit.  Therefore  the  fumo/ 
ratios  of  tne  BH  to  BK  and  of  BHq  to  KH\  or 
the  ratio  ofBH3  to  BKxKHq,  increafes  ad  in- 
finitum y  that  is,  the  ratio  of  the  radius  of  cur- 
vature BG  to  the  fubtangent  KH  increafes  ad 
infinitum}  and  confequently,  as  the  fubtangent 
KH  is  every  where  of  the  fame  magnitude,  the 
magnitude  of  the  radius  of  curvature  BG  in- 
creafes ad  infinitum  as  the.  ordinate  BK  de- 
creafes. 

293.  It  appears  therefore  that  the  radius  of 
curvature  of  the  logarithmic  curve  increafes  Ad 
infinitum  both  when  the  ordinates  to  its  axis  in- 
creafe  ad  infinitum  ^  and  when  they  decreafe  ad 
infinitum  >  and  confequently  that  its  curvature 
decreafes  ad  infinitum  on  both  fides  of  any  given 
point  m  it,  as  was  aflerted  in  Art.  287. 

Of  the  point  of  great  eft  curvature  in  the  loga- 
rithmic curve. 

294.  To  determine  the  point  at  which  the 
curvature  of  the  logarithmic  curve  is  greateft,  or 
the  radius  of  curvature  leaft,  we  muft  de- 
termine the  magnitude  of  the  ordinate  BK,  or 
its  proportion  to  the  fubtangent  KH,  when  the 
proportion  of  BH1  to  BK  x  KHq  is  a  minimum  > 
or  is  lefs  than  when  BK  has  any  other  magni- 
tude. For  when  the  ratio  of  BHJ  to  BK  x  KH' 
is  lefs  than  in  any  other  cafe  whatfoevcr,  the  rtf- 
tio  of  BG  to  KH  will  be  lefs  than  in  any  other 
cafe  whatfdever;  and  confequently,  becaufe  KH 
is  every  where  of  the  fame  magnitude,  and  BG 
is  always  greater  than  KH,  the  magnitude  of 

BG 
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BG  will  be  lefs  than  in  any  other  cafe  whatfo- 
ever. 

Now,  if  with  H  as  a  center  and  HK  as  a  ra- 
dius, we  defcribe  the  circular  arch  KC  cutting 
BH  in  C,  and  from  C  draw  CD,  parallel  to  BK> 
meeting  KH  in  D,  'tis  evident  BK  will  be  the 
tyngent,  BH  the  fecant,  CD  the  fine,  and  HD 
the  cofine,  of  the  arch  BC,   or  of  the  angle 
BHK.     Therefore  HC  or  KH  is  to  CD  as  BH 
to  1  K,  and  HC  or  KH  is  to  HD  as  BH  to  KH, 
and  confequently  KH":  HD1  ::  BH1 :  KH', 
and  KH':  CDxHD'  ::  BH'  :  BKx  KH'. 
Therefore  the  radius  of  curvature  BG  will  be  the 
leaft  poflible  when  the  ratio  of  KHJ  to  CD  x 
HD'  is  the  leaft  poflible.     But  the  ratio  of  KH' 
to  CD  x  HD'  is  the  leaft  poflible  when  CD  x 
HD'  is  at  its  greateft  magnitude,  becaufe  KH1 
is  always  of  the  fame  magnitude.     Therefore 
the  radius  of  curvature  QG  will  be  the  leaft  pof- 
fible when   CDX HD  ,    (or  CD  x HC' ^TCD* 

orCDxiCH'—  CD  )  or  KH<  x  CD  —  CD  ■  is 
the  greateft  poflible-  Now,  if  the  angle  BHK 
be  conceived  to  increafe  gradually  from  d  to  a 
right  angle,  and  confequently  its  fine  CD  to  in- 
creafe  gradually  from  o  till  it  becomes  equal  to  the 
radius  KH,  Vis  evident  the  quantities  KH*  x  CD 
and  CD1  will  both  of  them  increafe  at  the  fame 
time,  from  being  at  firft  infinitely  fmall  till  they 
each  of  them  become  equal  to  KH5.  Confe- 
quently the  difference  of  thefe  quantities,  or  the 
quantity  KH'xCD  —  CD',  will,  during  the 
time  of  this  increafe,  have  increafed  from  o  to  a 
certain  finite  magnitude,  and  have  decreafed 
from  that  magnitude  to  o  again ;   for  when  CD 

is 
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is  equal  either  to  o  or  to  KH,  the  quantity  KH* 
xCD— CDJ  will  evidently  be  =  o.  And  this 
finite  magnitude  to  which  the  quantity  KH*  x 
CD— CD1  increafes  from  0,  and  from  which  it 
again  decreafes  to  oy  is  the  value  of  that  quanti- 
ty at  the  inftant  the  infinitely  fmall  increment  of 
KHq  x  CD  becomes  equal  to  the  contemporary 
increment  of  CD1.  For  as  long  as  the  former 
increment  is  greater  than  the  latter,  'tis  evident 
the  quantity  KHq  x  CD  —  CD*  will  increafe 
continually ;  and  when  the  latter  increment  be- 
comes greater  than  the  former,  that  quantity 
will  continually  decreafe:  confequently  at  the 
inftant  the  former  increment  ceafes  to  be  greater, 
and  begins  to  be  lefs,  than  the  latter  increment, 
that  is,  at  the  inftant  the  two  increments  become 
equal,  the  quantity  KHq  x  CD— CD*  will  ceafe 
to  increafe  and  begin  to  decreafe,  or  will  have 
attained  its  greateft  magnitude.  We  muft  there- 
fore fuppofe  thefe  increments  to  be  equal,  and  the 
value  or  the  fine  CD  thence  refulting,  will  be 
that  which  makes  the  quantity  KHqx  CD  — 
CD 3  the  greateft  poffible.  Now,  if  KH  be  put 
r=  r,  CD  -=  s9  and  its  infinitely  fmall  incre- 
ment =  i,  we  fhall  have  KHq  x  CD  =  rrs% 
CD1  =  i3,    the  infinitely  fmall  increment  of 

KHq  x  CD  =r  rrs,  and  the  contemporary 
increment  of  CDs  or  j1,  =  $sxi  ;  there- 
fore rrs   is   =  %s*s ;    whence    rr   is  =  3«, 

and  ss  =  - .    Therefore  the  radius  of  curvature 
3 

TT 

BG  is  the  leaft  poffible  when  ss  is  ==  — ,  or  CD' 

is 


J 
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is  ■=  i£*r-  >  of  BK.q  w  — '    and  therefore 

r  3  s    ■     "  ••        3"     ■•  -. 

when  KH*  (  —  BHi  —  Bki )  is  =  BH«  — 
53?-l-?-BH«  and  consequently  BK4  is  = 

— : —  j  that  is,  'the  radius  of  curvature  of  the 

2  " 

logarithmic  curve  is;  leaft,  ^nd  confequently  its 

curvature  greateft,  in  thatt  point  of  it  where  the 

fquafe i  of  the  ordinate  is  equal  to  half  the  fquare 

of  thq  fubtangent.     QED. 

295.  it  follows  from  hence,  that  the  radius 

of  curvature  at  the  point  of  greateft  curvature  in 

the  logarithmic  curve  (which  is  about  the  point 

Xi  in  fig*  ?4-)  is  to  the  fubtangent  of  the  curve  ia 

the  fyb-duplicate  proportion  of  the  numbers  27 

and   4$    or  very  nearly  in  the  proportion  of 

2.598,55710  1.     For  if  we  put  KH  —  a ,  and 

BK  z£  #,  tjie  general  expreflion  of  the  radius  of 

BHJ 
curvature  BG,  to  wit,  g^ — ^^    will  be  (  =: 

KH<i4-BKqNxBH  _ 
~KHYBK 


^khTbk       v 

aajrxx  X  jta -Hex*  Qt aa  4-*^     wWch> 
ax  ^  ax 

04  4/27 

when  xx  is  =  — ,  becomes  =^— i-   X  *,     op 

2  2 

nearly  2.598,557  x  a.    For  in  this  cafe  we  fhall 

aa         %aa     — v 

have  aa  -\-xx  —  aa  +        =  £ —    tftf  4-  x**' 

F  f  =27 
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■      ■■ 


&  c&  ±   act  -4- xx  i 

a%,  ax  ~a  %  —  =  — ,    and  ^^^^ 

v^2       i/2  *# 

>^?X  a>  x  ^^  X   *  =    (nearly) 

2^/2  rfrf  2  . 

tI97iL4x<,  =  2.598i557x^ 

2 

296.  The  angle  BHK,  contained  between 
the  tangent  BH  of  the  logarithmic  curve  ABT 
and  its  axis  SM,  when  the  point  B  coincides 
with  XI,  or  the  point  of  the  greateft  curvature,  is 
=  35%  i6r;  and  confequently  the  angle  HBK, 
contained  between  the  tangent  BH  and  the  or- 
dinate BK,  is  —  540,  44'.  For  the  radius  is  to 
the  tangent  of  the  angle  BHK  as  KH  to  BK, 
that  is,  in  the  prefent  cafe,  as  y/z  to  1 ,  or  as  1  to 


1  1 


.=  .7071— tang.  35°,  16'. 


y/2        1. 4 142 

297.  When  the  angle  BHK  is  —  450,  and 
confequently  the  ordinate  BK  is  equal  to  the 
fubtangent  KH,  the  radius  of  curvature  BG  is  — 
2V/2X^,  or,  ncariy,  —  2.8284  X  a.  When 
the  angle  BHK  is  ===30°,  and  confequently  the 
ordinate  BK  (which  is  the  tangent  of  that  angle 

KH 

in  a  circle  whofe  radiu6  is  KH,  or  a)  is  — 9 

a  8   ^3 

or  —  j  the  radius  of  curvature  BG  is  ——  x    m 

>/V  3 

=  2.6666,0^.  x  a.  And  when  the  angle  BHK  is 

r=  6o°,  and  confequently  BK  is  =  y/3  x  KH,  or 
V^3  X  tf,  the  radius  of   curvature  B  G  is   — 

%/i 
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JL  x  *= (nearly)  4.6i88x<*.  All  which  values 

of  BG  are  greater  than  2.598,557  X*,  or  tlie 

KHq 
value  of  BG  when  BK«  is  =^  ,  and  there- 

2 

fore  ferve  to  confirm  the  determination  of  the 
point  of  greateft  curvature  given  in  Art.  295. 

*9$.Tbatthefeveral  values  of  BG  are  fuch  as  are 
here  afiTgned,  will  appear  by  computing  the  value* 

of  the  expreffion  aa  +  ** «'  when  *  is  equal  to  *j 

ax 

-,  and  y3  X  a,  as  follows.    When  *  is  =  a, 


a 


we  have  aa  -+■  xx  =  2*«i  **  -f-  **•'   =  »  *  » 


,6 

> 


aa-t-  xx'*- g^x^^  2^/2  X  a*,  and** 

.    *i  -f-  *x  x  —  Zy/z  X  a* 
aa  j  and  confequently  — — — • 

=  2^2  X  a  =  (nearly)  2  ¥  14142x0  = 

2.8284  x  a.    When  *  is  =  —,  we  fhaU  have 

v3 
<ra  40*    1 — .    _o^a{ 

m+w**       *      x'"i» ,  =  — .  X  *>,and 

v/27  3v/3 

«r=^-5  and  confequently  <!l±iil=  _  X 
y/3  **  3v3 

M*  xV^.=:-X4=  2.6666,  tf f .  x  *.    And 

*<*       3  , 

when  x  is  =2  y/3X*,  wc  (hall  have  **=J**» 

**-t-*x  =  4**,  **  -+-  **V  =  640* ,  ^tftf  +  && 


r     0 
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'  ==  $  feVahrt  .<«•  *=  ^/3  X  wir ;  aid  toiife^ uent- 

ly  £1z£J2Ll=_^-~i  -=•_      x  tf  *~  (faMi-M 
J     .  ax  si*aa      y/Z  7' 

X    a  =  4.6188  xa. 

1:73205 

*  *.  * 

<y  /&  relation  between  fiito  poihts  lof  equal  cur- 
vature in  a  hgaritbinic  tUWe. 
.      »  *  •      , 

299/ Since  there  is  in  every  logarithmic  curve 
a  certain  point  at  which  its  curvature  is  greater 
thanat  atfy  other  point  bi  :i,t,  aftd'on  each  fide  . 
of  which  its<rarvature  decreafes,  and  the  radius 
'of  curvature  increafes,  ad  infinitum^  it  follows 
that,  if  xve  tike  any  point  m  this  Curve  on  one 
.fide  of  the  point  of  greateft  curvature  in  it,  there 
will  always  be  another  point  in  it  oh  the  other 
fide  of  the  f>6irit  of  greateft  curvature  at  which 
the  radius  of  curvature  will  be  of  the  fame  mag- 
nitude as  at  the  former"  point.  '  Thus,  if  in  Fig. 
84,  we  take  the  point  B  on  the  right~hjuid  of 
the  point  il$  or  the  point  of  greatdt  curvature, 
there  will  be  another  point  b  in  the  curve  ABT 
on  the  left-hand  of  the  point  XI,  at  which  the 
radius  of  curvature  bg  will  be  equal  to  the  ra- 
dius of  curvature  BG^tthe  point  B.     Now,  . 
when  one  of  thefe  points  (or  the  proportion  of 
the  ordinate,  that  paflcs  through  it  to  the  fubtan- 
gent)  is  given,  the  other  point,  or  the  propor- 
tion of  the  ordinate  that  paffes  through  it  to  the 
fubtangent,  may  be  determined  in  the  following 
manner.     Put  the  fubtangent  K  H  =  a,    the 
-greater  ordinate  BK  =sy,  and  the  lefler  ordinate 
*  bk 
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**»*}  and  we  IhaU4uRW  HG  «  **32li 

an4  bg  —  af~*~  **-  ^  and  therefore  beeaufe  $£ 


*# 


is  fuppofea  to  be  =  fc  G,  aaJ±JZ.i  w»l  be 
.  ,  a  x 


.£f±^;  therefore  "*  4-  *"  will  be= 
M+jpyi,      a6-\-za*xt+$a%x*-\rx6  wHl  be= 

«6+3*T+3*r-Hr6  a„d*v+3<**r+ 

3*  VV*+^i,==s^^*+3tf47*Af*+3tf  *****  •+■.?* 
*%  and  $a*y+x*~£a*x4yt-+-y6x% — x6y*=za6y* 

—a6x%=*=a6  fc  y*—x%?md  confcqucntly  3* % y* 
**-4-y 4x*  -4-y  'x'sstf 6.  By  die refolution  of  ,this 
^equation  (which  *tis  evident  njay  be  performed  ia 
the  fame  manner  as  that  of  a  quadratic  equation) 
we  may,  when  *  is  given,  determine  the  magni- 
tude ofy,  and,  when  v  is  'given,  we  may  deter- 
mine the  magnitude  of  x. 

1   # 

300.  Thus,  for  inftance,  if  *  is  »  — *,    we 

3 

fliall  have    **  =    rf>f**=  _,  and  $a*x*  =»• 

9  81 

3«m  X  **=_,  andconfequently*6  (=  3**/l< 
9       3' 

tf+y*    tf*y*    «*y*    27a*y 

*  +^  +/r>-  3 +9 +81    -ir- 
^    £.   ^.  ^   There e 

8  a 


1 


3$8  ..       ELEMENTS    of 

9  9  81 

=  o^i  +   .    *96*4  _  729a*+  *96*4  — .  925*4 

Confcqucntly  y  +  l^lis  =  3°'*!38   x  d% 

9  9 

and  ^*  =     -^  3,   X  *%  and  therefore^  is  = 

405 

Z_£  x    ^=1.35  X  a. 

3 

Again,  let  x  be  =  J-  \a%  and  we  fhall  have  xx 

.  10 

■2?—  x  <ra,  #4  = — 4£i  x  **     and  3* x  x%  = 

loo  10,000 

0**  x  ^51-.=J[Z_    and  confequently  a6  (  =* 
0  100        100  ^ 

240ia+y*      nyooa+y*   .  49* 'jy+        240141+/ 
19,000  10,000  100  10,000 

^-L£I£l£?       .  J^*     Therefore  i^' 
1 0,000      ~    100  49 

is  =   yH-  '7'<"«'r  ,  and  v*-f- 

4900 

ijioia%y%     292444101  Xtf4    _  10044 
~  4900     +  4X24010000      ~     49 


292^101x5^2.0^8  x«*+3*«ox* 
4x24010000 

c=  5.0858  x  a+,  and  confequently^ »  +_!7^.1 

x  « *  i»  =  2*255 1  x  *\aodj* *»  2*2551  x** 

—  17101 
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^17101  xtf*  _,_  2.2551  xtf*-*- 1.7+50  x<** 

9000 

mm  .5101x0s  and  y  =  .714x0. 

Again,  if  *  is  =  — ,  we  (hall  have  xx  '« 

_,  *♦  ss  — ,  and  30***  «=  30*  X  t-  «=  0*, 
3  9  .  3 

and  confequently  a6,  (^=  301y?**-t-.yV  ■+■  /***) 

„*«♦       *♦**         90V       «*>+     . 

f21"„  ISffi.  .  1'C ,  therefore  30*  is  =  ,♦ 

9  9  3       % 

iO0*y*         ,.        10**7*   ,    250*       „   ,     , 

ajg!,.«7'M*5«4.,;  5g£l,)  ^  confequently 

9  9  9 

,.  +  £l'i«  =7^JMoax  ,,  _  2403,700  x 

tfSand.y*  is  =  2.403,700X0*  —    ,     = 

2  403,700  X  *a  —  1.666,666,  G5V.   x  a%  =: 
.737,034  X  <*  %  and  confequently^  =  .858  X  a, 

In  like  manner,  when  y  is  given,  we  may 
find  x.  Thus,  if  ^  is  =  J,  we  ihall  have  .7*= 
a\y+=a\and  a6  (=  ^a%y%xx  -±.y+x*-\-y%x+) 
=  3*4x*  -+-  a+x%  -t-  *  *x4  =  4*4*1  H-  ***  t 
and  x*  -h  4****  =  #4  ;  therefore  x4  •+-  4^*x* 
.4-  4*4  is  =5  5^4,  and  x%  -f-  20s  =  ^/5  x  a% 
5=  2.23606  X  a S  whence  x  *  is  =  2.23606  X  0* 
—  2#*  ==  .23606  x^S  and  xis  =  .485x0. 

If  y  is  =  V3  X  tf,  we  fhall  have  y1  =  3**, 
yt+  =3  9*+,  and  30 *y%  =  3^ *  X  3^*  —  9*4 
and  confequently  * 6  (*=  3* ayax*  -t-y4**-!-^**4) 
ibs  944**-h9<*4;c*  -+-  3a**4  =  i8*4x*  +  iax 

6a* 


*oo    •  i     B  L 'EM  E  N.  T  3    0/ 

6a'x*  -At Q<*4 •  «"n  Qa *-\ «^ — -J- — » 

3  3~  3 

*=  9-33333333  *«tff  therefore*1  ^  j<r  is  — 
3.05.^0  a\  and.,*'  ==  3.0550 x*'  — 3^  =• 
.0556a*,  and  x'=s'.2^-x  a. 


Ahl&fervaiion  concerning  the  d&reafe  of  curva- 
ture in  a  logarithmic  curve,  fin  the  oppofitt 
'  ~w$f  thefoinf  of  greateft  curvature. 

■» 
30 i.  From  the  foregoing  equation,  ia%x*y%  + 

.y4*2-fiy  V*  =  **>  for  determining  the  points  of 
equal  curvature  on  the  oppofttcrfides  of  the  point 
A,  at  which  the  curvature  is  greateft,  we  may 
deduce  the  following  obfervation  concerning  the 
decreafe  of  the  curvature  of  a  logarithmic  curve 
on  the  different  fides  of  the  point  of  greateft 
curvature;    to  wit,  that  its  curvature  decreafes 
iafter,  or  the  radius  of  curvature  increafes  fafter, 
on  that  fide  of  the  point  of  greateft  curvature  on 
which  the  ordinates  to  the  axi6  increafe  than  on 
the  fide  on  which  the  ordinates  decreafe ;  or,  if 
we  take  any  two  points  as  b  and  Qm  the  logarith- 
mic curve  ABT  on  different  fides  of  the  point  Si 
where  the  curvat uresis  greateft,  and  at  equal  di- 
ftar.ces,.  meafured  on  the  axis  of  the  curve,-  from 
that  point,  fo  that  the  abfcifs  EV  intercepted  be- 
tween the  ordinates  XlE  andQV  fhail  be  equal  to 
the  abfcifs  Ek  intercepted  between  the  ordinates 
SlE  and  b  k>  the  radius  of  curvature  at  the  point 
Q^will  be  greater  than  the  radius  of  curvature 
at  the  point  b, 

302.  Now  'tis  evident  this  will  be  truQ  if  the 
point  B,  at  which  the  radius  of  curvature  is  of 
the  fame  magnitude  as  at  the  point  b,  falls  be- 
tween the  points  SI  and  Q.    For  if  this  be  the 

cafe, 
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cafe,  the  radius  of  curvature  at  Q  (the  point  Q 
being  more  diftant  than  the  point  B  from  the 
point  a  where  the  curvature  is  grcateft)  will  be 
greater  than  the  radius  of  curvature  at  B,andcon- 
fequently  than  the  radius  of  curvature  at  b.  We 
will  therefore  {hew  that  the  point  B  falls  between 
the  points  £t  and  Q,  or  that  the  abfcifs  EK  is 
lefs  than  the  abfcifs  EV,  or  than  its  equal  the 
abfcifs  E£,  or  (which  amounts  to  the  fame  thing, 
becanfe  the  abfciffes  EK,  E  k  are  meafures  of 
the  ratios  of  BK  to  OE  and  OE  to  bk)  that  the 
ratio  of  BK  to  OE  is  lefs  than  the  ratio  of  OE 
to  bk%    or  that  the  ratio  of  BK'  to  OE*,   or 

>     is  lefs    than  the  ratio   of  OE*i    or 

2 

SL\  to  bk\  or  that  BK*  is  lefs  than  a  third 

2 

proportional  to  bto  and  — -,  or  than  KH* 


4** 

or  that  yy  is  lefs  than . 

■^  ^  Mf 

303.  Jn  order  to  demonftrate  this  afTertion, 
we  muft  refolve  the  equation  3*  sjr*v*  -f-  j4x* 
-+.y*x+  =  a6  in  general  terms,  or  find  a  gene- 
ral expreflion  of  the  value  of  yy  in  the  follow- 
ing manner.  Let  the  proportion  of  a  to  *  be 
reprefented  in  general  by  that  of  the  numbers 

m  and  nt  fo  that  x  fhali  be  =  —  X  a.      Then 

m 

we  (hall  have  x*z£jL  mX*  ==   H  *  .  ia*i%x* 

m%  m*    *    J 

=3  <r  x  ■^-=L-=rL'  y*  =»  r  *  — r = 

G  g  g  and 


4Q*  R.  h  EVENTS.   «f 

^-^-  iand>.  **=/  x   "4-=-^*— I 

fore  «6  (-3tfy**-hy.*fH-^*Jf4)  is  =  y    ,- 


-4- 


and  f^i??>*+  ?>*  x  J*+J*.  Therefo* 

«**       , 4^  ~~ ' 

T.  ,    '    i;   i'mij    *'    i  ji  i'lin    j in  1    »■■         y  3X1(1,  COR* 

terms*??  Hr  02%g£  =      ;. 


2W 


^— J- i n-f — ■  ■  '    ■  ■■  9    aad: yr 


2m  n 


2«r  » 


■1 — «r« — ^ 


»— ^^ 


2/0-..  - 

304.  As  an  inflates  oJfthis,i»ethpd  of  finding; 
the  value  of .?,  we  wiirrefume  the  firft  of  the 
examples  refdved  above  in  Art.  300,  in  which 
*  was  taken  =  j_  x  a .    {lore  therefore  we  ihaU 

3 
hvf^m^i  3,  »=  1,  »*  —  i,  »«  —  i,  ma— 9, 

w4  ==  8>5  and  »«  =.  729,  and  CQO^endyr 

40 
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t(ni*u*  ^r4'X7*9X»4^=  2grt>a*,  qm+h%d*  =a 
9x81  x  1  x*4=s  729a4,  6/»***tf ♦  =6,x 9 X 
rxtf'-t:  54tf+,fe*a4  —  £*,  and  therefore  ' 

•2916-4-729-1-54+^  X «♦  —  y/jwooa* 

=   60.5276  X  **  }  which  divided   by  2d***, 

or  (2x9x1  =  )  18   gives  3.3793  x  «*; 

from  which  if  we  take  - <-* ,    or 

ax:^         ~~      :   i*        "~     «8~~ — / 

-^->  or  i'SSSSX*** wc  &aN  have  J1  =  1.8238 

9 

X  #*,  and  confequently y  will  be  —  1". 35x^1 

whichf  agreeing  exactly  with  the  value  of  y  ob* 
tained  in  this  example  in  Art.  300,  by  refolving 
"the  equation  2aly%xx+y+*%  -j-^**4  =r  0*  in  J>ar* 
•Ocular  numbers,  ferves  as  a  confirmation  of  the 
foregoing  .general  expreflion  of  the  value  of  yyx 
or  as  a  proof  that  it  is  rightly  Corhputed, 

39  j*  Now  becaufe  x  is  =  ^--,  and  confequ*rft* 

Iv  *#= ,  tis  evident —  will  be  =  —  x  — 

J  m%  4*x  .4      n*a\ 

_.^!±#  \  Wearfcditfe&re  tt>  demoaftrtae,  that 

the  foregoing  expreflion  of  the  value  of  yy  is  lefs 

than  — %  1  which  m^y  be. thus  (hewn* 

^  306.'  Since  whth&&  point  b  Coincides  with 

me  point  h,tiie  vtdiie  &  bk\  <»  wis  only  = 

■— •»  it  follows,    that  in   the  prefent  cafe,   in 

G  g  g  2  which 
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which  the  point  b  is  fuppofcd  not  to  coincide 

with  XI,  xx  muft  be  lefs  than  —  $    confequentljr 

*ff  will  be  lefs  than  — ,    and   znn  than    mm. 

2 

Therefore  the  fquare  of  mm — inn  muft  be  an  af- 
firmative quantity,  or  its  affirmative  parts  *»+  and 
4«4  muft  be  greater  than  its  negative  part  4»* 

n%  i  therefore  "T"  +  *4  will    be  greater  than 

m%n%%  and  El  +*4  X  «+  *♦  than  «  V  X  »♦  * ♦,  or 

4 

\-  m*ma+  than  »»'»*<*♦  Therefore  adding 

'  '4 
$m6n'a*  4-  o/»+»4*4  _f.  6mrn6a+  4-  »*<**,    to 

both  fides,  it  follows  that f-  3a*  ^tf*  -h 

4* 

iom*n<a*  4-  6m*?t6a*  4-  »»**,  will  be  greater 
than  4»'«*a*  4-  9/»*»4j+  4-  6/B**'**  4-  »'*♦. 
Confequently 

^J?_4-3«*attf^4-io»»*a+<»*  4-  6*Ii»*tf*4-«»*, 

~i_ ^ 

4«*»* 
is  greater  than 

A&6n%a+  +  qmxn*a  * -f-  6m*n*a+  4-»f** 

■    ■  '  ■  '  o* 

4JW4** 

-        4«*g*  ■+»  gm+n**4  +  6m*n+a+  «+  a6*  *> 

and  confequently  the  fquare-root  (of  the  former 
of  thefe  quantities  is  greater  than  the  fquare- 

root 
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m+a*  %      A  4 

\-Zm%n%a  ■+■*  a 

root  of  the  latter,  that  isf-£ mmmj 

2tn%nx 

ATP-  201*  . 

s/ %m<  a*  -f-  9 m* nla*  -+•  tml  n* a*  -r  »  g4« 

Confcqucntly  ^!f!  is  greater  than 
v/  4>w6  o+  4-  9»4  nz  a*  •+•  bm*n+a+-\-  n6ar 

T*m*a%—nXaX    Which  is  the  cxpreffion  found 
above    for   the  value  of  yy  ;    and  therefore 


or is  greater  than  jry.     QED. 


4»* '        4** 


32*  point  of  greatefi  curvature  determined  bj 
another  method  different  from  that  in  Art* 
294. 

307.  There  is  one  thing  further,  which  i^ 
may  be  worth  our  while  to  obferve  concerning 

the  equation  3* y**-h  J*  **  +/*4  =  a*  fomi* 
above  for  determining  the  proportion  of  the  or- 
dinates  BK,  bk,  at  the  points  B,  and*,  that  hav© 
the  feme  degree  of  curvature,  to  wit,  that  it  a£» 
fords  a  method  of  finding  die  point  XI  of  greateft 
curvature  different  from  that  ufed  in  Art.  294, 
For  we  need  only  fuppofe  the  points  B  and  b  to 
approach  continually  to  each  other,  till  they  co- 
incide in  die  point  A>  and  the  ordinate*  BK  and 

^  bk 
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bk>  or  y  and  #,  becortie  equal  to  each  other,  and 

to  the  ordinate  XlE,  and  the -value  of  it  in  the  er 

Equation  3**/**  -+-  y***+y*  **  =  *S  which  in 

this  cafe  will  be  3***4  -{-  x 6  -j-  *6  =  a 6  >  or  x6  -+■ 

3_ —  —  —  will  be  the  magnitude  of  the  ordi- 

mm  ^^ 

dinate  XlE  that  pafies  through  the  point  fit  of 
greateft  curvature.     Now  the  value  of  xx  in  this 

equation  is— >  as  will  be  evident  by  fubftrtoting 
ff.  in  its  ftead  in  the  terms**  and ^ —  ;  for  if 

2  2 

this  be  done,  wefhallhave  x* z^—,  and-? — 

' «  £  x  1^  and .;■+ **n = *v  k 

»      4      8  »  a  B  7     8 

=-8— = — >  as  in  the  equation  whofe  root  ma 

to  be  found.  It  appears  thetrfbie,  that  the  de- 
termination cf  die  point  A  of  greateft  cmvsttre, 
derived  from  this  equation,  agrees  exactly  with 
the  determination  of  the  fame  point,  obtained 
by  another  method  in  Art.  * 94,  and  thereby 
ferves  as  a  confirmation  of  that  determination, 
or  as  a  farther  proof  that  the  point  Q  is  rightly 
affigned. 

Here  we  put  an  end  to  this  10th  CmTtUary. 

-  .  , 

Cord.  w.  We  now  procoed  by  the  help  of 
the  foregoing  Cerellaries  to  determine  the  areii 
of  the  figures  of  fines,  verfed  fines,  and  chords. 
Apdfirft  we  will  confider  the  figure  of  fines. 

T  Let 
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Let  ABD  (fig.  85}  ^e  tb*  a*c&  °f  a  fcmk 
;ircle  whofe.  center  is  C ;  Ad  the  arch  of  a  qua* 
iraot.;  AE,  AG,  AN*  any  arches  Ids  than  ABj 
md  AF,  AH,  any  arches  greater  than  AB,  but 
ids.  than  the  femi-circie  ABD ;  and  EM',  G^ 
NSy.  F^v  H&  the  fine*  of  thefe  archea.     Drav^ 
the.  right  line  *  d  {Fig.  86)  equal  to  the  femi~ 
circular  arch  A6D>  and  take  the-  feveral  por* 
dons  o£  this  line,  aer  agy  an,  ab,   afc  ab>   re* 
Ipeflively  equal  to  die  arches  AE,  AG,  AN, 
AB,  AF,  AH;  and  through  the  points  e,gy  *r„ 
KX  K  d^w  tk*  •w^T,  #V,.  */>,  4K,  fy,  bi> 
at  right  angles  10  *4%  aod  irfpeflivehr  equal  to> 
the,  fines  EM,  Gf,  N&BC,   *fy>  w,  of  the- 
arches  AE,  AG,  AN,  AB,  AE,  AH*  and  let 
the- curve  *TUK^- be  drawn,  in  which  the  ex- 
tremities T,V,  fa  K,  ^  Sy  of  thefc  perpendiculars 
are:fituated.     The  %are  iTUKa?  is  called  the 
figure  of  fines* 

30$.  Now  concerning  this  figure,  we  may 
obferve  in  the  fir  ft  place,  thatthe  latter  half  of  it, 
to  wit,  Ky&#,  is  exa&ly  equal  and  fimtlar  to 
the  former  half  of;.  U,.  KU1VA.    For,  as  the? 
fines  of  arcs  that!  differ  equally  from  a  quadrant, 
or.  whereof  the  one.  exceeds,  a  quadrant  as  much1 
as  the  other  fall§  fhort  of  it,  are, equal,  'tiecvi-^ 
dent  that  the  ordinate*  of  the  figure  of  fines' 
dTlJKda  at:  equal  diffeances  from- the  middle* 
ordinate  £K  will  be  equal  to  each  other :  thus*' 
jfor.inftance,  if  bf  i$-*zbo>  the  ordinate^  y-wilfr 
be,  eqfal  to  the  ordinate  n  fa     Consequently,  if 
phe.  latter  half  KySJb  o£  the  figure  aTUKda 
was  laid  upon  the  former  half  KXJXab  qf  that* 
■gure,    it  would  exactly   cover,    or  coincide 

wi{h 
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with  it,    and  therefore  is  exa&ly  equal  and  fi- 
milar  to  it. 

,  2<#y,  The  curve  aTUKyfJ  of  the  figure  of 
fines  aTUKJa  is  every  where  concave  towards  its 
We  a  dy  It  appears  from  the  demonstrations  in 
Art.  198,  and  280,  in  which  it  was  {hewn  that 
the  logarithmic  curve,  and  the  curves  of  the 
figures  of  tangents  and  fecants  were  convex  to- 
wards their  bates,  that  any  curve  in  general  is 
convex  towards  its  bafe,  when,  if  two  contiguous 
portions  of  the  bafe  bettkfen  eqpaltoeacb  other, 
^nd  the  correspondent  ordinates  be  drawn,  the 
difference  of  the  greateffc  and  middle  ordinates 
is  greater  than  the  difference  of  •  the  middle  and 
Ipaft  ordinates :  and  by  the  fame  kind  of  reafon- 
ing  it  will  follow,  that,  if  the  difference  of  the 
grtateft  and  middle  ordinates  is  lefs  than  the 
difference  of  the  middle  and  leaft  ordinates,  the 
curve  will  be  concave  tafward  its  bafe.  Now,  if 
the  portions  eg,  gn  of  the  femi-bafe  ab  of  th? 
figure  of  fines  aTUKda  (Ft£.  86.)  be  taken 
equal  to  each  other ;,  the  correfpondent  arches 
EG,  GN,will  be  equal  to  each  other,  and  there- 
fore (by  Prep.  24,  Corok  1.)  the  difference  of 
the  fines  NS,  Gt  will  be  lefs  than  the  difference 
of  the  fines  G/,  EM  ;  therefore  the  difference 
~of  the  ordinate*^  #V,  which  are.  refpectivdy 
equal  to  the  fines  NS,  Gty  will  be  lefs  than  the 
difference  of  the  ordinates  gV9  eT>  which  are. 
refpedtively  equal  to  the  fines  G/,  EM.  There- 
fore the  curve  a TUK  is  cdncave  towards  ab  5 
and  confequently  the  curve  Kid,  which  is  ex- 
gdtiy  equal  and  fimilar  to  aTVK,  is  concave  to- 

-    -  -  ward* 
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wards  bd\  therefore  the  whole  curve  aTUKfd 
Is  concave  towards  the    bafe    a  </.QED. 

3^(y,  The  area  of  any  portion,  as  aTVpna, 
of  the  figure  of  fines  aTVKda  is  equal  to  the 
rectangle  under  the  radius  of  the  circle  ABD 
and  the  verfed  fine  AS  of  the  arch  AN  to  which 
the  bafe  a  n  of  that  portion  is  equal ;  or,  if  A  s 
(Fig.  87.)  is  taken  equal  to  the  verfed  fine  AS, 
and  Ax  be  drawn  perpendicular  to  As  and  equal 
the  radius  CA,  and  the  redangle  Axps  be  com-  . 
pleated,  the  area  aTVpna  will  be  equal  to  the 
redtangle  Axps. 

In  the  circular  arch  AN  take  the  point  L  in- 
finitely near  to  the  point  N,  and  draw  the  fine 
LR  ;  and  in  the  line  an  take  In  equal  to  the  arch 
LN,  and  draw  the  ordinate  Ik ;  and  from  k  draw 
kq,  parallel  to  a  n,  meeting  np  in  q.     Laftly,  in 
the  line  As  (Fig.  87.)  take  rs  =  RS,  the  dif- 
ference of  the  verfed  fines  AR,  AS,  and   draw 
re,  parallel  to  Ax;  meeting  xp  in  e.    Then,  fince 
by  Corol.  6.  the  infinitely  fmall  difference  LN  of 
of  the  arches  AL,  AN,  is  to  RS,  the  difference 
of  the  verfed  fines  AR,  AS,  of  thofe  arches,  as 
the  radius  AC  to  the  fine  LR,  and  (by  the  na- 
ture of  the  figure  of  fines)  the  ordinate  I  k  h 
equal  to  the  fine  LR,  and  the  lines  re,  rs,  In, 
are  refpedtively  equal  to  the  radius  AC,  the  dif- 
ference RS  of  the  verfed  fines  A  R,  AS,  and  the 
difference  LN  of  the  arches  AL,  AN,  it  follows 
that  In  1  rs  lire  ilk i    therefore    the  xe&angle 
r  ep  j  is  equal  to  the  reftarigle  Ik  a  n.      But, 
becaufe  the  ordinates  Ik,  np  are  infinitely  near 
to  each  other,   the  mixtilinear  area  I  kpn  is 
equal  to  the  reftangle  lkqn\    therefore  the 
fWjtilinear  area  Ik  pn  is  equal  to  the  re&angle 
'  Z  Hbh.  reps* 
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rep  f.«  Ar>d^iu  the  fame  manacr  It  may  pc 
fhewn  that,  if  the  area,  aV  Vpna  be  divided  Into  an 
infinite  number  of  fiich  little  mixtilidear  areas  as 
Jkp.ru  and  the  redtangle  A  Xp  4  be  divided  into 
the  fame  number  of  correfpondent  refUngfa, 
fuch  as  the  rectangle  re  ps,  each  of  the  re&anglcs 
into  which  the  rectangle  Axps  is  divided,  will 
be  equal  to  the  correfponding  mixtiiinear  ^rca, 
or  portion,  of  the  area  aVVpna.  Therefore 
the  whole  area  aTXpna  is  equal  to  the  whole 
re&angle  Axps.    QED. 

This  demonftration,  'tis  eafr  to  perceive,  is 
equally  juft,  whether  the  arch  AN  be  lefe  or 
greater  than  a  quadrant,although  the  figures  reprc- 1 
fent  the  former  cafe  only.  For  it  is  evident  from 
Carol.  6,  that  in  both  cafes  the  proportion  of  Lw 
to  RS,  or  of  In  to  rs>  is  equal  to  that  of  AC  Id 
LR,  or  of  r  e  to  /  k ;  which  is  the  foundation  of 
the  foregoing  demonftration. 

310*  It  follows  from  this  demonftration,  that 
the  area  of  half  the  figure  of  fines  aTVKda,  or 
of  the  portion  aTUK&a,  is  equal  to  the  iquarc 
of  the  radius,  and  the  area  of  the  whole  figure 
of  fines  aTUKJa  is  equal  to  the  rectangle  under 
the  radius  and  diameter. 

3 1 1 .  It  follows  alfo  that  the  zrcapKan  intercept- 
ed between  the  portion  in  of  the  bafe,  the  arch 
pKy  the  ordinate  nf>  and  the  middle,  or  greateft, 
ordinate  6K,  is  equal  to  the  re&angle  under  the 
radius  C  A  and  the  difference  of  that  radius  from 
the  verfed  fine  AS,  or  to  the  re&angle  under  the 
radius  CA  and  cofine  CS  of  the  arch  AN,  or  fine1 
of  the  arch  BN  to  which  the  bafe  in  of  the  por- 
tion pKJn  it  equal, 

<  31a,  Nate,* 
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3J12.  Note,  Dr.  Keill  has  made  ufe  of  this 
figure  in  computing  the  heat  of  the  fun  in  a  par* 
titular  cafe  mentioned  in  Kife  Examination  of 
Burnet's  theory  of  the  earth*  chap,  vii;  edit.  2d,  p. 
j  23.  "And  we  tnay  further  obierve  concerning 
this  figure',  that,  if  the  ortfihates  np%  BK,fy,  &c. 
be f  all  dimin?flred  in  the  fame  proportion,  the 
cQrye  aTV^yjd  will  be  £hat 6irrve  to  which  Dr. 
Smith  and  other  mathematicians  have  given  the 
name  of  the  barmbnicdl  curve  y  and  in  one*  of 
which  they  have  demoriftrated,  that  i  mufical 
ftring  actually  vibrates.  [See  Smith's  Harmonics, 
fed.  11.]  .'   ". 

J  1 3.  CoroL  12.  In  Fig:  88,*  let  the  right  line 
be  taken  equal  to  thtf  femi-drciilar  art  A8D 
in  Fig.  #5,  the  line  a  h  to  the  quadrant  AH,  ?nd 
the  lines  ae9  dg,dh'9  af,  ah,  to  the'archts  AE,AG, 
AN,  AF,  AH :  kpd  throtigh  the  points  <?,  g>*  #, 
b%  f>  b>  d>  draw  the  ordinals  ^P,  j^Q,  \tp,  BK, 
/F;  EH,  and  dT  at  right  angles  to  the  Vine  ad, 
and  refpedivefy  equal  to  the  verfed'linejf  AM, 
Af,  AS,  AC,A  yl  Rl  Ab,f.  of  tHe  arches  Afc, 
AG,  AK,  APi  Af,  AH/AD ;  and  let  the  cUtVe 
dpOfFFHT  be  drawn,  in  which,  the  extrrini- 
ties  6f  all  thefe  ordinate?  are  lituated  :  the  figure 
dpKTJa  is  called^he  figure*  of  vef  fed  fides.  • 

314.  'Now,  concerning  this  figure  it"  muft  be 
obferved  {fiat  the  cunre'^KT  *is  not  iA  eVery 
pait  of  it  bent  the  feme  way ;  but  the  firft  part 
of' it,  at>K; '  correfp6riding  to  thid  femi-bafe;tf  B, 
or  to  the  quadrant  X  B,  is'  convex  tdwards'^he 
line  ad,  and  the  fecond  part  ofit,  KFHT;  cor- 
i;efponding  to  the  latter  femi-bafe  'Bd?  ot  to  th« 
quadrant  BD,  is  concave  towards  tKe  lihe  a  d. 
*  '  Hhh'2    *''     J  For 
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For  fince,  by  CoroL  6,  the  infinitely  fmall  in- 
crement of  a  circular  arc  is  to  the  contemporary 
increment  of  its  verfed  fine,  as  the  radius  of  the 
circle  to  the  fine  of  that  arc,  it  follows  that,  if 
in  the  femi-circular  arch  ABD  in  Fg.  85,  we  take 
three  equi-different  arches,  whofe  differences  are 
infinitely  fmall  in  comparifon  of  the  arches  them- 
fclves,  the  difference  of  the  verfed  fines  of  the 
greateft  and  middle  arches  will  be  to  the  differ- 
ence of  the  verfed  fines  of  the  middle  and  leail 
arches  as  the  fine  of  the  middle  arc  is  to  the 
fine  of  the  leaft  arc :  but  the  fine  of  the  middle 
arc  is  greater  than  the  fine  of  the  leaft  arc  as 
long  as  thefe  arcs  are  lefs  than  a  quadrant ;  and 
afterwards,  when  thefe  arcs  are  greater  than  a 
quadrant,  it  is  greater  than  the  fine  of  the  leaft 
arc :  therefore,  when  thefe  arcs  are  lefs  than  a 
quadrant,  the^  difference  of  the  verfed  fines  of 
the  greateft  and  middle  arcs  is  greater  than  the 
difference  of  the  verfed  fines  of  the  middle  and 
leaft  arcs ;  and  when  thefe  arcs  are  greater  than 
a  quadrant,  the  difference  of  the  veried  fines  of 
the  greateft  and  middle  arcs  is  lefs  than  the  dif- 
ference of  the  verfed  fines  of  the  middle  and  leaft 
arcs.  Confequently,  if  we  take  three  equi- 
different  portions  of  the  line  a  d  (Fig.  88.)  whofe 
differences  are  infinitely  fmall  in  comparifon  of 
the  lines  themfelves,  and  through  the  extremi- 
ties of  thefe  lines  draw  the  correfpondent  ordi- 
nates, the  difference  of  the  greateft  and  middle 
prdinates  .will  be  greater  than  the  difference  of 
the  middle  and"  leaft  ordinates  as  long  as  thefe 
abfeiffes  of  the  bafe  ad  are  lefs  than  a  b ;  and 
when  thefe  abfeiffes  are  greater  than  a  6,  the 
difference  of  the  greateft  and  middle  ordinates 

will 
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Will  be  lefs  than  the  difference  of  the  middle 
and  leaft  ordi  nates.  Therefore  the  portion  apK 
of  die  curve  apKFT,  which  correiponds  to  the 
femi-baie  #  £,  is  convex  towards  ad-y  and  the 
portion  KFT  of  that  curve,  which  correiponds  to 
the  femi-bafe  b  d,  is  concave  towards  a  a.  QED; 
315.  The  acea  of  this  figure  is  determined  in 
the  following  manner.  If  the  abfeifs  a  n  of  the 
bafe  a  d  be  lefs  than  the  femi-bafe  a  b>  the  area 
of  the  portion  aPQpna,  correfponding  to  that 
abfeifs,  will  be  equal' to  the  excels  of  the  red- 
angle  under  the  radius  CA  and  abfeifs  an,  or 
arch  A  N,  above  the  re&angle  under  the  radius' 
CA  and  NS  the  fin6  of  the  arch  AN  \  and  con- 
sequently the  area  of  the  portion  aPQpKba,  cor- 
refponding to  the  femi-bafe  a  by  is  equal  to  the 
#xcefs  of  the  re&angle  under  the  radius  CA  andt 
the  femi-bafe  a  b>  or  quadrantal  arch  A  B,  above* 
the  fquare  of  the  radius  C  A.  If  the.  abfeifs  ab 
of  the  bafe  a  d  is  greater  than  the  femi-bafe  a  i, 
the  area  of  the  portion  af>Kba9  correfponding  to 
that  abfeifs,  is  equal  to  the  Aim  that  arifes  by 
adding  to  the  area  of  the  portion  apKba,  that 
*  correiponds  to  the  femi-bafe  a  b9  (or  to  the  ex- 
cefs  of  the  re&angle  under  the  radius  AC  and 
the  quadrantal  arch  AB  above  the  fquare  of  the 
radius  CA)  the  furti  of  the  redtangle  under  th^ 
radius  CA  and  portiqn  b  h  qf  the  bafe  a  d,  or  arcK 
B  H,  and  the  re&arigle  under  the  radius  CA! 
and  the  excefs  of  the*  radius  CA  above  HJ  thd 
fine  of  the  arch  ABH  $  or,  in  other  words,  the 
area  of  the  portion  KHbby  correfpbnding  to  the 
portion  b  b  of  the  bafe  a  d,  is  equal  to  the  fuqj 
of  the  redangle  under  the  radius  CA  and  the 
arch  BH  and  the  rectangle  under  the  radius  CA 

and 
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and  the,  excels  of  the  radius  CA  afajpve  HJ  the 
fine  of  the  arch  ABH. 

In  order  to  demonftrate  thefe  determination*, 
take  a  b,  in  Fig.  89,  equal  to  ab  the  femi-bafe 
of  Fig.  88,  or  to  the  quadrantal  arch  AB,  and 
di$w  aK.  perpendicular  to  a  b*  and  equal  to  the 
radius  AC,  and  compleat  the  re&angle  *KC£. 
Alfp  take  rbj  in  Fig-  90,  equal  to  the  radius 
AC,  an^  compleat  the  fquare  rKBb.  In  the  arch 
AN  tak,e  the  point.  L  infinitely  near  to  the  point 
N,  arid  draw  the  fiije  L.R,  and  the  line  LP,  pa- 
rallel tpA^S"  meeting  NS  in  P;  and  take  //*,  m 
jF&.88,  equal  to  the  infinitely  fraall  arch  LN» 
%  aqu  draw  die, ordinate  /*  pieptfng  tHe  curve 


Jftg.  oO|  relatively  equal  \o  an  ana  *  /  lq 
jp/£.  8  s,  or  tp  the  arches  AN,  A  L,  and  thro1 
^he  points  n  $nd  I  draw.the-  lines  n  N,  /  L,  pa- 
rallel  to  a  K,  meeting  KC  in  N  an<J. 1*  >  a»nd  in 
jpjjf*.  90,  take  rjft'ana  r  /  refpedtively  equal  to 
the  fines  NS,  LR,  of  the '.arches  AN,  AL,  and 
through  the  ppinjts  r,  p>  draw  the  litres  ^N,  /L, 
parallel  to  rK,  meeting  $B  jnN  and  L. 

Then  'tis  evident  in  the  ijrft  place,  that  lk>  in 
JPig.  88,  will  he  equal  to  ifye  verfed  fii\e  AJt ; 
In  in  Fig*  89,  will  be  rr  LN ;  and  lp  in  Fig. 

o,  will  be  =:  PN.     Further,  becaufe  by  Cord. 

;  we  h*Ve  RS  :  LN  ;:  LR  :  GA,  and  by  &- 

roL  2.  LN  :  PN  ;:  CA  :  RC,   it  folloyrs,    ex 

jequo,  that  RS  :  PN  ::  LR :  RC ;  confequen^y 

%  m  %  CA  x  RS  '  *  RC  x  RS 
LN  16  =        4j»       ,  and  «FN  =  .  ■ '   *r — - 

Therefore  in  ?c  Ik  vqill  be  —  LN  fc  A£  = 

•-     •  CA  x 
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„.      CA:RS       _,.      RC.#S      vsa  ^ 
CA  X— Ti5 CAx  -to —  =  CA  X 


l,N  — CA  x  PN  =  /L  x  In  —IL  x  />. 
But,  becaufe  the  or.dinates  np,  i  iarc  infinitely 
near  each  other,  the  mixtilihear  area. Ikptt  will 
be  equal  to  the  re&angle  under  lk%  2nd  In  i 
therefore  the  mixtilinear  area  lifm  is  —  /L  x  /k 
lh%lp,  and  confequently  lh%ln  is  —  /£jtoi 
/L  x  ^«  And  in  the  fame  faanner  it  mqy 
be  {hewn  that,  if  the  area  dPpna  is  divided  into 
an  infinite  number  of  infinitely  fmall  mixtilinear 
areas,  fuch  as  Ikpn,  and  the  rectangles  a KN/r 
and  rKN/>  are  divided  into  the  fame  number  of 
correfponding  little  redtangles,  fuch  as  /LN* 
and  /LNa  each  of  the  little  rfe&angles  that 
compofe  the  rectangle  *KN«  will  be  equal  to 
the  fum  of  the  correfponding  portions  of  the  afea 
aPpna  and  redangle  rKNp  .*  confequently  the 
whole  re&arigle  aKNn  will  be  equal  to  the  fum 
of  the  area  arpna  and  the  rq&arxgle  rKN/,  and 
therefore  the  area  d?pna  will  be  eqcral  to  the  ex- 
cefs  of  the  redtangle  aKNn  above  flie  reftanglc 
rKlfy  j  which  was  thefirft  thing  tcrbe  deinoii- 
ftrated. 

7 1 6.  Hence  it  follows/  that  the  area  arK6a9 
correfponding  to  the  femi-bafe  ab>\%  tqual;to 
the  excels  of  the  redtangle  a KC3  above  the  rect- 
angle rKBtr,  or  to  {the  excefs  of  tjie  Tt&angle 
under, the  quadrant*!  arch  AI£  ^andjadias  CA 
above  the  fquar^  of  the  radius  CA.  For  vfhen 
a  n  becomes  equal  to  a  &,  r/>  incomes  oqual  tp 

317-  The 
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317.  The  magnitude  of  the  area  KHbb,  cor- 
refpooding  to  the  portion  6  h  of  the  bale  a  d% 
being  equal  to  the  difference  of  the  areas  HTift, 
and  K1VA,  will  be .  determined  when  thofe 
areas  are  determined.  Now,  thefe  areas  may 
be  found  as  follows. 

Take  bdin  Fig.  9  i,  equal  to  bd  in  Fig.  88,  or 
to  the  quadrantal  arch  BD,  and  draw  bC  per- 
pendicular to  bd,  and  equal  to  the  radius  C  A, 
and  complcat  the  redtangle  bCAd.  Alfo  take  bii 
in  Fig.  92,  equal  to  the  radius  CA,  and  com- 
plcat the  fquare  bBATl.  In  the  arch  HD  take 
the  point  <p  infinitely  near  to  the  point  H,  and 
draw  the iine  0<r,  and  the  line  (p7r>  parallel  to 
Ac,  meeting  tWin^r;  and  take  b<p  in  Fig.  88, 
equal  to  the  infinitely  fmall  arch  Hft,  and  draw 
the  ordinate  <p9  meeting  the  curve  HT  in  Q-,  and 
from  9  draw  0A,  parallel  to  bi%  meeting  AH 
(produced)  in  x.     Laftly,  take  db  and  dtp  in  Fig. 

91,  refpe&ively  equal  to  db  and  dtp  in  Fig.  88, 
or  to  the  arches  DH  and  Dtp,  and  through  the 
points  by  <p>  draw  the  lines  b  0,  (pu,  parallel  to 
bC>  meeting  Ca  in  0  and  a  5  and  in  Fig.  92, 
take  n«>  n£,  refpeftively  equal  to  the  fines  HJ, 
(p<r  of  the  arches  DH,  Dp,  and  through  the 

Joints  i,  £  draw,  the  lines  t  q>  %z,  parallel  to 
B,  meeting  Ba  in  rj  and  z. 
Then  'tis  evident  in  the  firft  place,  that  <pQ\n 
Pig.  88,  will  be  r=  to  the  verfed  fine  A<r,  <pb  in 
Fig.  9 1,  will  be  =:  to  the  arch  pH,  arid  £*  in  Fig. 

92.  will  be  r—  H*r.  Further,  by  Corol.  6, 
we  fhall  have  *$ :  AH ::  <p&  :  CA,  and  by  CbroL 
2,  ^H  :  irH  :  :  C  A  ;  Co-,  and  confequently 
ixequo<r$  :  fH  :  :  ^o-  :  Co-;  therefore  ^H 
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is  = ,  and*H  =  — — There- 
to"                                <p<r 

fore    b$   x   <p0  will  be   —  pH  x  A«-  = 

CA^J       CA  x  VJ^CA  x  fH  +  CA 

X  irH  =r  0*  x  $b  4-  £*  x  £i.  But,  becaufe 
the  ordinates  £H,  00  are  infinitely  near  each 
other,  the  mixtilinear  area  Hb<p$  will  be  equal 
to  the  redtangle  under  b<p  and  <p9  -,  therefore  the 
mixtilinear  area  Hbq>9  is  equal  to  <p«  x  <pb  -f- 

£«  X  C1'  And  *n  ™c  ^amc  manner  it  may  be 
(hewn  that,  if  the  area  YLTdb  is  divided  into 
an  infinite  number  of  infinitely  fmall  mixtili- 
near areas,  fiich  as  H6(pby  zrA  the  redanglcs 
boAdzn6  nyAII  are  divided  into  the  fame  number 
of  correfponding  little  rectangles,  fuch  as  Quob 
and  £zqi,  each  of  the  portions  into  which  the 
area  tttdb  is  divided  will  be  equal  to  the  fum 
of  the  correfponding  portions  of  the  re&angles 
bo  Ad  and  *q  AIL  Consequently  the  whole  area 
HTdb  will  be  equal  to  the  fum  of  the  two  rec- 
tangles bo  Ad  and  njAII,  or  to  CA  x  DH  -+-  CA 
xHJ.    QEL 

318.  Hence  it  follows,  that  the  area  of  the 
portion  KHIVA  of  the  figure  of  verfed  fines,  cor- 
refponding to  the  latter  femi-bafe  bd%  is  equal  to 
bCAd+-  ABAn  or  CA  x  BD  -f-CAy,  that  is, 
to  the  fum  of  the  redtangle  under  the  radius  and 
the  arch  of  a  quadrant  and  the  fquare  of  the  ra- 
dius. For  when  the  point  b  in  Fig.  88,  coin- 
cides with  the  point  b,  the  point  b  in  Fig.  91 
will  coincide  with  the  point  0,  and  the  point  • 
ift  Fig.  9a  will  coincide  with  the  point  b. 

I  i  i  319.  From 
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319.  From  thefe  two  deterounatioqs  it  fol- 
lows, that  the  area  KHbb  is  '(«=  Kt^  —  HTM 

iBv  =  be  x  ii+#;x  >rr^-7nV==CA  x 

BH  4-  CA  X  €/i"-'HJIr ,  which  was  the  fecond 
thing  to  be  demonftrated.  *  • 

320.  "Tis  evident  from  thefe  condufions,  that 
the  whole  figure  of  verfed  fines  apYJUTdais  (= 
cpYLba  H-  K.HTV*  =  C A  x  arc  AB  -*-  CAf-f- 
CA  x  arc  BD  4-  CA*  =  CA  x  arc  AB-j-CA  x 
arc  BD)  equal  to  GA  x  arc  ABD,  or  to  the 
reftangle  under  the  radius  CA  and  die  arch 
ABD  of  the  femi-circle  ABDA.  And  'tis  fur- 
ther evident,  that  the  portion  KIJ Tdb  of  this 
figure,  corresponding  to  the  latter  femi-bafe  bd% 
exceeds  the  portion  apKAa,  corresponding  to 
the  former  femi-bafe  a  b,  by  twice  the  fquare 
of  the  radius  CA. 

321-  CoroL  13.  Let  ABD  (Fig.  93.)  be  the 
arch  of  a  ferai-circle  whofe  center  is  C9  AB  the 
arch  of  a  quadrant,  AE,  AG,  AN,  any  arches 
lefs  than  a  quadrant,  and  AF,  AtJ,  any  arches 
greater  than  a  quadrant,  but  lefs  than  the  femi- 
cide ABD.  And  draw  the  diameter  AD,  and 
the  chords  of  the  arches  AE,  AG,  AN,  AB,  AFt 
AH.  This  done,  take  the  right  line  ad  (Fig. 
94.)  equal  to  the  femicircular  arch  ABD,  and  in 
it  take  the  lines  aey  ag,  an,  ab,  afy  ab,  refpec- 
tiively  equal  to  the  arches  AE,  AG,  AN,  AB, 

AF,  AH;  and  at  the  points  e,  g>  n%  b,  fy  K 
draw  the  right  lines  *P,  gQ,  op,  bK>  /F,  and 
/>H,  at  right  angles  to  the  line  ad,  and  refpec- 
tively  equal  to  the  chords  of  the  arches  AE, 

AG,  AN,  AB,  AF,  AH,  and  dT  equal  to  the 
diameter  ADi  and  draw  the  curve  *PQ^KFHT, 

in 
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in  which  the  extremities  of  all  theie  perpendi* 
culars  are  fituated.  The  figure  apKFTda  is 
called  the  figure  of  chords. 

322.  The  curve  d^KHT  is  every  where  con- 
cave towards  the  bale  a  d.  For  fince,  by  Corol^ 
%  the  infinitely  fmall  increment  o£  ^l  circular 
*rc  is  to  the  contemporary  increment  of  its 
fhord  as  the  diameter  of  the  circle  to  the  chord 
df  the  fupplement  of  that  arc  to  a  femi-circle,  it 
follows  that,  if  in  the  femi-circular  arch  ABD 
we  take  three  equi-different  arches,  whofe;dif- 
ferences  are  infinitely  fmall  in  companion  of  the 
arches  themfelvcs,  the  difference  of  the  chords 
of  the  greateft  and  middle  arches  will  be  to  the 
difference  of  the  chords  of  the  middle  and  leafi 
arches  as  the  chord  of  the  fupplement  of  the 
middle  arc  to  the  chord  of  the  fupplement  of  the 
leaft  arc  to  a  femi-circle,  and  therefore  will  be 
lefs  than  the  difference  of  the  chords  of  the 
middle  and  leaft  arches.  Confequently,  if  we 
take  three  equi-different  portions  of  the  line  a  d 
(Fig.  94.)  whofe  differences  are  infinitely  fmall 
in  comparifon  of  the  lines  themfelves,  and  thro' 
the  extremities  of  thefe  lines  draw  the  correfpon- 
dent  ordinates,  the  differen  :c  of  the  greateft  and 
middle  ordinates  will  be  le.L  than  the  difference 
of  the  micdle  and  leaft  ordinates.  Therefore 
the  curve  apKT  will  be  concave  towards  the 
bafeW.    QED. 

323.  The  area  of  any  portion  apnaoi  this 
igure  is  equal  to  the  redtangle  under  the  dia- 
meter AD,  and  the  difference  of  that  diameter 

M  the  chord  of  DN  the  fupplement  of  the  arch 
^N  to  a  femi-circle. 

I ii  a  In 
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In  the  arch  AN  (Fig.  93.)  take  the  point  I* 
infinitely  near  to  the  point  N,  and  draw  the 
chords  ALr,  DL,  DN,  and  let  j?  be  the  point  in 
'  which  the  chord  DL  interfe&s  the  chord  AN. 
In  Fig.  94,  take  /  n  equal  to  the  arch  L  N,  and 
draw  the  ordinatd  /  k j  and  from  k  draw  k  r,  pa- 
rallel to  a  n>  meeting  n  p  in  r.  And  laftly,  take 
c*£  in  Fig.  95,  equal  to  the  diameter  AD,  and 
compleat  the  fquare  «MB^ :  and  in  the  line  a  i 
take  Q^  and  P^  equal  to  the  chords  DN,  DLf 
and  through  the  points  P,  Q,  draw  the  lines  P/, 
Qy.  parallel  to  «M,  meeting  MB  in  p  and  y. 

Then  'tis  evident  in  the  firft  place,  that/i 
will  be  —  AL,  Ay  =  AL,  and  Dy  =  DN,  and 
confequently  jjN  will  be  =  the  difference  of  AN, 
AL,'  and  Ly  —  the  difference  of  DL,  DN,  and 
therefore  —  PQ.  Further,  becaufe  the  ordi- 
nates  /£,  np%  are  infinitely  near  to  each  other, 
the  mixtilinear  area  tkph  will  be  equal  to  the 
re&angle  Urn-,  and,  becaufe  by  CoroL  7,  we 
have^N :  LN  : :  LD  :  AD,  and  for  the  fame 
rcafon,  LN  :  Ly  :;  AD  :  AL,  it  will  follow, 
ex  aquo>  that  yN  :  Ly  : :  LD  :  AL ;    confc- 

quently  LN  will  be  =  — FT)     '    an^  ^  ~ 
—  -  ^ — .    Therefore  the  mixtilinear  area  Ikpn 
is  =/»x#  =  LN  x  AL  =— j-^^  x  AL 

=  AD  x  ^LLXJ~=ADxLy  =  Vp  x  PCL 

And  in  the  fame  manner  it  may  be  (hewn  that, 
if  the  area  apn  a  be  divided  into  an  infinite 
number  of  infinitely  fmall  mixtilinear  areas,  fuch 
as /Apn,  and  the  rectangle  aM^Q  be  divided  into 

the 
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the  fame  number  of  infinitely  fmall  redangles, 
fuch  as  P/^Qi  correfponding  to  the  portions  of 
the  area  a  p  n  a%  each  of  the  portions  into  which 
the  former  area  is  .divided  will  be  equal  to  the 
correfponding  portion  of  the  latter  area :  there* 
fore  the  whole  former  area  is  equal  to  the  whole 
latter  area  ;  thatjs,  the  area  a pna is  =  iMx 

«QT=*Mx  <^— Q£=AD  x  AD— DN?*  QED. 
Note,  In  the  fame  manner  'tis  evident,  that 
if  in  t;be  femicircle  ABD  in  Fig.  93.  we  take  the 
arch  AiJy  which  is  greater  than  a  quadrant,  the 
area  of  the  portion  apkHb  a  of  the  figure  of 
chords  in  Fig.  94,  correfponding  to  the  arch  AH, 
or  whofe  bale  a  b  is  equal  to  the  arch  AH,  will 

be  equal  to  AD  x  AD  —  chord  DH,  or  to  the 
re&angle  under  the  diameter  AD,  and  the  excefs 
of  that  diameter  above  the  chord  of  the  arc  DH, 
or  of  the  fupplement  of  the  arc  AH,  to  which 
the  bafe  ab  is  equal,  to  a  femicircle.  For,  by 
CorolL  7,  the  proportion  of  the  infinitely  fmall 
increment  of  the  arc  to  the  contemporary  incre- 
ment of  the  chord,  upon  which  the  foregoing 
reafonings  concerning  the  magnitude  of  the  areas 
of  this  figure  were  founded,  is  the  fame,  whe- 
ther the  arc  be  greater  or  lefs  than  a  quadrant,  as 
long  as  it  is  iels  than  a  femicircle :  and  confe- 
qacntly  the  foregoing  demonftration  will  be  e- 
qually  true  in  both  cafes. 

324.  Hence  'tis  evident  that  the  whole  fi- 
gure of  chords  apYJYda,  correfponding  to  the 
lemicircle  ABD,  is  equal  to  the  fquare  of  the 
diameter  AD. 

325.  The  area  of  this  figure  may  a  Mb  be  de- 
rived from  that  of  the  figure  of  fines.  For  if  the 
bafe  ab  of  the  portion  apHba  of  the  figure  of 

chords 


« 

< 
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chords  apHTda  (Fig.  94.)  be  double  of  the  bale 
a?toi  the  portion  apna  of  the  figure  of  fines 
MpKda  (Fig.  86.)  the  arch' AH,  to  which  the 
bafe  ah  is  equal*  will  be  double  of  the  arch  AN, 
to  which  the  bafe  a  n  is  equal  f  therefore  the 
chord  of  the  arch  AH  will  be  double  of  the  fine 
of  (he,  arch  AN,  and  confequently  the  ordinate 
AH,  wich  is  equal,  to  the  chord  AH,  will  bff 
double  of  the  ordinate  np  (Fig.  86.)  which  is 
equal  to  the  fine  NS.    And  for  the  fame  reafbn 
*tis  evident  that,   if  we  divide  the  baft  a  b  (in 
Pig.  94.)  int6  an  infinite  number  of  infinitely 
firiall  and  equal  parts,  and  draw  the  correfpond- 
ing  ordinates,  and  alfo  divide  the  bafe  an  (Fig. 
86.)  into  the  fame  number  of  infinitely  fmall  and 
equal  parts,  and  draw  the  correfponding  ordi- 
nates,  every  ordinate  in  the  former  figure  will 
bfc  double  of  the  correfponding  ordinate  in  the 
latter  figure.   But  'tis  evident,    that  every  ab- 
fcifs  of  the  bafe  a  b  in  the  former  figure  will  be 
double  of  the  correfponding  abfeifs  of  the  bafe 
an  in  the  latter  figure ;   and  confequently   die 
difference  of  every  two  contiguous  abfeifies  in 
the  former  figure  will  be  double  of  the  dif- 
ference of  the  two  correfpondent  abfeifies  in 
the  latter  figure ;    therefore  each  of  the  mix- 
tiliaear  areas  into  which  the  former  figure  is 
divided  by  its  ordinates  will  be  double  both  in 
height  and   in   breadth  of   the   correfponding 
mixtilinear  area  in  the  latter  figure,   and  there- 
fore will   upon   the    whole  be   quadruple    of 
it.     Confequently    the    whole   area   apliba  in 
Fig.  94.)  will  be  quadruple  "of  the  whole  (area 
apna  (in  Fig.  86.)  QED. 

326.  This 
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326.  This  determination  agrees  with  that 
given  above  in  Art.  309.  For,  fince  the  arch 
AH  is  double  of  AN,  it  follows  that  its  fupple- 
ment  DH  to  a  femi-circle  will  be  double  of  the 
complement  BN  of  AN  to  a  quadrant.  There- 
fore ftp  effyrd  DH  is  equal  to  twice  the  fine  of 
BN,  or  to  2  CS.  Now  the  area  of  the  portion 
a  p  n  a  of  the  figure  of  fines  apYLda  (Fig.  86.) 
i*  by  GoroL  1 1,  ;rr  CA  X  AS.  Therefore,  by 
this  laft  determination  of  the  figure  of  chords, 
the  area  of  the  portion  apYLba  of  the  figure  of 
chords  apKTda(Fsg.  94*)  is  =  4  CA  x  AS=? 

aCA  x  flAS-ADx2AS=  AD  x  2  x  CA— CS 
=AD  x  2CA— 2CS=  AD  x  AD— DH,  which 
is  the  ralue  of  this  area  found  in  article  323. 
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CONCLUSION, 


Containing  an  account  if  the  mofi  remarkable  fe+ 
riefes  relating  to  circular  arches  and  logarithms* 


Of  the  feriefis  for  exprejfing  a  circular  arc  in 
powers  of  its  Jine,  chord,  verfed  fne,  tangent^ 

and  fee  ant. 

0 

327.  npHOSE  who  are  acquainted  with 
-*■  the  common  methods  of  calculating 
by  fluxions  will  eafily  be  able  to  derive  from  the 
foregoing,  or  30th  propofition,  and  its  2d,  4th, 
6th,  and  7th  Corollaries^  all  the  feriefes  for  ex* 
prefling  the  relations  between  a  circular  arc  and 
r  its  fine,  chord,  verfed  fine,  tangent,  and  fecaflt 
Thus,  to  find  the  feries  for  expreffing  the  arc  in 
powers  of  the  tangent,  we  need  only  put  a  for  the 
arc,  t  for  the  tangent,  and  r  for  the  radius  of 

/  0  0  _ 

the  circle,  and  a  and  /  for  the  fluxions,  or  infi- 
nitely fmall  contemporary  increments,  of  the  arc 

and  tangent,  and  by  Prop.  30.  we  (hall  have  / : 
a  : :  rr-\-tt :  rr ;  whence  *  is  ■=  - 


rr+tt 
*t '*±_J± +  '''-'-^  +  &c.  aJinjti- 

tum%   and  confequemly,   taking  the  fiaeots  oa 

both 
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both  fides,  we  (hall  have  the  arc  a  equal  to  the 

t%        ft       ff       V        t1' 

feries  / H -H 1         -f-Gfc. 

3rr     5/%     7/-*      9^      ur! 

Which  feries  converges,  and  therefore  exhibits  the 
true  value  of  the  arc,  as  long  as  the  tangent  t 
is  not  greater  than*  the  radius,  or  as  long  as  the 

arc  is  not  greater  thin  45°. 

1 

SCHOLIUM. 

Mr.  James  Gregory's  quadrature  of  the  circle ; 
and  a  hint  towards  deriving  from  thence  a  de~ 
mon/tration  of  the  impoJJibUity  of  /fuaring  the 
circle  with  perfeSt  accuracy ,  ifjucb  a  quadra- 
ture be  really  irnpojjible. 

3  28.  If  the  arc  is.exaflly  450,  we  fhall  have  t  iz 
and  confequently  the  foregoing  feries  will  be 

r — — 1 —  — -| — {-  &c.  and  thero- 


r    3      5        7        9       " 

fore  if  r,  or  the  radius  of  the  circle,  be  called 

1,  the  value  of  an  arc  of  450,  or  of  the  eighth 

part  of  the  whole  circumference  of  the  circle, 

will  be  equal  to  the  feries  1  —  l  4-_^~ — -f- 

3-5       7 
1       1  •    •    • 

— —  — h  &c.  ad  infinitum,  which,  is  the  feries 

which  was  given  by  Mr.  James  Gregory  and 
Mr.  Leibnitz  for  finding  the  quadrature  of  the 
circle,  or  exhibiting  in  numbers  the  proportion 
of  the  circumference  of  a  circle  to  its  diameter. 
But  this  purpofe  it  was  but  ill  fitted  to  anfwer, 
on  accpunt  of  the  prodigious  flawnefs  with 
whiqh  it  converges,  which  is  fo  great  that  Sir 

Kkk  IfaaQ 
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lfaac  Newton  obfcrvos  concerning  this,  and 
another  feries  almoft  as  flow,  that,  to  get  th» 
value  of  an  arc  of  45°,  or  of  a  quadrant,  to 
jtwenty  decimal  places  of  figiirts,  there  would 
be  occafion  for  no  lefc  than  five  thoufand  miU 
lions  of  terms  of  it,  to  compute  which  would 
take  up  above  a  thoufand  years.  [See  his  fecond 
letter  to  Mr.  Oldenburgh,  dated  Odt.  24, 1676, 
in  the  Commercium  Epiftolicuto,  p&ge  159.3  It 
snuft  however  be  obferved,  that  though  this  fe- 
ries itfelf  is  of  too  flow  a  Convergfeftcy  to  be 
made  ufe  of  in  Calculation,  yet  it  may  be  ^on- 
verted  into  another  that  converges  mote  Fwiftly 
by  the  ingenious  method  invented  by  the  very 
learned  Mr.  Stirling,  which  the  teXdet  may  fee 
explained  in  that  author's  excellent  treatife,  Di 
^Summation*  Seriiritm%  where  he  will  alfo  find, 
in  page  32,  an  application  of  this  method  tb 
the  cafe  in  question,  or  a  quadrature  of  the  ct** 
cle  performed  to  ten  places  of  figures  by  means 

tof  a  ferits  deriv'd  from  the  feries  i— -. 

3      5 


&c.    But  the  principal  merit  of 
7  "  9     »  :  r 

this  ferifcs  is  the  beautiful  fimplicity  of  its  terms ; 
which  makes  it  alio  more  peculiarly  proper  thin 
any  other  feries  of  the  like  kind  for  beilig  made 
the  ground  of  a  demonftritlon  Of  *&*  ibcom- 
menfurability  of  the  circumference  b£  a  efrde 
to  Its  diameter,  if  fuch  incomikfeflfcffefeility 
(which,  though  often  Aflerted,  hte  ht*6t  yet, 
as  far  as  I  have  been  able,  after  k  gobd  deal  of 
fearching  and  inquiry,  to  difcoVef,  btCh  d^- 

monftrated)  be  really  d6tnOUft?abks    iWtfit 
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ban  be  (hewn  that  no  fraction  whatsoever, 
fvulgar  or  decimal,  confuting  of  any  finite  1111017 
fcer  ofliigures,  can  accurately  exprefs  the  value 
$f  this  feries *  it  will  follow,  that  th^  arc  of 
^.5°  ajid  the  radius,  and  consequently  the  cir- 
cumference and  diameter  of  a  circle,  are  in- 
commensurable to  each  other ;  and  this  inquiry 
cap,  as  I  imagine,  be  made  much  more  eafily 
of  focli  a  feries  as  this,  that  confifts  of  very 
fimple  fi&dions  without  any  mixture  at  all  cdf 

fiird  quantities    than  of  the  fqrie&    —  »-• 

__.  < I  —  *  . 

v/3X3X3      i/3x'9X$    V*3x27*fr    l 

i ,    ""^ .    #rt  which 

^3x81x9        v^3X243XH 
Pr.  Halfey  ulebj-  for  the  quadrature  oftho  chv 

de^  from  the  tangent  of  30^,  or.  — -  ,  or  of  any 

other  feriqs  that  involve*  in  U.  oafr  or  mora  furd 
quantities. 

iVta*  "the  foregoing  {eries  fc—    -+• fr 

.— r- - —  Qfr.  is  evidently  equal  to  — •+-,-•+■ — 
9      »  ^  J     35     99 

H"  fifr.  or  -i.  -+.    * — | *—4-       * 


;+•  -J-r -fr-  J?...,  -V-  G?r.  and  fbmetjmes  is 
confidered  under  that-ftrm* 


Kkk  3  0/ 


J 


428  ELEMENTS    ^ 

OftbeferieS)  Jor  finding  the  arc  firm   itsjine. 

329.  Again, to  find  the  feries  for  expreifing  the 
arc  in  powers  of  the  fine,  put  a  for  the  arc,  * 
for  the  fine,  and  r  for  the  radius,  and  a  and  i 
for  the  fluxions,  or  infinitely  fmall  contempo- 
rary, increments  of  the  arc  and  finej  ftnd  by 
Coroll  a,  we  Hull  have  a  :'$::  r  :  y/rr—m 

t      whence  a  is  ==  — — s  -f-  — -f--i~ 

x/rr—ss  2r»      2.4./*! 

-f--2:*f!?-  1-  3-5-7^  +  3-S7-9*'0'     .  &c 

2.64..^     a.4.6.8.r»     2.4.6.8.»o.r.,« 
and  confequently,  taking  the  fluents  on  both 

fides,  we  {hall  have  a  =  /  -r-— |-— lf__ 

2.3.**       2.4.5^ 

+    3-5-'T      f      3-57-J> , 3'57-9-*" 

2.4.6.7.^.  2.4.6.8.9.^  2.4.6.8.1 0.1 1. r1* 
-J-  fific .  <»</  infinitumt  the  terms  of  which  feries 
are  generated  from  each  other  by  a  fucceflive 

multiplication  into  the  fractions    *ml  ■   >.3j1£> 

2.3. r*    4.5^* 

j±fl,  77^  ,.  9-9  »    ,   ^  of  which  ^ 
0.7  .r*     o.cj.r*   10.11. r* 

fquares  of  the  odd  numbers  in  their  natural  or- 
der multiplied  into  the  fqture  of  s  compofe  the 
numeratprs,  and  the  products  of  the  next  two 
natural  numbers  multiplied  into  the  fquare  of 
r  compofe  the  denominators. 

An  eafy  quadrature  of  the  circle. 

If  the  arc  a  be  30°,  the  fine  s  will  be  equal 
to  half  the  radius  *  and  therefore,  if  the  radius 

be 
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be  put  —  1,  we  (ball  have  ay  or  the  arc  of  30', 

__  «   .       »  '  .,.      3      '  ,  l3-5vv 

a       2-3.8       2.4.5.32        2.4.6.7.128^ 

3-i-7«         ■ 3-S7-9* [  _u  ©»r 

2.4.6.8.9.512  *  2 .4.6.8. 1  o.  1 1 .2 048     ^       * 

which  feries  converges,  as  is  evident  upon  in- 
fpedtion,  with  Sufficient  expedition  to  afford  a 
very  cafy  method  of  performing  the  quadrature 
of  the  circle. 


SCHOLIUM. 

Of  the  excellency  oftbofe  methods  ofjqtufring  the 
circle  above  that  gf  Archimedes  or  Van  Ceulen. 

330.  Indeed  it  is  furprizing  to  confider  howin- 
finitely  eaiierand  more  expeditious  both  this  and 
Dr.  Halley's  method  abovementioned  of  fquar- 
ing  the  circle,  from  the  tangent  of  30%  are 
than  that  which  Archimedes  and  Van  Ceulen 
made  ufe  of  for  the  fame  purpofe.  Fbr  a  hun- 
dred terms  of  either  of  thefe  feriefes  will  give 
the  length  of  an  arc  of  30  ',  and  confequently 
of  the  lemicircu inference,  to  more  places  of  fi- 
gures than  Van  Ceulen  has  computed  it  to; 
and  yet,  I  dare  fay,  a  hundred  terms  might  be 
confuted  in  the  fpace  of  a  very  few  hours  by  * 
fkimii  arithmetician,  whereas  Van  Ceulen's 
computation  was  the  produce  of  a  prodigious 
deal  of  time  and  labour.  Mr.  Sharp  has  com- 
puted the  circumference  of  a  circle  by  Dr. 
Halley's  method  to  no  lefs  than  72  places  of 
figures,  which  is  exadtly  double  the  number  to 
which  Van  Ceulen  has  carried  his  calculation, 

as 


1 

as  may  he  fe$a  in  Sherwinfa  qutljematical  t^» 
ties,  pages  56,  57,  58,  50,  in  which  the  wljolc 
proceis  if  fet,down,  as  well  as  ieveral  other  qua- 
dratures of  the  circle  performed  by  means  of 
thfife  &riefq$,  which  t&e  curios  tea/dec  may 
confult 

"  But  the  very  beft  method  of  alt  of  performing 
this  quadrature  is  without  queftion  uiafc  af  the 
ingenious  Mr.  Machin,  which  is  published  in 
the  appendix  to  my  differtation  on  the  ufe  of 
die  negative  fign  in  algebra. 

Notfy  If  the  coefficients  of  the  terms  of  the 

foreeoiag  ferie*  1  Hr  •- — ! — h ■■»■  3  ■  ^  -b 
w  6     *  i.3.r»  ^  24.5^ 

3*5  j_^  ^  gfo  be  properly  reduced  into  fin- 
$4.6.7.*' 

gle  fra&ipns  of  the  fimpleft  kinds  (by  multiply** 
ing  their  fadtors  together,  and  throwing  out 
thofe  that  ve  common  to  both,  the  numerators 
?nd  denominators)  as  they  ought  to  be  before 
(fee  $ua  of  any  number  of  them  is  computed, 

that  feries  will  be  as  follows,  to  wit,  s  -+•  — — 
.    3**    ,     5*     .      35*     +_*1«!* 


"Jor*       n*r<       U52*'         a8i6r»* 
.     23 1*1'   _!_     143*'*      -1-     643 &*"    _i_ 

*i?55H8FiT93,^5^o5r«x  tinrfisftfeVr-* 
-hfifc. 


# 


Of  the  feries fir finding  the  arc  from  its  chord. 

33i'3<^y,Tofind  the  arc  in  powers  of  the  chord, 
put  -a  for  the  arc,  c  for  the  chord,  and  d  for  the 
diameter  of  the  circles,  and  a  and  <*  for  the 
fluxions,  or  contemporary  increments,  of  the 
arc  and  chord  j  and,  by  Coroll,  7,  we  fhall  have 

n  itv.d:  </M — cc  \  whence  a  **  ==    s-r\  "- 


£ltX.io-J-  "*"  **'  *ftd  «*&<!««%.  taking 
the  Querns  on  both  fides,  we  mall  have  a>  -or 

the  arc,  =  e  -f  JL_+^_jj._J£2L 

2.3.^      24.5  iA      1 4.6.7.4* 

the  coefficients  of  die  terms  ife  **a&ly  $• 
4arne  as  in  the  foregoing  feries  derived  .from  the 
fine. 

If  therefore  the  terms  rif  this  feries  fee  feducM 
te  their  fiinpleft.  denominations,  it  Witt  be  as 

follows,   to  wit,   V+.IL+-3JL+J*     + 

ctf»     40^     iiU^ 

35^    -f-ft*"     .     &$'*'*  143*'* 

0/ 
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t, 


Of  the  fcriet  for  finding  the  arc  from  the  verfei 

fine. 

332.  4^/y,  To  find  the  arc  in  powers  of  the 
verfed  firie,  put  a  for  the  arc,  v  for  the  verfed  fine, 
and  d  for  the  diameter,  and  a  and  v  for  the 
fluxions,  or  infinitely  fmall  contemporary  in- 
crements of  the  arc  and  verfed  fine,  and,  by 

d  .   , , 

CorolL  6>  we  (hall  have  a  :  v  ::  —*vdv  —  w » 

2 

dv,  d\v  \v  ,    vl* 

whence  a  is  =  — -v *  r=.  — - —  -r  2  V"^."1 

a.2.4.^  2:2.4.6.^  2.2.4.6.8^* 

3.5.7.9/tfo         3.5.7.9.11.^        «        . 

-,..  .8.io.</*     2.2.4.6.8.10.12.^ 

cor.fequently,  taking  the  fluents  on  both  fides, 

v* 
we  mail  have  *,  or  the  arc,  =  d\  v!4- W 

2-3-^ 

.4-  -l^L  -4-  JtfSL     1      3-S-7-** 
^  a.4.5.</»        2.4.6.7^    '  2.4.6.8.9.^7 

^3^7-9^,      M-7.9-"*>V        .    #,. 

24.6,8.io.ii-^.^2.4J&.8.io.i2,i3u/V5' 

*i  infinitum  *9   or,  if,  for  the  fake  of  avoiding 

the  fractional  indexes,  we  put  ^/^J  =  z9  we 

fliallhave*,  or  the  arc,  =34-   **■■  h — 3£i_ 

2.3^    2,4*54 

*     2.4.67.^  ■  "*" 2.4.6.8.9^  "■   *  4^.8.10.1  iuf* 

4* Ti^£!l*  jr*  -H  &*  which  ferics  con- 

yerges, 
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Verges,  and  confequently  reprefents  tfae  true  va* 
lue  of  the  arc,  as  long  as  the  arc  is  of  any 
magnitude  .left  than  a  femicircle* 

This  feries,  'tis  evident,  has  the  fame  nume- 
ral coefficients  with  the  two  foregoing  feriefes 
derived  from  the  fine  and  chord,  and  therefore, 
if  its  terms  be  properly  reduced,  will  be  as  fqU 

Jows.  to  wit,  «4.^+3*'.5*7_  + 

o,<4/     4o,rf+      ii2^   ^ 

nj2,</'     jfSlM1*     J3»3i2^        io,24cy/'* 
.     643^,7  2»6>635)g->        785>2i3>g» 

'  SS7*05^16  '  * '» 1 68,12  V8     93»585.*>8  *• 
1,409,043^ +Qfg      ,ndeed  whcn  ex- 
204,996,608,4/"  

preffed  in  this  manner  by  putting  9  2=  */  4  m 
this  ferns  exactly  coincides  or  becomes  the  very 
£uae  with  the  daft  fcrics  derived  from  the  chord 

c ;  becaufe  z  being  =r  \/dvt  or  being  a  mean 
proportional  between  d  and  v,  or  the  diameter 
and  verfed  fine,  muflr  be  equal  to  the  chord  c. 


Of the  Jeries  fir finding  tht  arc  from  the  variable 

fart  of  the  fecant. 

333*  5fbty*  To  find  the  arc  in  powers  of  the 
variable  part  of  the  fecant,  or  of  its  excefs  above 
the  radius,  put  a  for  the  arc,  x  for  the  excefs 
of  the  fecant  above  the  radius,  r  for  the  radius, 

arid  d  for  the  diameter  of  the  circle,  and  a  and 

x  for  the  fluxions,  or  infinitely  finall  contem- 
porary increments  of  die  arc  and  fecant ;  and, 

LU  by 
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by  Corott.  4,  we  (hall  have  x  z  a ;;  r+x  X 

\f2rx+xx'.rr}Vfhen<xa  is  —rrx 

r+xxy/zrx-i-xx 

—  *-**«  ,   2.2.A-H  v  —  *?*   .  24B+3  ^ 

—  2iX>-»-t7      2X2,        X       r,  I     2.4x2* 

*j*        2.6.C+3.  ^  — xf*      2.8.D4-3.5.7  x 
rj        2.4.6.x  2}"       r  J        2.4,6,8.  x  2 i 

-JL.  -f-6fc.  ad  infinitum ;  in  which  the  capital 

letters  A,B,C,  gfc .  reprefent  the  numerators  of 
the  coefficients  of  the  terms  as  theyarife,  A  . 
being  equal  to  i  or  the  numerator  of  the  coef- 
ficient of  the  firft  term,  B  to  2.2.A+1,  or  to 
a  x  2  x  i+i>  that  is,  to  4+ij  or  5,  and  C  to 
*4.B+3,  or  2X4x5+3,  or  4°+3>  or43» 
andD  to  2.6.04-3-5,  or  2X6X43+I5»  <* 
516+159  or  53 1,  and  fo  of  the  reft  >  and  the 
additional  pacts  of  the  numerators,  to  wit, 
3.  3.5.  3-5*7,  &c.  are  the  produds  of  the  odd 
numbers  taken  in  their  natural  order,  and  the 
denominators  are  the  produ&s  of  the  even  num- 
bers taken  in  their  natural  order,  and  multi- 
plied into  the  odd  powers  of  the  root  of  2,  ta- 
ken alio  in  their  natural  order*  Taking  there- 
fore the  fluents  of  thefe  terms,  we  (hall  have  ^ 


*u  *t       *  2.2  .A+i      — *i 

or  the  arc,  =  — - \ -V .  x * 

2-ir-j.  -   2.3.xaix     rf 

*+B+3    x  *t  ,     2.6.0-^3.5    v  JTL^  -fc 
2+5- X2i        r^  2.4.6.7.x  2*  x      r±~ 

££ff%  X  %  +  &c- "'  ifwe  foUaute 

the  diameter  </  in  the  room  of  2  r,  (by  which 

fub- 
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iybftitution  the  feries  will  become  fomewhat 

fimpler)  we  (hall  have  a  =-j~  ' 


— *f    2.4.BH-3  x  J±  ,  a.6.C-h3.5     — *i  , 
Vi"  "*"  a  4.5.        d\         2.4.6.7  4 

«8X>+|-5-7x»*+efc  or>  if>  for  ^  fakc  of 
2.4.6.8  9.       «J- 

avoiding  the  fractional  indexes,  we  put-& 

or  *{• X d\>  or  ^x X </d,  or  v^  •  or  the  mean 
proportional  between  d  and  *,  or  between  the 
diameter  and  the  excefs  of  the  fecant  above  tha 
radius,  —y,  (which  mean  proportional,  we  may 
obferve,  will  not  be  any  known  line  in  the 
circle,  but  will  be  fomewhat lefs  than  the  tangent, 
being  accurately  equal  to  a  mean  proportional 
between  the  tangent  and  a  line  equal  to  twice 
the  tangent  of  half  the  arc;  we  fhall  have  a, 

*u-  .  2.2.A-M     — y3  .  2.4.B-*-* 

or  the  arc,  =  y  A 3—  v  -  -•*— I —  - 

J  2.3       *  dd  ^    2.4.5. 

y  y[  +  i-6  C+3-5  x  —?L+  2  8-D±3iS7 


</♦  24.67  ^  2.4.6.8.9 

«*\  4.  6fc.  *</  infinitum ;  in  which  the  law  of  the 

continuation  of  the  terms  is  fufEciently  evident 
from  the  infpedion  of  the  feries,  and  from  what 
has  been  already  faid  to  explain  it.  And  it 
niuft  be  further  obferved,  that  this  feries  con- 
verges, and  confequenjly  exhibits  the  true  value 
of  the  arc,  as  long  as  x  is  not  greater  th?n  r% 
or  the  fecant  is  not  greater  than  twice  the  ra- 
dius, qr  as  long  as  the  arc  is  not  greater  than 
60  degrees. 

Lll2  Of 
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Of  the  feriefes  for  exprefpng  the  fines,  chords + 
verfei  fines,  tangents,  and  ft  cants  if  a  circus 
lar  arc  in  powers  of  the  arc. 

334.npHESE  are  the  feveral  feriefes  by  which 
-*>  the  arc  of  a  circle  may  be  derived  from 
the  feveral  right  lines  that  belong  to  it.  It  re* 
mains  that  we  give  the  reverfes  of  thefe  feriefes,  o* 
the  feriefes  by  which  thefe  fdveral  right  lines 
may  be  exprefs'd  in  powers  of  the  arc;  which 
may  either  be  obtained  feparately  by  reverting* 
as  it  is  call'd,  the  feveral  foregoing  feriefes,  or 
when  one  of  them,  as  for  inftance,  the  feries 
for  expreffing  the  fine  }n  powers  of  the  arc,  is 
obtained  by  this  method  of  reverfion,  the  others 
may  be  derived  from  it  by  the  common  opera- 
tions .of  arithmetic  and  extraction  of  the  fquare 
root,  which  is  much  eafier  thaA  repeating  anew 
the  method  of  reverfion* 


Of  the  feries  for  expr effing  the  fine  in  powers  of 

the  arc. 

3  3  C.Torevertthe  feries  s-\ — - h — ^— h 

'     -  a«3«r*     24.5^-*  ^ 

&c.  affumc  s=:  to  the  feries  Aa+-B*iJhCa  r-f* 
&c.  ad  infinitum  ;  and  we  fliall  have  the  cube 
of  this  feries,  or  A>ai+nh.*'Bal-\-&c.-=zsi9  and 
the  fifth  power  of  this  feries,  or  Afef+Cfc.rs 
?,  and  to  on  of  the  following  powers }  and 

Confequently^(=j-f-  Jl — 1»  — Vl (-(&.)=; 

ha 
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2-3-r*      2.3.r* 

+  3A  4 f  +  #,. 

2.4.5^* 
whence  it  follows,  (fince  this  equation  is  truO 
when  a  is  infinitely  fmall  as  well  as  when  it  is 
of  a  finite  magnitude)  that  Aa  will  be  «*,  and 

B* *-f-  _.  *  _  will  be  =  o,  and  G*<-4-  3  AV&tf 

3Aj<*'" 
2.ZT74  =  0>       in  ^e  manner  the  fum  of 

the  terms  involving  every  following  power  of  A 
will  be  ~  o ;  whence,  iHs  evident^  the  coef. 
ficients  A,  B,  C,  &c.  may  be  determined* 
Thus  from  the  firft  of  thefe  equations,  to  wit, 
Aa=a,  wehave  A=ri}    and  from  the  fecorid 

of  thefe  equations,  to  wit,  Ba  -f-  Aif }  =  o,  tot 

B  ^  T~  *  '*  and  **om  tnc  third  e<luation 

We  have  C  (—  —  3.*!?  _  .3 A'.    _— 3  _ 

2-3.r*     2.4. ;.r*     2.J.r»- 
*~I     —     3       _-H  3 ^      jo 

2.3.r*  2.4.5.r*  2.2.3./-**4"274.5r*  -2.3.4.?* 
j 9 » 1 

*-3-*5^.  £3.4.5^  ;         in  iik*  manner 
the  following  coefficients  may  be  determined, 

and  will    be  found    to    be  — * 

2.34.5.6.7.^ 

*-34-i-6.7.8.9^-  2.3.4.54.7.8.9.10.x  i.^°'  &e< 

but 
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but  k  muft  be  confefs'd  that  the  refblution  of 
the  equations  by  which  thefe  coefficients  are  de- 
termined, becomes,  after  the  firft  four  or  five 
term6,  prodigioufly  laborious.  It  appears  there- 
fore that  x,  or  the  fine  of  the  arc  a,  is  equal  to 

die  feries  a  — --+- 


2-3r*      *-34r5r4    2.3.4.5.6.7^ 

^'2.3.4.5.6.7.8.9.^  2.3,4.5.6.7.8.9.10.1  i.rf* 
€fc.  in  which  the  law  of  continuation  is  very 
paanifeft. 

If  the  coefficients  of  this  feries  are  properly 
reduced,  it  will  be  as  follpws,    to  wit,  *— * 


6r%         nor*         5040^  362,880^ 

%-* &c.     This  feries,    'tis  evident, 

39,9i6,8oor10 

converges  fo  exceeding  fwiftly  that  a  very  few 

terms  of  it,  feldom  more  than  five  or  fix,  are 

fufficient  for  moil  purpofes  of  calculation* 

Of  the  feriefes  for  txfr  effing  the  coftne  «nd  vafi4 

ffie  in  powers  of  the  arc. 

336.  By  fquaring  this  feries,  and  fubtra&ing  its 
fquare  from  the  fquare  of  the  radius,  and  then 
extracting  the  fquare  root  of  the  remainder,  we 
fhall  obtain  for  die  value  of  the  cofine  the  fblr 

a  *         a* 
lowing  feries,    to  wit,    r 4- 


ct  _  *'° 


2.r    2.3.4^* 


2.34.5.6.;         2.3.4.5.6.7.8^7         2.3.4.5.6.7.8.9. 10-T9 

f$c.  which  being  fubtradcd  from  the  radius, 

leaves 
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ax  a* 


leaves  the  vcrfed  fine  =    —    — - —     .. 

2r         2.34.rl  ^ 

a' a%  ,  «'° 

2.3.4.5.6.^  *    2.34.5*6.7.8.r7  ■  2,3.4.5.6,7.8.9.10^ 

(fo.  or,  if  the  terms  of  this  feries  be  properly  re- 

*      ,     a%          a4             a*               *8 
duccd, —  — —    -4-    . . -+- 

or       z$r*         j2or>       40,320^ 
3,628,8oor> 


Oftbtferiefesfor  exfr effing  tbefecant  and  tan- 
gent in  power s  of  the  ar(. 

337.  The  feries  for  the  cofine  being  found,  that 

for  the  fecant  may  be  derived  from  it  by  dividing 

the  fquare  of  the  radios  by  the  former  feries, 

a% 

and  will  be  found  to  be  as  follows  $  r  -| h 

zr 

$**  61*'  i385*' 

2.3.4^3   "*"  2.3.4.5.6.^  "*""  2.3.4.5.6.7.8.^ 

5Q^2Ifr'° h©,.    And  by  fquaring 

2.3.4.5.6.7.8.9.10./*  ^  J    ^ 

this  lait  feries,  and  fubtra&ing  the  fquare  of  the 
radihs  from  its  fquare,  and  then  extracting  the 
fquare  root  of  the  remainder,  we  (hall  find  the 
feries  for  the  tangent  to  be  as  follows,  to  wit, 
8*3      t        96**  21760? 

2.3.4.ra+2.34.5,6.r4     2.3.4.5.6.7.8.^ 

79360/9 +  &c. 

2.3.4.5.6.7.8.9.  io.r* 

If  thefe  two  feriefes  be  properly  reduced,  the 

former  of  them,  or  that  for  the  fecant,  will  be 

as 


j 


'44Q         £*.PMS  NTS   tf 

**   .  5a    ,    6l«s  i   277^'    . 
*8  foUows,  r  4-  Tr-^+^  +  §06^* 

^o>^21tf"> .  #f.  and  the  feries  for  the  taa- 

3,628,8oor> 

gent  will  be  *  +p+— ++^  +»jprt- 

Of  the /cries  for  exprejpng  the  chord  in  powers  §j 

the  arc. 

338.  As  to  the  feries  for  the  chord /ris  evident  it 
muft  be  exatfly  fimilar  to  the  feries  for  the  fine, 
as  the  two  fcriefes  for  expreffing  the  arc  in 
powers  of  the  chord  and  fine  are  exadtly  alike, 
Therefore  c9  or  the  chord  of  any  arc  a  in  a  cir- 

die  whofc  diameter  is  d9  is  cr  a?—  —>  4* 

tfT  a1  .  *» 

2.3.4.5J*     2.34,5.6.7.^     23^.5.6^.8i9^ 

_ Z- — r-t-&c.or,  if  the  term? 

2.3.4.5.6.7.8.9.10. 1  w10 

be  properly  reduced,  a  —  ^r-j^f-  j^R 


?f **«— —  -j- tff.  as  in  the 

362,880^*     39,916,8004  ° 

feries  for  the  fine. 

Note,  Thofe  who  are  defirous  of  feeing  thofe 

feriefes  continued  to  a  greater  number  of  terms 

than  have  been  here  let  down,  may  have  their 

curiofity  fatisfied  by  confulting  Mr.  Sharp  s  me- 

jhod 
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thod  of  conftru&ing  natural  fines  and  tangents, 
which  is  bound  up  with  Sherwin's  mathematical 
tables.     See  the  3d  edit.  1741,  page  45. 

Of  the  feries  for  finding  the  fine  *f  a  multiple  arc 
from  the  fine  of  the  fimple  arc. 

339.  THERE  is  another  feries  which  it  will  be 
proper  to  mention  on  this  occafion.  This  is  the 
feries  for  cxpreffiqg  the  fine  of  any  given  multi- 
ple arc  in  powers  of  the  fine  of  the  fimple  arc, 

and  may  be  derived  from  the  feries  1  -i 

■  ■■  .3* —  _j.  Qfo  by  the  fame  method  of  re- 

rverfion  by  which  the  feries  a  — -f. 

2.3.1** 

~j-JL — r  -J-  &c.  was  derived  from  that  feries. 

*-3-4-5'r 
For  let  the  multiple  arc  contain  the  fimple 

arc  n  times }  and  let  r  be  the  radius  of  the  cir- 

cle,  1  the  fine  of  the  fimple  arc,  and  x  the  fine 

of  the  multiple  arc.    And  we  (hall  have  die 

fimple  arc  equal  to  1  -i - 1 — 3*         .    qc 

r  ^  2.3./-*     2-4-5r4  T  w%# 

and  the  multiple  arc  equal  to  a?  -u    ,...  *        u. 

a.3«r*     ^ 

o         .  m^  tn j  confcqucntiy  *  tin1C9  the  for- 


2.4.5^ 

mer  feries  will  be  equal  to  the  latter  feries ;  that 

M  mm 
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3£_  +  &c.  or  x  +  J1-.+   .3'  -  4. 

2*4.5.**  2.3 .r*  '     2.4.5.^  ^ 


■hr 


-fl  Gfc.  or  *  Jt 

7 7—  Gfr.    IS   rr    0. 

A*r%  \  2.4..  C.r+ 


&c.  —  ns 

2.3-r*  ^  2.4.5 

Affume  therefore  x  =  As  +  Bsi  +  Cjt  -f-  (£•?• 
and  we  (hall  have 
Ai  -+-  BjJ  ■+■  Or  4.  at. 
•4-A|xH-3  A^B£  +  (sfc. 
2.3.r*      2.3.^ 


2.4.5.^  , 
w— w^  —  3^  —  &V . 


^=r*,  whence  wc  have  the  , 


2.3.^  1.4.5.^ 
following  equations  for  determining  the  values 
of  the  coefficients  A,  B,  C,  Gfa.  to  wit,  j/t, 
A — n  =  0 ;  whence  A  is  =  n. 


A? 


n 


idly,  B  ■+• 

•"  2.3.^     2.3X* 

: 9  or  «  x 


r^j  whence  B  is 


2-3.r 


2.3.r» 


And  3^,  C  +  3^2i+  .3* 32_= 

2.3.*-*     2.4.j.r*     2.4.5^* 

#;  whence  C  is  =  2. 3: — ,  or  n  x 

9  2.3.4^5^-* 

^X  .9"". .  1    And  in  the  fame  manner  mar 
a.3^*      4-5.r* 

be   determined   all  the  following  coefficients 

D,  E,  F,  &c. 

Therefore  ^,  or  the  fine  of  the  multiple  arc, 

1—  tin        .  .  i——rtft 

=  w-r-  n  X  r  X  **-*-»  X X 

-         2.3.1"!        *  «♦  3-r 

9 — *» 


4? 
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o«— tin 

z X    ss  •+-  Zsc.  or,  putting  A,  B,.  C,  D, 


t$c.  for  the  values  of  the  feveral  terms  of  this 
feries  refpcdtively  as  they  "arife,  we  (hall  have 

*=«i-4- ,X  Ai  -f-* x  Bj«4-^ 77 

8.9.rl  '     10.1  i.r»  ~ 


12 1— -tin 
I2.i?.r 


7  X  Fi*  -+-  Ofc.  in  which  feries  the  nqm- 

bers  1,  9,  25,49,81,  1 2 1 ,  fcfc.  are  the  fquares 
of  the  odd  numbers,  i,  3,  5,  7,  9,  11,  fcfc 
taken  in  their  natural  order. 


SCHOLIUM, 

340.This  feries  was  invented  by  Sir  Ifaac  New- 
ton, and  communicated  by  him  to  Mr.  Olden- 
burgh  in  a  letter  dated  June  13,  1676,  which 
may  be  feen  in  the  Commercium  Epiftoiicum, 
1*^*36.  And  the  great  excellence  of  it,  or 
the  advantage  it  has  over  the  method  of  finding 
the  fines  of  multiple  arcs  delivered  in  Prop.  26, 
eonfifts  in  its  enabling  us  to  determine  the  fine 
of  the  propofed  multiple  arc  at  once,  or  perfal- 
tum>  without  previoufly  determining  the  fines  of 
the  intermediate  multiple  arcs,  which  is  necef- 
fcry  in  the  other  method; 

If  n  is  an  odd  number,  or  the  greater  arc  is 
an  odd  multiple  pf  the  lefler,  'tis  evident  the 
foregoing  feries  will  break  off,  and  confifl  of  a 
finite  number  of  terms,  as  it  ought  to  do  ac- 
cording to  the  conclufions  in  Prop.  26.    For 

M  m  m  2  in 
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in  this  cafe  nn  will  in  fbme  term  or  other  of  the 
feries  be  equal  to  the  number  from  which  it  is 
fubtra&ed,  which  will  make  that  term,  and 
confequently  all  the  following  terms  which  are 
generated  from  it  by  multiplication,  become 
equal  to  o.  But  for  the  fame  reafon,  if  the 
greater  arc  is  an  even  multiple  of  the  Idler  arc, 
or  n  is  an  even  number,  the  feries  will  never 
break  off,  but  will  confift  of  an  infinite  number 
of  terms,  agreeably  likewife  to  the  determina- 
tions of  Prop.  26. 

Thofe  who  will  try  this  feries  in  a  few  in- 
fiances  will  eafily  perceive  its  agreement  with 
the  determinations  in  Prop.  26*  But  this,  for 
brevity's  fake,  I  fhall  here  omit  doing. 


Jl  like  feries  for  the  tangent  of  a  multiple  arc, 
and  Mr. John  Bernouilli'j  exprejpon  for  deter- 
mining the  fame  from  the  tangent  of  the  Jimpk 
arc. 

341 .  A  like  feries  may  be  found  for  the  tstagent 
of  a  multiple  arc.  For  if  t  be  put  for  the 
tangent  of  the  fimple  arc,  and  x  for  the  tangent 
of  the  multiple  arc  that  contains  the  former 
arc  n  times,  it  will  be  found  by  a  procefs  fimi- 
lar  to  the  foregoing  that  x  will  be  =  nt  -[- 

»'-»  X  ti  +  *"y-5«»-H3"x  ,;  + 


izk=222!±|?±lli2  x  *  -h  tfft   But  as 

to 


\ 
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the  law  of  the  continuation  of  the  terms  in  this 
feries  is  not  very  eafy  to  difcover,  it  will  be  bet- 
ter to  make  ufe  of  the  expreffion  invented  by 
Mr.  John  Bernouilli  for  that  purpofe,  by  which, 
if  the  radius  be  call'd  i ,  we  (halt  have  x  = 

r*   — r:*.t — ^ j.%.%  4-s        x  '5±^ 

1  1.2  f-»-S-4 

See  the  works  of  John  Bernouilli,  edit.  Genev* 
yoL  II.  page  532. 

Of  the feriejes  for  expr effing  the  areas  of  the  fi- 
gures of  tangents  andfecants. 

342.  By  the  help  of  the  foregoing,  or  ioth 
propofition,  and  its  corollaries,  we  may  alfo  find 
feriefes  for  expreffing  the  values  of  any  given 
portions  of  the  areas  of  the  figures  of  tangents 
and  fecantt.  Thus,  if  the  radius.  AC  (Fig.  7S) 
of  the  circle  from  which  the  given  figures  of  tan- 
gents and  fecants  are  derived  be  called  r,  and 
the  fine  SN  of  the  arc  AN  that  is  equal  to  the 
bafes  an,  an,  of  the  portions  apna  and  ADtna, 
(in  Fig-  79  and  80)  of  thofe  figures,  is  put  —  s, 
the  area  of  the  portion  apna  of  the  figure  of  tan* 

ss     i*       s*       s%    ,     j,a    . 
gents  will  be  =-+ ~ +  J^ 53  4-^s  + 

J1*    1    sU    +A?f  ad  infinitum,  and  the  area 
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of  the  portion  aDina  of  the  figure  oc  ^canti 

will  be  r=:  n  H h    *4~ -+- — H + 

-f-  6fa  m  infinitum,    in  both  which  fe^ 

riefes  the  law  of  conftru&ion  is  very  manifeft. 

The  manner  of  finding  thele  feriefes  is  this. 
The  fluxion  of  the  area  apna  of  the  figure  of 
tangents  is  z=z  the  mixtilinear  area  klnp  =  the 

redangle  klnf  =:  AM  x  LN  -       rS  ■    x  LN 

x/rr—ss 

rs  (by  Cor  oil.  2)—    — -  X  .■_  f*  ...  — ~ 


\/Vr — ss    \/rr—is     rr~t% 

•        •        • 

£- «  4-  f!i+fiJlL.f!f  4-  €fr.  and  confequently, 

rr     r+       rK 
taking  the  fluents  on  both,  fides,  the  area  apnt 

1*  $*  S* 

will  be  =r  if  + l.      -+-- h  ©**•      And 

4rrror4     8r* 

in  like  manner,  the  fluxion  of  the  area  aDina 
of  the  figure  of  fecants  is  •-  the  mixtilinear  area 
ylni  —  the  redtangle  ylnp  =  CM  x  LN  z^ 
rr         T  XT  rr  rs  r%* 


rr 


%/rr—ss  y/rr—ss     y/rr—ss 

—  rj  H 4--^4- h  #*•  and  confequent- 

r       rl      t* 

ly,  taking  the  fluents  on .  both  fides,  the  area 

dOlna  will  be  —  rs  +  il+ iL  .+JL  +  fifc. 

3r      5r      7/-' 

JVto,  Thefe  feriefes  were  firft  invented  by 

Dr.  Wallis,  and  published  in  the  Phiiofophical 

Tranfaftions,  and  may  alfo  be  feen  in  the  Mif- 

ctllanea  Curiofa,  vol.  II.  page  q. 

w 
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Confequences    deduced  from  the   two  foregoing 

Jeriejes. 

343.  Hence  we  may  deduce  the  following 
confequences. 

In  the  firft  place,  it  follows  from  art.  276, 

that  thfc  feries  --f.  J h—  4-  ~ h  -^-  ■+• 

{2     4r*      6r*  ^  8r*^  ior*  ^ 

1 h  &c.  for  the  area  of  the  figure 

of  tangents,  is  equal  to  the  logarithm  of  the 
ratio  of  the  radius  r  of  the  circle  to  the  cofine 

yfrr  si  of  the  arc  of  which  s  is  the  fine,  in 
any  hyperbola,  or  iyftem  of  logarithms,  of 
which  rry  or  the  fquare  of  the  radius,  is  the 
parallelogram,  or  modulus* 

zdly,  It  follows  alfo  from  the  fame  article 

that  the  feries  rs  +  —  -+-J~  H -+—~  -+• 

3r      5r+      jr€       gr> 

+ h  &c.  for  the  area  of  the  figure 

iir°     i3ril  * 

of  fecants,  is  equal  to  the  logarithm  of  the  ra- 
tio of  the  fum  of  the  radius  of  the  circle  and  * 

the  fine  s  to  the  cofine  %/rr—si  in  an  hyper- 
bola, or  fy  ftem  of  logarithms,  of  which  rr,  or 
the  fquare  of  the  radius,  is  the  parallelogram, 
or  modulus. 

# 

And  therefore  3dly,  If  we  fubtraft  the  for- 
mer of  thefe  feriefes  from  the  latter,  the  feries 
ss  ,    s*       s+    .    s*        j6    .    J7        ig 


y     4r*     jrJ     try    jr..     %r* 
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Z— '4 h  &c.  thence  ob- 

gr       ior8      nr*      I2rl# 

tained,  will  be  equal  to  the  logarithm  of  the 

ratio  of  the  fum  of  the  radius  r  and  fine  s  to 

the  radius  r  in  the  fame  fyfterh  of  logarithms, 

or  hyperbola,  whereof  rt  is  the  parallelogram. 

4tbfyy  If  s  is  —  r,  or  the  arc  becomes  equal  to  a 
quadrant,  we  (hall  have  r4-i=ar,  and  the  ra- 
tio of  r 4-5  to  r  will  in  this  cafe  be  equal  to  the  ra- 
tio of  2  to  i ;    and  the  laft  mentioned  feries 

will  in  this  cafe  bfecome  =zrr  —  t-+— 

*     3        4 

4- rr— ~  i  &c.    Therefore  the  feries  rr  —  ~ 

56  2 

.rr     rr  f  rr     rr  M        rr     rr      rr       rr 
4 — — ~  tse.  or  —4- 1 — .4 — - 

3      4      5      6  2     34     5-6     79 

t    rr    .     rr     .     rr     %  p^  Mrr  ^rr        rr 
4__: — l. l.  .        4-<srf  •  or  —4-      4- — • 

9.10    ii.i2     13.14  2       12       30 

^.il+^^I 4- JL 4-Gfr.is  the  logarithm 
56     90     132     182  * 

of  the  ratio  of  2  to  1  in  an  hyperbola  whofe  pa* 

rallelogram  is  equal  to  rr. 

And  confequently  in  the  5th  place,  if  rr  be 
call'd  1 ,  the  logarithm  of  the  ratio  of  2  to  1 

will  be  =s  1  —  -4--  — — I- *H — —  ■*■+  fl 

—  *  ,  Csfc.  that  is,  Napier's  logarithm  of  2,  or 
of  *hc   rttioof  2  to  1,    is  =  the  feries  1  — 

*^3    4      5     6     7     8     9     »° 

or 
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or  I.+JL4.  *f.-L4-L.+^JL_+_JL, 
s    3.4     5-6    7-8    9*«o    n.ia      13.14 

4.  fifc.  or  -L-f-i+J  +J  +_L+_L  .  J[. 
"a     n    3°     56    90    132    183 

6/A?p,  Since  the  areas  of  the  whole  figures  of 
tangents  and  fecants,  correfponding  to  an  arc 
of  90%  or  a  quadrant,  are  each  of  them  infi- 
nite in  magnitude,  as  is  rfieWn  in  art.  279,  it 

follows,  that  the  feriefca  —  4-  **  -+■, *  ^-L^ 

*     4rr    or*      8r* 

g-  &c.  become,  each  of  them  infinite  in  magni- 
tude when  they  exprtfs  the  areas  of  thofe  whole 
figures,  or  when  s  becomes  —  r$  that  is,  thfc 
f1*^*?*  rr  Brr  .  rr  t  rr  t  M        ,    ,  n 

2       4       &       o      10 


-4-Cs?f.  are  each  of  them  m* 

3      5   '  7       9 

finite  in  magnitude;  or,  if  rr  be  call'd  i,  the 

ferieft,  £4JL+£+|+£+fc  M  ,  + 

— f._  -*•_:  -4- — i-  @k  are  each  of  them  infi* 

3.     5      7      9 
nite  in  magnitude. 

And  thus  it  appears,  in  the  7th  place,  that, 

If  from  the  ferics  1  -*- 1  -f.L4.L4-i. -f-fifr. 

3      5      7      9 

«rhich  is  infinite  in  magnitude,  we  fubtra$  the 

Nnft  feriet 


•» 
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feries  L4.-I  -t-4  -*-  L-fcJ  +&c.  whfch  it 
246      8      10 

alfo  infinite  in  magnitude)  the  remainder  thence 

obtained,  or  the  feries  1  —  —  -4-  —  -* 1— _L 

"    •      3       4       5 

I.I  I  I  I      ,      CJ  '.1 

6       7      o      9      10  a      34 

-+-— >  -4-  — rM •+•  &*  will  be  of  a  finite 

5.6     7.8     9.10 

magnitudet  and  will  be  equal  to  Napier's  loga- 
rithm of  the  ratio  of  2  to  1  $  and,  if  from  the 

feme  feries  l  +  -  H — -f- — r-— - 4-6fc.  which 

3     5^7      9 
is  infinite  in  magnitude,  we  fubtrad  the  feries 

— r-  -H-  —  H 1-      -f-  Gfa  which  is  alfe 

.3      7      "     »5     «9 

infinite  in  magnitude,  the  remainder  thence 

__.*.-  /•     • I.I  I      -       I 


jobtainvd,  or  the  fcries  1  —  ■ 

3      5      7      9 

I.I         I    ,     I         I     ,    -.  2    ,       S 

11     13    15     17    19  3      5-7 

4*1-  H — ^-^H — * — i-e^c.  will  be  of  a  ft- 
9.1 1     13.15    17.19 

nite  magnitude,  and  will  be  equal  to  an  arc  of 

45°  in  a  circle  whofe  radius  is  1. 

•  •  • 

Scholium. 

344.  As  to  the  figured  of  feries,  chords,  and 
verfed  fines,  it  has  been  already  (hewn  how  their 
areas  may  be  obtained  by  multiplying  the  ra- 
dius, or  diameter,  either  into  fome  of  the  right 
line*  belonging  to  a  circle,  or  into  a  circular 
$rc  $  and  we  have  already  given  a  variety  of  fe- 

riefef 
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tiefes  for  determining  the  lengths  of  circular 
arcs ;  it  is  therefore  needlcfs  to  fay  any  thing 
more  of  thefe  arcai  on  this  occafion. 


Of  the  feriefes  relating  to  logarithm  derived  from 
the  contemplation  of  the  hyperbola  and  logarithm 
mic  curve. 

345.  Let  it  be  required  in  the  firft  place  to 
find  an  infinite  feries  for  cxpreffing  the  value 
of  any  given  afymptotic  area  of  an  hyperbola. 

Let  V. Ad  (Fsg.  70)  be  an  hyperbola  of  any 
{pedes  whatsoever,  equilateral  or  other;  and 
let  A  be  its  vertex,  C  its .  center,  and  CT,  CD 
its  afymptotes,  and  Ud  and  Ee  two  ordinatet 
parallel  to  each  other  and  to  the  afymptote 
CT.  Then,  to  find  a  feries  for  expreffing  the 
afymptotic  area  DdeE  in  powers  of  the  abfeift 
DE,  we  muft  proceed  in  tnis  manner.  Put  aa 
for  the  parallelogram  of  the  hyperbola,  b  for 
the  line  CD,  and*  for  the  line  DE $  and  from 
any  two  points  H,  K,  in  the  line  DE,  taken 
infinitely  near  to  each  other,  draw  the  ordinatet 
H£,  Kk  parallel  to  each  other,  and  to  the  a- 
fymptote  CD;  and  conceive  the  whole  area 
udeE  to  be  divided  in  this  manner  by  an  infi- 
nite number  of  other  ordinates,  drawn  parallel 
to  CT,  into  fuch  little  mixtilinear  fpaces  as 
BbKi ;  and  call  HKS  or  the  fluxion  of  the  ab- 

fofs  DE,  x.    Then  'tis  evident,  we  fhall  have, 
by  El.  6.  1.  the  fpace  HMK,  or  the  parallelo- 

£am  HKty,  to  the  parallelogram  CHb»9  or 
e  parallelogram  of  the  hyperbola,  as  HK  to 

W  n  n  2  CH# 


1 


4<5*     -     E  I,  8  M%  NTS   */ 

Crf;  brCD4DH;  thuit  is,  HKty :  aa  ::*\ 
£+*  ;  whence  HK^  or  the  fluxion  of  the 

area  Uat&9  -is  =  ,4  ..■a»i.,wt^y   ■ 

£        00 


00***  ,  00*4*     00*?*  ,  00x*x     adx^x        « 


£♦  b>  b  by  b* 

and  confequently,  taking  the  fluents  on  both 

rj  .1.  rWT?  •  00*       daXX   ,  00X* 

iides,  the  area  DdeE  is  =  -— .■ — ^ — t — i-V-r 

00V+  ,  aaxi     aax6  .  00x7     00*1  #  *• 
4*+     >  5^       bb*  ~  7*7      8^   •* 
other  words,   the   logarithm  of  the  ratio  of 
£4-  9c  to  b  in  an  hyperbola  whofe  parallelogram 

18  —  00,  is  equal  to  the  fenes  --*■"■   ,  ■!■     . 
*  aax*  .  0**'     0***  .  cox7     daxg    M     , .  . . 

feries,  'tis  evident,  converges  as  long  as  x  is  led 
than,  or  equal  to  b%  but  no  longer. 

%dly%  If  we  fuppofe  the  hyperbola  to  be 
equilateral,  and  take  CD,  or  6>  equal  to  a%  the 
foregbing  feries  will  be  the  logarithm  of  the 
ratio  of  0-f-*  to  >*,  and  will  in  this  cafe  become 
fomewhat  more  fimple,  and  will  be  as  follows, 

2  3a  \aa  $ai  604  'yas  gj*  "*" 
&c.  which,  if  r  be  fubftituted  inftead  of  0,  and 
s  inftead  of  x,  will  coincide  exaftly  with  the. 

leries r*  — •  — «+» — ■»- (- -*»  — t,    .  _ 

*       3r     4^     5^     6r*     jri 

g— +  QV.  which  was  before  found  for  this 

quantaitp 
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quantity,  or  for  the  logarithm  of  r  •+■  s  to  r  in 
an  hyperbola  whofe  parallelogram  was  =  rr9 
in  the  third  confequence  deduced  from  the  fo- 
riefes  for  the  figures  of  tangents  and  fecants  iq 
art.  343, 


3<//y,  And  hence  alfo  it  appears  that  the 

garithm  of  the  ratio  of  2. to  i,  in  an  hyperbola 

whofe  parallelogram  is  rr  aa,  is  =2  aa  — 21  j^ 
^r-^f+f? ^**V±-%  +&c.  or  *-l+H± 

345678  2      £.4 

r-jT-f— -g  *+"  w.  for  this  is  the  value  of  the 

foregoing  feries  when  *  becomes  =  a.  And 
this  is  agreeable  to  what  has  been  already  dc-f 
monftrated  in  art.  343. 

4tb/y,  And  if  aa  is  call'd  1,  the  laft-fot**d 

fi>ri/»c  **      aa     aa     aa  ,  a  a     a  a  t  e.       ,.. 

lenes  aa  ——4-- 7  -h  .  —  -y  -r-€fc.  wdJ 

23450- 

pe  x  —  — j- — t-Z-nm r    -+.  &Ct  oj  _  4^*. 

2     3     4     5      6  a     34 

1        1        1 

*+— <-h  -xH f-9«.  that  is,  Napier's  lo- 

5.6     78     9.10  r 

garithm  of  2,  or  of  the  ratio  of  a  to  1,  is-=  1. 

— -H — — — — 2-H -_  -f-   efo. 

.  *      3       4.      5       6       7"       8 

^T-H^-t"-^-**-^ &•+•—  4-  flfe.  as  has 

z      3-4    5-6..  7-8     9-i«> 
Deen  Ihewn  above  in  art.  343. 

$tbfy,  If  it  be  required  to  find  tine  .logarithm 
of  the   ratio  of  b  to  b—x  in  a'n  hyperbola 

of 


^ 
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jof  any  kind  .whofe  parallelogram  is  —  4*; 
we  (hall  have  (by  a  like  reafbning  as  was  uled 
before,  in  determining  the  logarithm  of  the 
ratio  of  b  -t-  x  to  b>)  the  fluxion  of  the  afymp- 
totic  area  that  meafures  the  ratio  of  b  to  A— x 
to  the  parallelogram  of  the  hyperbola,  or  to  aa% 

*s  \  to  £— # ;  whence  it  follows  that  thai  flax- 

•     •»  *  •   . 

<i*n  will  be=- — =_  +     p^trir  + 


ssx^x     aax+x    aaxsx    aafx 

h  f  *s~+  b*  +  br  + &C*  "* Con- 
fequcntly,  taking  the  fluents  on  both  fides, 
the  afymptotic  area  that  is  the  logarithm  of 
the  ratio  ofbtob  —  x  will  be  equal  to  die  fe- 

.    aax     aaxx     aax*     aax*     oax*     aax* 

And  confequently,  to  the  6th  place,  if  die 
hyperbola  is  equilateral,  and  b  is  taken  =  *, 
the  logarithm  of  the  ratio  of  (b  to  £— -*,  or)  a 

to  *— x  will  be  =  Jx  +      -4- u  _  H 

And  hence,  in  the  7th  place,  we  may  de- 
rive another  feries  for  determining  the  loga- 
rithm of  the  ratio  of  2  to  1.    For  if  x  is  — 

—,  die  ratio  of  a  to  *— x  will  be  equal  to  the 

«atio  of  2  to  u  2nd  the  foregoing  feries  will 

lie 
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^        a      24     3.8    4.16     5.32     6.64 

*a  jr  -+•  &f »  which  will  therefore  be  the  logo* 
7.128  . 

rithm  of  the  ratio  of  2  to  I  in  an  hyperbola 

whole  parallelogram  is  =  aa. 

And  ttbly,  "Tis  evident  from  hence  that  Na- 
pier's logarithm  of  2,  or  of  the  ratio  of  2  to  i  % 

18  ^r  >   »|  ——-4-    o  'I       ■    41 -f-  —  —  *t* 

2       2.4       3.8        4.16       5.32       6.64 

,-  -4-  Gfc.  for  this  is  the  value  of  the  laft- 
7.128 

mentioned  ieries,  when  <?*,  or  the  parallelogrant 

of  the  hyperbola,  is  call'd  i,  which  determines 

die  logarithms  to  be  of  Napier's  fyftem. 

ytityy  It  may  hence  be  obferved,  that  the  fe- 
a   24      3.8      4.16     5.3a     6.64 

_!_-*-#*.  if  =  the  feries  L-h  JL{+  -^-f- 
7*128  2      34^     5-6 

1    4 — L.-+-— I h— ^-  -4-  fifc.  each  of 


7.8  ;    9.10     11. 12     13*14 

them  being  equal  tp  Napier's  logarithm  of  the 

ratio  of  2  to  i. 

•'  iotbly>  It  follows  from  thefe  conclufions  that 
the  logarithm  of  the  ratio  of  a  -|-x  to  * — * ,  (be- 
ing equal  to  the  fum  of  the  two  logarithms  of 
the  ratios  of  a+x  to  4,  and  of  a  to  a—x)  in 
an  hyperbola  whofe  parallelogram  is  =  aa%  it 

by- 


1 


% 
i 


A 
I 
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by  the  help  of  which  feries  the  logarithm  of 
any  propofed  ratio  whatfoever  may  be  com- 
puted ;  for  the  feries  converges  as  long  as  x  is 
not  greater  than  *,  and  the  quantities  a+x 
and  a — x  may  be  taken  in  any  proportion  what* 
foever  to  each  other,  without  fuppofing  k  to  be 
greater  than  a ;  and  if  x  be  but  imall  in  compa- 
rifon  of  a,  the  feries  will  converge  very  fwiftly, 
Thus,  if  it  be  required  to  find  the  logarithm 
of  the  ratio  of  2  to  i,  we  muft  put  aA-«x  :  a — x 
;:  2  :  i,  and  we  £hall  have  <7-f-x=2* — 2x9 

whence  3*  is  =  d>  and  #  is  —  -.  Therefore  the 

3 

logarithm  of  the  ratio  of  2  to  i>  in  an  hyper- 
bola whole  parallelogram  is  40*  is  = — £   + 

3 


3X27        5X243       7X21^7        9X196^3 

iiX7i7,i47+    C% 
In  like  manner,  to  find  the  logarithm  of  the 

ratio  of  3  to  1,  we  have  *-+.# ;  a — x ::  3  :  1 * 
whence  0-4-*=3*—»3*>  *&&  4*=2*>  and  cott- 


fequentIy*=—orJLi     Therefore  the  Jog*- 

4*        2 

rithm  of  the  ratio  of  3  to  t,  id  aji  hyperbola 
whofe  parallelogram  is  =  «*  ia  =  ■•  .•■     4* 

2**  .  2aa       lai         2aa   A     %aa 


3x8  5*3*  7x128^9x512  11 X204S 

V 

Again,  to  find  the  logarithm  of  the  ratio  of 
$  to  4,  we  have  <4-$;^*::5:4J  wfcc&ce  4* 


v» 
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-4-4  i=$a~*yc%  and  #=—.    Therefore  the  lo-  • 

9  .  .  . 

A  >v  yy 

garithm  of  this  ratio  is  =  to  the  feries :   •+. 

» •  y 

■-t~    ■■  ■  *4»  — r-r —  n — >—  -i-  err. 

5x729     5x59*049       7*5>282>969  / 

which,  'tis  evident!  converges  with  great  fwiftv- 
nefs.  ..'••-■  '     ;  -1. 


4  — 


And  in  general,  to  find  the  logarithm  of  the % 
ratio  of  any  Vtib  given  numbers  m  and  n,  we 
Auft  fay  asf  w>  «>::  * .+.  *  ;  */r*  *  and  we  fhall- 
thence  hav6  m  fc  a—x—n  *  a-+-x,   or  ma~m* 
—na-\-nx%  ifaiencc  mx-t-rix— ma— na,  orm+& 

X  x—m—n  x  «,  tnd  *=  — ^-  X  **  which  being 
fubftituted  inftead  of  x  in  the  ferieS  2**^--— -h 
**'  ■  **L  +  &c.  will  give  the  Iogaritfiiri  of  the  - 


5*3     7& 

propofed  ratio  in  an  hyperbola  whofe  par^ejo-: 
gram  is  ~r  ad.  •  *     -        v 

.  If  x  is  not  Sufficiently  fthall  in  companion  of 
«,  to  make  the  feries  converge  fwiftly,  it  will 
be  proper  to  uie  fooie  artifice  in  .obuimng  th# 
logarithm  of  the  ratio  propofed,  rather  than  to 
calculate  it  in  a  diredt  manner.  Thus,  if  ,we 
would  find  the  logarithm  of  the  ratio  of  10  to 

|q'  I  Q 

1,  we  fhall have x  = p-  X  a  =  ^x  tf,th* 

10+-1  11 

powers  of  which  converge  very  llowly.  We 
muft  therefore  not  attempt  to  find  this  loga- 
rithm diredly  by  the  feries,  but  muft  rather  di- 

O  o  o  vide* 


i<8        UIMBUTAY 

^9Y        ,  .     ~i   v_T.  C^^»  v.    \t  *.»!   .1     »»*  .»«►  i 

vide  the  propofed  ratio  of  10  to  I,  into  two,  at 
rnorcr 'Ootet  -«>ti3s»  wfiofe  fagarilbm*  may  %+ 
more  eafily  computed  ^and  by  computing,  and 
then  $a.in£^tbe^thc  Jqgaritbpic  otjtfeofc 
Component  ratios,  we  mail  obtain  the  logarithm 
require^.  Thtrt,  if  we  divide  Ac  ratio  of  4b 
to  t  into  the,  ttroc  ratios  of  i?M>  "8 "and  $  to  *r 
tberlfttterof w^icb is. tjriptevof , tfee wtio  of  ft.* 
l,  and  therefore  its  'logarithm  is  triple  of  Jp 
logarithm  of  the  ratio  of  2  to  I,  and  then 
compete,  the  logarithms  of  ifrefe  jsjfea*  3*4  \to 
tliree  tiipes.  tfcelogari_tkm  of  the  Wtio'of  *  to  fe 
add  thelowiibm  o£thc  jpfo  -of  ;io  to  8 , .  c*j 
to4»  the  fyp  wilt  ;^eajialtto  the  l**ari#a», 
<qjf  me  propofed  ratfo  oT  jp  to  i.  .And  tha 
Uke  rnuu  be  doileAm  offler'caies. 


m  and  *  relpectively  m  the  foregoing  feries  24* 

+$L+?\  +  ,y7 lyBc.  fcwJU  bccon^wtdl 
3<i     5«J     7*f 

Into  2ri+^^- tf ;**L V  ^'wmfe^ 

therefore  be  the  logarithm' of  the  ratio  of  r±s 
to  r*~i  in  an  hyperbola  whofc  pardleD^rahi  k 
rr.  Therefore  half  mis  feries  will  be'  me  loga- 
rithm of  half  this  ratio,  or  of  half  me"teti6 <W 

r+s  x  r-4-*  to  rs  X  r-H,  br*^ fWwi,'  "ana 
therefore  of  the  ratio  of  r-f^r  to  y/rr—is  •  that 

is,  the  feries  rs  •+ |~t-  -t-     4* —  -1 

zr   5ri  w   yi     iir* 
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''jl.  £l^+.&c.  fe  the  logarithm  of  the  ratio  of 
r-Hto  SrrZZis  in  an  hyperbola  whofe  paral- 

l!**^±r$-nv*tito  *?  ^  W~  -— ** 

I»artr^f3. ' 


« 


U6.  Having  thus  gone  thro*  the  principal ^ft- 

&*  figure,  »gl»  *e  fcttowmg  *"»£"*» 
determination  of  its  external  area,  included  to, 
tween  the  curve  and  its  two  axes,  and  a  line 
drewn  pafcftef  to  *tte«rfi«feaw*  aait  i*«i> 
extremely  fimple  one  in  the  law  of  the  gene- 
Mtfcin  of  its  te&,  and  fcUows  naturally:  fcom 
4b*e  of  d»  foiegping  actid^ 


t  • 


beaSShgnli  hyperbola  who&Ijettt^D, 

^nter*  M-i6««if  tfii^^Pf  **j*™?Z 
<to  belaid  4b  thejtadiu.  €A^f  ^««& 


Atf  (rkufverfe  wis  4P,  the  fluxion,  ot ■  igfr 
Vtftely  finall  increment,  of  the  externaTarea 
«D*J,  included  between  the  two.  axes  *D.  *£ 
VenfveDg,  pd  the  ri|ht  hne  *  *£*> 
^afto  ,|he%e£tangfe  un^er  ^»*[WW 
;^iWementof.Ae  »?VA?^K" 

jfcrfne  NS=i,  and  it's  fluxion  =s,  the  fluxion 

"         •  OOO   2  °* 


46oV::  «l.RHBNf.f,f  • 

of  the  area  aDgo  will  be  (=MO  x  CM^r,  bf 

CorolL  3.   «£!£'  X   CM)  =        rif    ''-'- 


rr—njr  rr-rpk^ 

.»  r  .»_  -^  ^  ■  ■   ■   <r?  '_*+  — .»  r    *  m\m        "■    ■!■■■       —  — f* 


%/rr — it    rr—ss*  r       •  r*~        ** 

H-iflV— V^V^    Therefofettking 

the  flaents,  the,  external  area  at>go9  whofe 
bafe  is  equal  to  the  tangent  AO  of  the  arc  of 
which  s  is  the  fine,  in  the  circle  whofe  dia- 
meter is  equal  to  the  axis  of  the  hyperbola,   is 

=  ri-t-  . — j-^ — v-1—  •+■- — '1'         r  1*» 

3r     5r5     7rf     gr?     jir>     13^ x 

Gfc.  in  which  the  law  of  continuation  is  very 
tnanifefl:.    : 


»  1  .  • 


.  AJermfmr  determining  the  ar«b  $fa  paraMa. 

.  :  347;  By  art.  .285  it  appears,  that  if  the  para- 
meter of  the  paraJjolaGVH,  in  #£.83,  be  equ^l 
to  the  femiaxis  at),  and  the  ordinate  GH  to  the 
•axis  of  that  parabola  be  equal  to  the  bafc,  *t  of 
the  external  hyperbolic  area  aDgoy  the  &&&*» 
gle  cinder  the  parabolic  arch  GYH.  and  the  pa- 
rameter, or  femiaxis  aD  will  he » equal  to  die 
hyperbolic  area  aDgo.    Confequently  the  para- 

frolic  arch  GVH  is  =  ^=fSSf  - *9*L  - 

*D       CA  r 

3rr     5r+     T*'     9r      iir'°      I3r«* 
Cfc.  mat  is,  if  the  parameter  of  any  parabola 
GV  be  call'd  r,  and  the  line  of  the  circular  arc 
of  which  the  whole  ordinate  GH  is  the  tan- 
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Milt,  in  a  circle  whereof  r,  or  the.  parameter  of 
the  parabola,  is  the  radius,  be  caliU/,  the  pa- 
rabolic «Mhr.6VH  Will  be  equal  to  the:  forelaid 


ttna.s+^+.J".+  '*"^^^(u 


M 


%rr      jr*      7/*     9r§      i  ir** 
*2L —  4-  fcfc  which  fcries  always ,  converges, .  of 

whatever   magnitude    the   parabolic   arch  be 
taken. 

jiferies  expr effing  the  relation  of  two  femiordi- 

•  nates  to  toe  axis  of  an  tquilatcrai  byperbol<fy 

v*ben:  the  JeEtor  correfponding  to  the  greater 

femiordinate  is  any  given  multiple  of  tbefeEtor 

correfponding  to  toe  lejferfemiordinate. 

* 

348.  This  fcries  beaft  fo  great  a  refemblance  to 
•that  which  has  b£en  already-given  in  art.  339.  foe 
^cxprdHng  the  relation  between  the  fines  of  two 
^circular  arcs  whereof  the  greater  arc  is  any  given 
multiple  of  the  lefler,  that  it  ought  by  no  mean* 
to  be  omitted.  •  Conceive  therefore  two  femi- 
•ordinate?  to  the  axis  aD  of  the_  equilateral  hy- 
perbola Dj%  in  F$g.'&2>  to  be  drawn  from  the 
points  b  and  g\  .and-  two  other  lines  to  be 
drawn' from  the  fanjc  points  to  j  the  center  of 
the  hyperbola;  and  let  the  hyperbolic  fe#or 
aDg>  correfponding,  to  the  femiordiriate  drawil 
from  g>  contain  die  hyperbolic  fe&or  aDt,  cor- 
refunding  to  the  femiordinate  drawn  from  b± 
n  times  -,  and  let  bf  and  g  0  be  parallel  to  aD. 
Then,  'tis  evident,  a  0  and  af  will  be  respec- 
tively equal  to  the  femiqrdinates  drawn  from 
t£c  points  g  and  b. 


£#2  MLtMBfttS  f 

Now  lettfP  be put=tf,  0f'?zytt$40&f 
'And  we  flball  have  £/?=  ^4*4.99  and  jp^ 
\/<w-Hw.  Therefore,  if  /»  be  put  for  dp 
*nrio»  of  the  &*  40  or  %  the  fogioa  of  «b 
area  *D£*  will  be  =  Vxy^+w  =rtf*i-4* 

«H»    W     «*f»       vo*v        „        .        - 
— — /r— •— -- — — *3 —  —  cfr.  ana  come* 

qucntly  the  area  aDg$  is  =r  av-\r  —    ■     * 

3.2*        frOf* 

■••■y.lL"»£l>-^   ***** 

the  afymptote  <*R  in^,  -we.fti^l  frave  oy 

and  £«  (=#~fc$  5=M*^A*  ==  </ 
and  confequetidy£*<i=44-f-2w— 2' 

Draw  DN  aad  g&  ««  ^g&t  aqg|er  .«>  «Ae 
afyraptote  ^R,,.and  ctfttagittfi  N.*M Jfc*  M 
by  art.  190,  the  a^mfttip  are* DNIU^UUc 
equal  to  the  fetfpr  4>g.  Rbimfrlfi&fbQm 
aUg  is  (  —  afymptotfeai^p&Jgf}  =aftf<ft4tEto 
— triangle  4*  •*-,  criaWe.^N  rHriwgW^S* 


area  4 Dw  — *•  — .—^T-jiSS.  —  area  rfrfftgp— 
*        a      4       4  -     •r"--^ 

HFMBfrf&lfcr 


2    _4 4      2  ',* 


fc^'az^L^^-j, 


9.U&4T  a      yf* '    *6*J     9**' 

^"256^  '         -'*    "  12*      8©**^  224* 

4304^7 
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By  the  &the  kind  of  reasoning  we  (hall  find 
gbe  fittriBi-ft'bc  =*  "2  —  21  +  gL~u 

230441' 
But  it  wis  Appoftd  that  the  forffier  feclsr 
"  equal  *to  0  tM*s  file  'latter.    Therefore 

2L+&5L  4.-S*.*  ~*2U£J-iJE 

efc.  W2U2  +1*!.  +**_  JL3L* 

a     12a    8c*»  ^    ^ 

^fc"tJS  ~0r'  ******  ^  i^<%?« 

AeHterras  ftjr* ,  wfc  tout  have*— £? -**J2L 

a  ^     40*r 

\WW       4O04- 

Aflumc  therefore  v  —  Ay  -4-% J  *f.  Gjrf-4* 
:.  and  by  fubftito  ting  this '  feric*  mftead  «r> 

In  thefbregoine equation,  we fhaU^ham 

Apr  ^^rj^Cyi  -4-flfc. 

Therefore  Ay— »y  is  =*  © .  whence  A  is  =  *. 

Ahafyj  —  ^ +S1  is  -  o ,  whence  8  is  = 

paa     oaa 


—   ■     T 


^^-^Sf-.x-S^i 


45**        oitf  a»3^M 

And 


] 


«      *    r 


J*  =r  o;  whenceCis  =.J^4-3^!?— if^ 

404*      044     494*  i.401**  .  «HM       •"** 

*  404*        ' 4°**~        12a*  I20a\ 

%'  ■  "'•:; — •  ■■  •""   j a    "1  —  *  X  - — ■ 


I2Q4+  |         1204+        .  .  *.14% 

— £ .    £nd  in  the  dame  manner  we  may-  & 
.5.** 


teijmineas  many  of  the  following  coei 
JBi  E,  ^,.  fife,  as  we  think  fit    : 


ii(M^ni 


Therefore  v-js  =  79+n  x^!— ix  yt+*  x 


*-Z-"-    4-5-*1  7T«.3w^ 

4.5.4*         '  6.7.4*         .  .  *'    ^ 

T9F  *  "*' +  lais;*-^"  +^'-m 

which  the  letters  A,  B,  C,  D,  E,  6fc.  denote, 
at  they  did  in  the  courfe  of  the  inveftigation, 
the  coefficients  of  the  feveral  terms  *  or,  if 
thefe  letters  denote  the  whole  terms,  (A  being 


*#•— i 


=r  ny,  and  B  to  n  x  — -i  X  y\   and  fo  of 

v  2.3.**       * 

*    *  . 

the  reft)  we  fhall  have  v  =  »y  4-  ^Tl  x  AT 

z.3.4* 
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4.5.**  6-7**  8-9-** 

x  Py»4-  ,?*— 8j   x  Ey  -h6?c.  in  which  the 

|aw  of  continuation  is  very  manifeft. 

This  feries  was  invented  by  Mr.  De  Moivre, 
and  applied  by  him  to  the  folution  of  certain 
algebraie  equations  of  the  fifth,  feventh,  and 
ether  odd  powers.  See  the  Mifcellanea  Curiofa> 
yol.  I.  page  365,  and  De  Moivre's  Mijcellanei  \ 
Jlnalyttce>  page  14, 

Irf  remarkable  analogy  between  circular  JeSfon 

and  hyperbolic  fetors. 


349.  The  feries  «--?.  +  32L+  J*L+ 

*T7  2         124        40*3        2*4*1* 


Gfc.  found  in  the   courfe  of  the 
23*4*7 

'foregoing  article  for  determining  the  hyperbo-t 

lie  fedtor  aDg  from  its  correfponding  femior-* 

dinate  ao%   or  v,  is  exactly  fimilar  to,   or  has 

the  fame  coefficients  with,  the  feries  by  which 

a  fedor  of  a  circle  may  be  determined  from  its 

fine,  that  is,  from  the  fine  of  the  arc  that  is  its 

bale.     For  fuch  a  circular  feftor,  being  equal 

to  a  right-angled  triangle  whofe  bafe  is  the  arc 

of  the  fedor   and  whofe  height  is.  the  radius, 

or  to  a  re&angular  parallelogram  whofe  bafe  is 

the  arc  of  the  fe&or,  and  whofe  height  is  half 

Ppp  the 
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the  radius*    will  be   (by  art.  329.)  =3  —  X. 

2 

2.3  .r»     2.4-5.r*      2.4.0.7./*      2.4.6.8.9r» 

-  2  I2r  8or'  zz^rs  2304*7 
£fo  which  has  the  fame  coefficients  with  the 
feries  for  the  hyperbolic  feftor,  and  differs  from 
it  only  in  that  it  has  all  its  terms  affirmative, 
whereas  in  the  hyperbolic  feries  the  fecond 
term  is  negative.  And  this  is  another  inftance 
of  the  great  analogy  that  is  found  to  be  be- 
tween the  circle  and  the  rectangular  hyperbola, 
according  to  what  has  been  already  hinted  in 
art.  193  and  230,, 


Of  tbeferiefes  relating  to  the  Logarithmic  curve. 

• 

Of  the  feriefes  for  exprejfing  an  abfcifs  of  the 
axis  of  a  logarithmic  cur<oe%  in  powers  of  the 
difference  of  the  two  ordinates  that  bound  it9 
one  of  thofe  ordinates  tbemfefoes,  and  the  fub- 
tangent ;  or  according  to  the  fhrafes  commonly 
ufedy  for  finding  the  logarithm  of  a  given  num- 
ber. 


350.  If  in  the  logarithmic.curve/AC  (Fig.?!) 
we  take  any  two  ordinates  prr  and  AOf  whereof 
the  greater  AO  is  not  more  than  double  of 
the  ieffer  pr>  and  call  the  fubtangent  of  this 
£ttrve  a,  the  lefler  pf  thefe  ordinates  b,  and  the 

greater 
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greater  6-{-xy  the  abfeifs  *rQ  of  the  axis  of  thi  $ 
curve  intercepted  between  thefe  two  ordinates, 
or  the  logarithm  of  their  ratio  to  each  other, 

™li  be  =  ^  -^4.^-^+  ^-gg  + 

For  if  this  abfeifs,  or  logarithm,  be  called  z, 
and  its  fluxion,   or  infinitely  fmali  increment, 

i,  and  the  fluxion,  or  contemporary  increment, 

of  the  ordinate  b+x  be  call'd  x,  we  fhall  have^ 

by  art.  200.  x  \z ::  £+*  :  a  >  whence  z  is  = 

a*  _*#     axx     ax%x d*3*  .*x+x ax<x  .  t 

^^"^"U^X  ■TF3r^T;  "*^"+" 

©V.  and  confequently,  taking  the  fluents,  z  will 

which  converges  as  long  as  x  is  not  greater 
than  A  or  as  long  as  b+x  is  not  more  than 
double  of  b. 

If  b,  of  fi*r>    the  lefler  ordinate,    be  taken 
equal  to  a>  or  the  fubtangent,  the  feries  will 

be,  x  —  — ■•+- — —  *       »  —     z —  ^    «** 

2a     2aa      4^3     5*4     e*T 
which  is  therefore  the  logarithm  of  the  ratio  of 

a^rx  to  a  in  a  logarithmic  curve  whereof  a 

is  the  fubtangent. 

351.  If  it  be  required  to  find  the  logarithm  of 
the  ratio  of  b  to  b — x  in  a  logarithmic  curve 

P  p  p  2  whofe 
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whofe  fubtaagcnt  is  *,  we  muft  make  ufe  o/ 
the  following  proportion^  to  wit,  x :  *vmb — x :  4  ; 


whence  2  is  =s  > — =—.4-     —f.        4^ p 

b— *     b       bl>       b\        b* 

-    *  -J-  ^-^  +  &fc.  and  confequently  z  is  =r 


b      zbb     3J5     +£♦      $b'     6b* 

IT  b  =  a,  or  the  greater  of  the  two  ordi* 
fiates  is  equal  to  the  fubtangent,  we  {hall  have 
*,  or  the  logarithm  of  the  ratio  of  a  toa—x 
in  the  logarithmic  curve  whofe  fubtangent  is 

^  =  *  H 1 1 -j-  — +z"f  *  **• 

2**    3**1      40*     5**     6<r 

35  a.  It  follows  from  thefe  determinations  that 
the  logarithm  of  the  ratio  of  a-\-x  to  a — x 
(being  equal  to  the  fura  of  th*  logarithms  of 
the  ratios  of  *4-x  to  a,  and  of  d  tov*— x)  is  = 

tX-{ J ^ --fr + h  &C, 

$aa     $a4      ja*     gar      nal* 


Of  tbe  ferie/es  for  expr effing  the  difference  of  two 
ordinates  in  a  logarithmic  curve  in  powers  of 
tbe  abfcifs  of  tbe  axis  intercepted  between  them, 
and  of  tbe  fubtangent 5  ory  according  to  the 
pbrafes  commonly  ufed>  for  finding  tbe  number 
from  tbe  logarithm. 

353.  Having  fhewn  how  the  logarithm  of  a 
given  ratio,  or  the  abfcifs  of  the  axis  of  a  loga- 
rithmic 
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rithmic  curve,  intercepted  between  two  given 
ordinates,  may  be  found  from  thofe  ordinates, 
and  expreffed  in  powers  of  their  difference  and 
of  the  fubtangent,  it  remains  that  we  mdntioa 
the  feriefes  by  which  the  ratio  of  the  ordinates 
may  be  difcovered  from  the  abfeifs,  or  loga- 
rithm, given,  or  their  difference  (one  of  them 
being  fuppofed  to  be  equal  to  the  fubtangent) 
exprefled  in  powers  of  the  abfeifs  and  fubtan*- 

§ent.  Now  this  may  be  done  by  reverting 
ie  foregoing  feriefes  in  the  fame  manner  as 
was  before  done  to  the  feriefes  derived  from 
the  circle  and  hyperbola. 

?  ci..  Since  therefore  the  feries  * ( u 

OJlr  la    3*1* 

t£c.  is  =  log.    J—  =:  z,  affume  *  =  Az  -f- 

a 

Bzl  -+-  Cz*  4-  &c.  and  we  fhall  have 

Az  +Bz*  -+-  Cz3  4. 

Aaz*       2AB** 

2a  2a  /zr  o. 

Asz* 


•via« 


$aa 


Therefore  Az  —  z  is  =  o;  and   A  —   r. 

2dly,  Bz%  —  — L  is  =  o ;  whence  B  —  — ! 

2a  2a 

= — .    3dly,  Cz*  — -j is  —  o  , 

2a  2a         %aa 

whence  C  is  =  — (  — -tr— 

2a        yiu         a      ^aa     2a  a 

— * —  }-=z •      And  in  the  fame  manner 

we 
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we  (hall  find  D  to  be  = ,    E  to  be  =r 

2.3.4.43 

„ : ,  and  fo  of  the  reft. 

Therefore  x,  or  the  difference  of  the  tw# 
ordinates  a  and  a  -f-  x  whofe  abfeifs  is  z,  in  a 
logarithmic  curve,   whofe    fubtangent  ^  is  a>  i* 
z*         Z3  z4  zf 

2a     z.T^aa    2.34.^3     8*3. 4.5**4 

355.  And  by  a  like  procefs  it  will  appear  that  if 
z  be  put  for  the  logarithm  of  the  ratio  of  a  to 
a  —  x9  in  a  logarithmic  curve  whofe  fubtangent 
is  a>  (in  which  Cafe  it  has  been  (hewn  that  *  is 

^^4-  * — I h &c.  without  any  negative 

2a      2aa 
terms)  the  difference  x  of  thefe  ordinates  will 

Z*  23  Z4  Z* 

be  =  2  —  C_4-— 1 ♦ 

.24         2.344       2.34.4'         2.3.4.5.4* 

tstc.  in  which  feries  the  terqs  are  alternately 
affirmative  and  negative. 

« 

356.  Hence  'tis  evident  that,  if  z  is  ^=a9  or  the 
given  logarithm,  or  abfeifs  of  the  axis,  is  equal 
to   the    fubtangent,    the   firft  of  thefe  feriefes 

will  be  in  this  cafe  =  a  ■+■  _H -| 


^       2.3       2.34 


4-  fc?c.  and  the  fecond  feries  will  be  *- 
1  • 


2.34-5 

f.+ _1 ±_  +     tf     +    &c.     Therefore 

2     2.3     2.3.4     2.3.4*5  • 
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the  proportion  of  a  4-x  to  a  in  this  cafe  will 

be  equal  tp  that  of  «  -f- <*  -f-  —  -j_  .£.  -j-. 


a      2.3       2.3.4 

H ■  +&fr.  to  *,  or  of  i-|-i-{ — L  j — L 

2.3.4.5  2       2.3 

H K- *+•  &?*•    to    1,   or  of 

2-3-4         *-3-4-5 
2.718,281,828,459,  &c.  to  1 ;  and  the  propor- 
tion of  J  to  a —  x  will  be  equal  to  that  of  a  to 

a      &         a  a 

fi  —  a-i +- - *-fcfoorof 

a    2.3     2.3.4      2-34-5 

1  to  1— i+i  —  -L  -K—L.  — — I l  &c. 


2      2.3       2-34       234.5 

or  to *J i>— . h&fc-  or  of  i 

*     2.3     2.3.4     2.34.5 

Therefore,  according  to  Mr.  Cotes's  manner 

i    of  expreffion,   the  ratio  modular  is  is  that  of 

l   2.718,281,828,459,  fcfa  to  1,  or  that  of  i  to 

.367,879,441,171,    fife,  agreeably  to  art.  2*3 

and,  2, 2 1. 

Thefe  are  the  principal  feriefes  relating  to 
the  fubjedt  of  the  foregoing  pages ;  and  with 
thefe  I  therefore  conclude  the  book,  and  take 
my  final  leave  of  the  reader. 


FINIS. 
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E     R     R     A     T     A. 

page  9,  in  the  lgft  operation  of  the  extraction  of  the  fqnare- 
root  there  Tot  down,  inftead  of  692820 16,  read' 69 29401 6;  and 
inftead  of  655484,  read  633484.  a  In  page  26,  prop.  7,  make  a 
reference  to  fig.  f .    In  page  27,  line  6  from  the  Bottom,  infttid 
of  Ufu  read  left  and  le/s.     In  page  63,  line  3,  inftead  of  x  BES 
read  +  BE*;  and  the  fame  in  fine  j.    And,  fn  the^th  line  of 
•prop.  22,  put  a  fcmi  cojon  after  the  words  Taie  AD  =  AB  ;  and 
after  the  femirColon  write  the  word  and.    In  page  64.  fine  ?8, 
inftead  of  CP  x  &P>  write  CP  +  RP ;   and  the  Tame  in  line  10. 
And  in  i'oe  2°»  m  two  places,  inftead  of  CAxAD,  write  CA-f* 
AD.    J»  page  66,  Hire  6,  inftaad  of  S,  read  SO.    firpageyi* 
there  ought  {o  be  no  break  in  the  paragraph  after  the  words,  <*- 
trary  tvay.    In  page  74,  line  1/  inftead  of  tangett,  read*  tangents. 
In  page  79*  *t  die  end  of  the  fecond  paragraph,  inftead  or*  %» 
33,  read  fig.  38 ;  and  in  line  6,  froavthe  bottom,  'Inftead  of  fig. 
32,  read  fig.  37.    In  page  123.  line  7,  from  the  bottom*  inftcai 
of  Ifaac  Newtw,  read  Sir  Ifaac  Newton.    In  page-  149,  at  the 
end  of  the  ift  line  of  art.  132,  dele  the  word  of.    In  page  i6j, 
line  3,  of  Corol.  2.  after  the  word:  earning  inftead  o/«fmallc 
write  a  capital  C.    In  page  167,  line  11,  before  the  word/rm- 
t*/^,  prefix  the  figures  147,  for  the  number  of  the  article.    la 
page  176,  lineti,  inftead  ef;  it  fellows,  rtiA  it  falbw  that,   h 
page  199*  line  1$  from  the  bottom*  after  the  word  fao/dele  the 
mark  : :    In  page  245,  line  3. '  fnftead  of  tbh  coroUmy,  read  this 
dijfertation.    In  page  266,  line  11,  inftead  of  10,00a,  100th,  read 
1 0,000,000th.    In  page  268,   Hae  8»  inftead  0/  conthmed*  read 
continued  quantity.    In  page  286,  line* 5  from- the  bottom*  inftead 
of  logarithms  %  read  logarithm ;  and  line  4  from  the  bottom,  in- 
stead of  hgrathim*  read  logarithm.  In  page  305,  Hue  *%'  iaftcid 
of  columsy  read  columns.    In  page  312,  line  6,  inftead  of  garish™, 
read  logarithms.    In  page'  113,  line  10  from  the  bottom,  inAetd 
of  diving,  read  dividing.    In  page  372,  line  4  from  the  bottom, 
dele  the  femicolon  after  the  word  tangents.     In  page  364*  ho*  I 
from  the  bottom,  inftead  of  "  of  an  byper-,  read  "  de-.    In  page 
429,  line  1$  from  the  bottom,  at  the  end  of  the  line  after  =* 
read  r.    In  page  459,  line  6,  inftead  of  brfeibole,  rcad^rW*. 
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